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Introduction

Let Z%, denote the set of vectors with integer non-negative coordinates, and let ¢(z), () :
Z%, — C be functions with integer arguments, where C is the set of complex numbers. For
power series,

D(z) = Z p(x)z" and ¥(z) = Z P(x)z"®

ergo mEZgO

the Hadamard composition of these power series is defined as

H(z) =) wla)p(z)". (1)

n
$€Z>O

For n = 1, the Hadamard theorem on multiplication of singularities states that the singular
points of the composition H(z) are given by the products of the singular points of the functions
® and ¥ (see [1]), and the main tool for investigation is the integral representation, in which the
composition is expressed in terms of ® and ¥. Note that if ®(z) and ¥(z) are rational functions,
direct calculation of the integral shows that the composition is also a rational function. However,
for n > 1, this is no longer the case.

1 k1 + k2)! 1 &
Example 1. ®(z120)=——— = > (r+ ko)t V2 ()= = 3 2f2h,
1-— Z1 — 22 (klak2)ez2>0 kl'kQ' 1-— Z1%22 k=0
< (2k)! k 1
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We are interested in the question of the classes of rational functions whose Hadamard com-
position is a rational function (see, for example, [2]).

This paper considers the case when the coefficients of the series ®(z) and ¥(z) satisfy systems
of polynomial difference equations with constant coefficients. The main role here is played by
the multidimensional analogue of the fundamental theorem of difference equations with constant
coefficients [3].

Moreover, from the point of view of enumerative combinatorial analysis, the question of
the system of difference equations satisfied by the product of the coefficients ¢(x)y(x) of the
Hadamard composition of the series ®(z) and ¥(z) is of interest.

We provide the necessary definitions and notations and formulate the main results.

Let ; be the shift operator with respect to the variable x;

6jf(x) - (5]f(l‘1, "x”) = f(mla“'axj-l-lv'“,l'n)a
62(61,.._’(5,”)7 (Sa:(sf‘l...éan ac ;L()-

n

Consider a polynomial difference operator with constant coefficients of the form
QE) = Y cad™, (2)
o<a<d

where ¢, € C are some constants, and the notation o > § for multi-indices a = (a1,..., ),
B =(p1,-..,5,) means that o; > 5;, j=1,2,...,n.
The characteristic polynomial for the difference equation

QW) f(x) =0, x € Z5, (3)

is defined as the polynomial

S cadt = Q(2), (4)

0<a<d

where z = (21,...,2,) €C", 2¥ =2 -+ 2% Cy=1, Cy #0.
The zeros of the polynomial @) are called characteristic roots, and the set

V={2eC":Q(z) =0}

of all these zeros of @) is called the characteristic set of the equation (3).
Let us consider a set of polynomials @ = (Q1, ..., Q) of the form

Qiz)= > et i=12,.n, (5)
0<a<d;
where d* are vectors from Z%,. We assume that cf = 1, ¢, # 0.
We denote by Vi the set of zeros of the system of equations:
Q1(2) =Q2(2)=...=Qn(z) =0, (6)

which we will call the characteristic system.
In this paper, we will consider systems of difference equations of the form (3), which satisfy
the following conditions:

*) the characteristic set Vg is discrete and the characteristic roots do not lie on coordinate
Q
planes;
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(**) the roots a € Vg of the characteristic system (6) satisfy the following properties: there
exists do = (d1,45- -+ dn,a) € ZY such that:

0°Q;
a%(a)zOfor O0<a<d,—1I i=1,...,n, (7)
z

92 Qi(2)

Ay, (2) = det T d. # 0. (8)
027" |l.a

In formula (8), the indices { and i take values 1,2,...,n.

For d, =1 = (1,...,1), these conditions are equivalent to the point z = a being a simple

root of the characteristic system of equations (6).
We state the main result of this paper.

Theorem. Let A(z) = (A1(2),...,An(2)) and B(z) = (B1(2),...,Bn(2)) be two sets of polyno-
mials and
A(0)p(z) =0 and B(6)(x) =0, v € Z% (9)

be the corresponding systems of polynomial difference equations. If the roots of the character-
istic systems V4 and Vp are discrete, do not lie on coordinate planes, and the characteristic
polynomials A(z) and B(z) satisfy conditions (7) and (8), then:

1) The generating function of the product o(x)w(x) of solutions to the system (9) of difference
equations is rational.

2) If the characteristic Toots of the systems of difference equations (9) are simple, then there
exists a set of polynomial difference operators R(0) = (R1(6),...,Rn(0)) such that the
product @(x)(x) satisfies the system of recurrence equations

R;(0)[e(x)Y(z)] =0, j=1,2,...,n.

The proof and an example

The main role in proving part 1) of the theorem is played by the multidimensional version
of the fundamental theorem of difference equations with constant coefficients. We state this
theorem (cf. [3]).

Theorem. Let the polynomial vector Q(z) = (Q1(2),...,Qn(2)) have the form Q;(z) =
= 3 27 and satisfy the conditions (*), (**), (7), and (8).

O?ﬁfﬁ function f(z) = f(x1,...,2,) = C, the following conditions are equivalent:
(i) The generating series for f(x) is a rational function of the form
_ .\ b;(2)
F(z) = ;}:Of(x)z = ; TETTEL
where
(I =952 = (1 = 7(),120) O (1 = 7(j),222) @2 -+ (1 = 5y m2n) 1O,
b;j(z) are some polynomials of the form ) bl 2%, and Y(j) are the roots of the charac-

0<(Jt<d(j)
teristic system (6).
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(i) For any x € Z%, the function f(x) satisfies the system of recurrence equations

S Al f @) =0,i=1,2,...n (10)
0<a<di

whose characteristic Toots satisfy the conditions (7) and (8).

(iii) The function f(x) has the form of an exponential polynomial

@)=Y PN, (11)
j=1
where ;) = 781))1 - 'Vchsn and Pj(zx) are polynomials of the form 3 P,Ej)xk.

0<k<d(y)y

The proof of part 2 of the theorem is based on an algorithm for constructing a system of
polynomial equations given the roots (see [4]), in the case where these roots are simple. The
main element of the algorithm in [4] is the following proposition.

Proposition 1. Let E = {aD}N |, where a®”) = (agi), R agf)) e C" and E;, i = 1,2, is the set

=1’
of zeros of the system of polynomial equations

DN — 45—
P (2)=0,j=1,2,...,n,

where Pl(l) = Pz(2) for1 <l <r <mn, and the polynomials Pl(l) and Pl(z) have no common zeros.
Let

P (2), 1<j<r,

g;(2) = { PV (2) PP (2), j=r

PV ()PP () + PV ()PP (2), r<j<n,

then the set of zeros of the system

coincides with the set B4 U Es.

Proof of Theorem. vy = (V)15 -+ V(i)m) € Va and v¢y = (V)15 - - V)m) € Vi are the roots
of the characteristic systems A;(z) = --- = A,(z) and By(z) = - -+ = B,(z), respectively. Condi-
tions (*) and (**) of the theorem are satisfied, therefore we can use the implication (i7) = (4i%)
of the multivariate version of the fundamental theorem of the theory of difference equations. For
solutions ¢(x) and () of the difference equations systems, we obtain

ol@) = Y pia)i, (12)

b(@) = (@), (13)
T _ A1 Tn xr __ 4,71 Ty
where 7 =G 1 Y Vi) = Vg Ui
The polynomials p;(z) and ¢;(z) have the form

pj(x): Z aax®, qz(x): Z baz®,

o0<a<d 0<ass
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while the vectors d(;) and s(;) are determined by conditions (7) and (8).
Multiplying the exponential representations (12) and (13) for ¢(z) and ¢ (z), we obtain

h(z) = p(z))(x) = ij(m)v@) Z qi(z)vly) = ij 2) (V) - vy,

where (7{, Gy (7,)) (YG)1 V() a5 -+ VG~ V(i)m)-
Thus h(x) has an exponential representation, and due to the implication (iii) = (i), we
obtain that the generating function H(z) for the product ¢(z) - ¥ (z) has the form

1) = Y o

(I = )

where (I —~(yv() % = (1= y0)1%)) "1 - -+ - (1= () mV(i).n) "0, bij(2) are some poly-
nomials of the form > b 2=,
0<a<d) #s®
To prove the second part of the theorem, we will use the fact that the roots of the characteristic
systems for the difference equations A(d)p(z) = 0 and B(d)y(x) = 0 are simple. In this case,

the exponential representations for ¢(z) and ¥ (z) have the form
Zpﬂ ) and ¥(z) Zqz Yy

where p;, ¢; are constants, and the exponential representation for the product ¢(z) - ¢ (x) has
the form o(z) - ¢(z) = Zpng( V) V)"

This means that the dlfference equations system for the product ¢(z) - ¥ (z) (if it exists) has
simple roots.
Using method from [4], we construct a system of polynomial equations

Rip(2)=0,k=1,2,...,n

whose roots are the numbers {v(;)v(;)}. For polynomial difference operators Ry (d), we have the
formula:

Ri()((vy) - v)") = (voy V)" B (V) vei)) = 0
for z € Z% . From the multivariate version of the fundamental theorem of the theory of difference
equations, by the equivalence of (ii) ~ (4i7), it follows that h(z) = p(x)¥(z) is a solution of the
difference equations system
Ri(2) =0, k=1,2,...,n.

Example 2. Let us consider two difference equations systems

p(z1+1,22) — p(x1,22) =0 (1,1) is the root,
p(x1, 22+ 1) — p(21,22) =0

(a,a?),(—a,a®) are roots.

1/’(361 + 27.172) — a2w(gj1’x2) =0
Y(xy, 29 + 1) — azw(xl,x2) =0

The difference equations system for the product h(xy,x2) = (21, x2) - Y(x1, 22) has the form

{hm +2,22) — a*h(z1,22) = 0 (a,0?), (=a,a?).

h(zy, 22 +1) — a®h(z1,22) =0
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This is a very simple example, it can be complicated.

{30(% + 1,22) — Mip(z1, 22) (A1, A2) is the root,

=0
o(x1, 9 + 1) — Aop(z1,22) =0

(a,b),(—a,b) are roots.

(w1 +2,29) — a*P(a1,22) = 0
Y1, 22 +1) — bp(z1,22) =0

As a result, the system of difference equations for the product h(xy, x2) = p(x1,x2) - Y(x1, 22)
has the form

h(l‘l,l‘z + 1) - )\Qbh(l‘l,l‘g) =0

Another example:

{h($1 + 27.’172) — h(fl]l,xz + 1) — ()\% 2 )\gb)h(.’lﬁl,l‘g) =0

)

h(l‘l + 2,],‘2) - Ah(xl,x2 + 1) - (/\%CLQ — A)\Qb)h(xl,l‘g) =0
h(Il,fEQ + 1) - )\Qbh(frl, IQ) =0

where A is an arbitrary constant, characteristic roots for the system of difference equations

()\1&7 /\Qb), (—)\10,, b)
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Pa3nocTHEBIE YpaBHE€EHUA 1 KOMIIO3UIINA A,}:[aMapa KpPpaTHBbIX
CTEeIIEHHbIX PAJ0B

EBrennit /. Jleitnaprtac

Esrenunii K. JIeiinaprac
Cubupckuii deepaabHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas ®eneparus

Awnnoramusi. [IpuBeieHbl JocTaTOYHBIE YCIOBUST HA KO3(M@MUIIMEHTHI ABYX KPATHBIX CTEIIEHHBIX PSIIOB,
KOTOpPBIE 006ECITEUNBAIOT PAIMOHATLHOCTD KOMITO3UITNN AamMapa 3THUX PSIIOB, M IPU HEKOTOPBIX JIOIMOJI-
HUTEJIbHBIX OTPAHUYEHUAX JIOKA3bIBAETCS CYIIECTBOBAHUE CUCTEMBI IIOJIMTHOMUAJIBHBIX PA3HOCTHBIX YPaB-
HEHHl, KOTOPO# YIOBJIETBOPAIOT KOI(PMDUIUEHTHI KOMIIO3UIINH.

KuaroueBbie ciioBa: cUCTEMBI TOJUHOMUAIBHBIX JIMHEHHBIX YPABHEHUI C MOCTOSTHHBIMEU KO3 puiimen-

TaMu, KpaTHbIE CTEICHHBIE Psibl, KOMIIO3unus Agamapa.
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