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Abstract. Effect of the spin-orbit coupling on the band structure and the Fermi surface of the three-
orbital model is studied. The inter-orbital part of the model is reformulated to fully conform with the
iron lattice symmetry. Because there are two iron ions in the unit cell, we introduce the intra- and inter-
ion spin-orbit coupling constants to separate the effect of the related couplings on the band structure and
the Fermi surface. Both the intra- and inter-ion parts lift the degeneracy of some bands at the Γ = (0, 0)

point and the splitting of bands along the (0, π) − (π, π) direction of the Brillouin zone. We show that
the inter-ion part of the spin-orbit coupling leads to the topological change of the Fermi surface — the
splitting of two Fermi surface sheets around the M = (π, π) point.
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Iron pnictides and chalcogenides represent systems with the intriguing mixture of different
states including superconductivity, magnetism, nematic state, and some coexisting states [1–3].
The variety of exotic phases is naturally stems from the multiband nature of the systems [4].
From the density-functional theory (DFT) we know that the Fermi surface (FS) in iron-based
systems is formed by several bands with the dominating contribution from the three t2g iron
d-orbitals. Hybridization of the xz, yz, and xy orbitals results in two electron-like Fermi surface
sheets around M = (π, π) point and two to three hole-like sheets around Γ = (0, 0) point of the
Brillouin zone (BZ) corresponding to the crystallographic unit cell that includes two iron ions.
Such a Brillouin zone often called ‘2-Fe BZ’ or ‘folded BZ’. For the single-layer iron-pnictides
the folding wave vector is two-dimensional and equals to Q = (π, π). DFT band structures and
most of the experimental results are reported in the folded BZ since crystallographically it is
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the correct one. Nesting between electron and hole sheets may produce the spin-density wave
antiferromagnetic order in the undoped systems [5]. Destruction of the perfect nesting with the
doping destroys long-range antiferromagnetic order, however, the scattering on the wave vector
connecting hole and electron sheets remains strong. It is the most probable candidate for the
interaction that drives superconducting pairing. Within the spin-fluctuation approach it results
in the sign-changing extended s-wave gap (s± state) as the leading instability [4, 6–10].

There are several experimental findings pointing towards the non-vanishing role of the spin-
orbit (SO) coupling. One of them is the anisotropy of the spin resonance peak violating the
spin-rotational invariance, ⟨S+S−⟩ = 2 ⟨SzSz⟩, that have to be obeyed in the disordered system.
It was observed in the inelastic neutron scattering [11]. Spin-rotational invariance violation
within the three-orbital model was found to be due to the effect of the SO interaction [24] similar
to the case of Sr2RuO4 [13]. Another intriguing fact comes from the superconducting gap studies
via the multiple Andreev reflections [14,15]. The expected number of distinct gaps in LiFeAs is
two – one at the inner FS around the Γ-point, another one at the outer FS around the Γ-point and
the same at the FS around the M -point. However, the analysis of the Andreev spectra reveals
three different gaps [16, 17]. The observation may be explained by the FS topology change due
to the SO interaction: the two crossing FS sheets around the M -point may become split into the
inner and outer parts with the different gaps at each new part.

Several low-energy models with the minimal number of orbitals have been suggested for iron-
based superconductors [18–23]. Here we focus on the three-orbital model from Ref. [23]. It is
quite simple yet describes the most important bands coming from the t2g manifold: the dxz and
dyz orbitals are hybridized to form two electron Fermi surface sheets and one hole sheet around
Γ point while the second one comes from the dxy orbital. Within the model, the role of the
SO coupling has been studied before [24], however, the model has a fundamental drawback —
C4 symmetry is broken for the large values of the SO coupling constant λ. Here we modify the
model to avoid the violation of the symmetry and study the effect of the SO coupling on the
topology of the Fermi surface and the band structure in the 2-Fe BZ.

1. Three-orbital model for the one-iron unit cell

Hamiltonian of the three-orbital model for the set of d-orbital of a single iron has the form [23]:

H
(1)
0 =

∑
k,σ,l,m

εlmk c†klσckmσ, (1)

where c†klσ (ckmσ) is the creation (annihilation) operator of a particle with momentum k, spin
σ, and orbital index l (m). We choose the following numbering of orbitals, 1 → dxy, 2 → dyz,
3 → dzx. We introduce vector operators in the orbital space, Ψ̂†

kσ =
(
c†k1σ, c

†
k2σ, c

†
k3σ

)
, and

rewrite the Hamiltonian as
H

(1)
0 =

∑
k,σ

Ψ̂†
kσ ε̂kΨ̂kσ, (2)

where the matrix of one-electron energies and hoppings has the form:

ε̂k =

 ε1k 0 0

0 ε2k ε4k
0 ε4k ε3k

 . (3)
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Here

ε1k = ϵxy − µ+ 2txy(cos kx + cos ky) + 4t′xy cos kx cos ky, (4)

ε2k = ϵyz − µ+ 2tx cos kx + 2ty cos ky + 4t′ cos kx cos ky + 2t′′(cos 2kx + cos 2ky), (5)

ε3k = ϵxz − µ+ 2ty cos kx + 2tx cos ky + 4t′ cos kx cos ky + 2t′′(cos 2kx + cos 2ky), (6)

with µ being the chemical potential.
Previously, ε4k was a function of sin kx/2 sin ky/2 [23,24]. Such a combination does not belong

to the basis functions of the tetragonal group D4h. It leads to the violation of the C4 symmetry
for the large SO coupling, i.e., (0, 0) − (π, 0) and (0, 0) − (0, π) directions become inequivalent.
The problem comes from the kx,y/2 argument. To avoid it, we use the new expression for ε4k:

ε4k = 4txzyz sin kx sin ky + 3t′′′ sin 2kx sin 2ky. (7)

We use the following set of parameters (in eV) that allows to reproduce the topology of the FS
in iron-based systems: ϵxy = −0.70, ϵyz = −0.34, ϵxz = −0.34, txy = 0.18, t′xy = 0.06, tx = 0.26,
ty = −0.22, t′ = 0.2, t′′ = −0.07, t′′′ = 0.025, txzyz = 0.055.

For the single iron, the spin-orbit coupling terms can be written as [25]

H
(1)
SO = λ

∑
f

Lf · Sf = i
λ

2

∑
l,m,n

ϵlmn

∑
k,σ,σ′

c†klσckmσ′ σ̂n
σσ′ , (8)

where λ is the SO coupling constant, Lf and Sf are the angular momentum and spin operators
at the lattice site f , respectively, ϵlmn is the completely antisymmetric tensor, indices l, m, n
take values {dyz, dzx, dxy}, and σ̂n

σσ′ are the Pauli spin matrices.
Explicit form of the Hamiltonian in terms of the vector operators is

H
(1)
SO =

∑
k,σ,σ′

Ψ̂†
kσ ε̂

σσ′

SO Ψ̂kσ′ . (9)

Here

ε̂σσ
′

SO = i
λ

2

 0 −iδσ′,σ̄sgn (σ) δσ′,σ̄

iδσ′,σ̄sgn (σ) 0 δσ′,σsgn (σ)

−δσ′,σ̄ −δσ′,σsgn (σ) 0

 = (10)

= i
λ

2
[ε̂zδσ′,σsgn (σ) + δσ′,σ̄ (ε̂

x − iε̂ysgn (σ))] , (11)

where we have introduced the following matrices,

ε̂z=

 0 0 0

0 0 1

0 −1 0

= iJx, ε̂x=

 0 0 1

0 0 0

−1 0 0

= −iJy, ε̂y=

 0 1 0

−1 0 0

0 0 0

= iJz. (12)

Here, Ji are the generators of the rotation group O(3).
The total Hamiltonian for the single iron, H(1) = H

(1)
0 +H

(1)
SO, can be written as

H(1) =
∑
k,σ

[
Ψ̂†

kσ

(
ε̂k + i

λ

2
ε̂zsgn (σ)

)
Ψ̂kσ + i

λ

2
Ψ̂†

kσ (ε̂
x − iε̂ysgn (σ)) Ψ̂kσ̄

]
=

=
∑
k

(
Ψ̂†

k↑ Ψ̂†
k↓

)
· Ĥ(1) ·

(
Ψ̂k↑
Ψ̂k↓

)
, (13)
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where

Ĥ(1) =

(
ε̂k + iλ2 ε̂

z iλ2 ε̂
x + λ

2 ε̂
y

iλ2 ε̂
x − λ

2 ε̂
y ε̂k − iλ2 ε̂

z

)
. (14)

Note that εx- and εy-components of the SO coupling mix spin-up and spin-down matrix elements
thus effectively increasing the dimensionality of the problem by a factor of two.

2. Three-orbital model for the two-iron unit cell

To work in the crystallographic unit cell containing two irons, we make the folding procedure:
momenta in Hamiltonian (1) are transformed as (kx + ky)/2 → k′x, (kx − ky)/2 → k′y and the
Hamiltonian matrix is doubled by adding the shifted εlmk′+Q, where Q = (π, π) is the folding wave
vector. For convenience, we skip prime assuming that all momenta are within the 2-Fe BZ and
end up with the following Hamiltonian [24]

H0 =
∑

k,σ,l,m

εlmk c†klσckmσ +
∑

k,σ,l,m

εlmk+Qc†k+Qlσck+Qmσ. (15)

It can be written in the matrix form analogous to (13),

H =
∑
k

(
Ψ̂†

k↑ Ψ̂†
k↓ Φ̂†

k↑ Φ̂†
k↓

)
· Ĥ ·


Ψ̂k↑
Ψ̂k↓
Φ̂k↑
Φ̂k↓

 , (16)

where Ψ̂kσ (Φ̂kσ) corresponds to the first (second) iron in the unit cell.
As for the SO coupling, we make the following conjecture [24]: the structure of the SO coupling

between two orbitals on neighboring irons is the same as the structure between two orbitals on
a single iron ion. As in Ref. [24], we assign different coupling constant to the intra-ion SO
interaction (λ) and the inter-ion one (λ′). Note that the wording ‘inter-ion SO coupling’ does
not necessary mean a long-range SO coupling like that in the Rashba effect. The SO interaction
may be local, however, since orbitals of two neighboring irons hybridize directly and through As
ion, the wave functions of electrons on those orbitals can overlap. It opens up a possibility for
the effective inter-ion SO coupling.

For the intra-ion SO coupling, Ĥ has the form that immediately follows from (14):

Ĥ intra
SO =


ε̂k + iλ2 ε̂

z iλ2 ε̂
x + λ

2 ε̂
y 0 0

iλ2 ε̂
x − λ

2 ε̂
y ε̂k − iλ2 ε̂

z 0 0

0 0 ε̂k+Q + iλ2 ε̂
z iλ2 ε̂

x + λ
2 ε̂

y

0 0 iλ2 ε̂
x − λ

2 ε̂
y ε̂k+Q − iλ2 ε̂

z

 . (17)

For the inter-ion SO coupling we have

Ĥ inter
SO =


0 0 iλ

′

2 ε̂
z iλ

′

2 ε̂
x + λ′

2 ε̂
y

0 0 iλ
′

2 ε̂
x − λ′

2 ε̂
y −iλ

′

2 ε̂
z

iλ
′

2 ε̂
z iλ

′

2 ε̂
x + λ′

2 ε̂
y 0 0

iλ
′

2 ε̂
x − λ′

2 ε̂
y −iλ

′

2 ε̂
z 0 0

 . (18)
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The total Hamiltonian matrix is the sum of matrices (17) and (18),

Ĥ =


ε̂k + iλ2 ε̂

z iλ2 ε̂
x + λ

2 ε̂
y iλ

′

2 ε̂
z iλ

′

2 ε̂
x + λ′

2 ε̂
y

iλ2 ε̂
x − λ

2 ε̂
y ε̂k − iλ2 ε̂

z iλ
′

2 ε̂
x − λ′

2 ε̂
y −iλ

′

2 ε̂
z

iλ
′

2 ε̂
z iλ

′

2 ε̂
x + λ′

2 ε̂
y ε̂k+Q + iλ2 ε̂

z iλ2 ε̂
x + λ

2 ε̂
y

iλ
′

2 ε̂
x − λ′

2 ε̂
y −iλ

′

2 ε̂
z iλ2 ε̂

x − λ
2 ε̂

y ε̂k+Q − iλ2 ε̂
z

 . (19)

Number of electrons on a filled d-orbital of a single iron is 6 and we assume 2 orbitals to
be completely filled, so for doping concentration x we have for the number of electrons on two
irons n = 2(6− 2− x) = 2(4− x). Hereafter, the chemical potential µ is calculated to fulfill this
criterion with x = 0.

3. Results for the Fermi surface and the band structure

Without the SO coupling (λ = 0) both the band structure and the Fermi surface are shown in
Fig. 1. Topologically, the FS is different from that of Ref. [24] by the additional central FS sheet.
Qualitatively, the FS is similar to those found in DFT calculations and five-orbital models [7,8].

Fig. 1. Band structure and the Fermi surface in the three-orbital model without the SO coupling
(λ = λ′ = 0) in the 2-Fe BZ; µ = −0.0529 eV. Bands are plotted relative to the chemical
potential, so zero corresponds to µ

Effect of the intra-ion SO coupling is shown in Fig. 2, where λ = 100 meV and λ′ = 0. The
degeneracy of some bands is lifted at the Γ-point and the volume of the central FS sheet slightly
changes. There is no topological difference to the FS results for the vanishing SO interaction.

If we switch on only the inter-ion SO interaction by setting λ = 0 and λ′ = 100 meV, we end
up with the splitting of the previously degenerate bands along the X−M direction, see Fig. 3. It
results in the topological change of the corresponding FS sheets around the M and symmetrical
points — instead of the coinciding FS sheets along the X −M direction, we have two separate
ones.

Finite intra-ion and inter-ion SO couplings (λ = λ′ = 100 meV) results in the band structure
and FS shown in Fig. 4. Both the lifting of the degeneracy of some bands at the Γ-point
and the splitting of the previously degenerate bands along the X − M direction are present.
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Fig. 2. The same as in Fig. 1 but for the finite intra-ion SO coupling λ = 100 meV and zero
inter-ion SO coupling λ′ = 0; µ = −0.0542 eV

Fig. 3. The same as in Fig. 1 but for the finite inter-ion SO coupling λ′ = 100 meV and zero
intra-ion SO coupling λ = 0; µ = −0.0556 eV

FS topologically different from the FS without the SO coupling, similar to the case of finite
inter-ion SO interaction.

Conclusions

Here we modified the interorbital hopping term of the three-orbital model to avoid the un-
physical violation of the C4 symmetry. Introducing the intra- and inter-ion SO coupling constants
λ and λ′ allows us to separate the effect of the related couplings on the band structure and the
Fermi surface. We show that the SO interaction results in the topological changes of the Fermi
surface. In particular, the inter-ion part of the SO coupling leads to the splitting of two FS sheets
around the M -point. Without SO, they may be represented as two ellipses rotated by the π/2

relative to each other. With the finite SO coupling, they resemble two concentric circles with
the center at the M -point. Apart from that, the lifting of the degeneracy of some bands at the
Γ-point and the splitting of the previously degenerate bands along the X −M direction appear
due to the SO interaction.
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Fig. 4. The same as in Fig. 1 but for the finite intra- and inter-ion SO couplings, λ = λ′ =
= 100 meV; µ = −0.0567 eV

In the normal state, the change of the FS topology near the M -point should lead to the
change of the dynamical spin response that is maximal at or near the wave vector connecting Γ

and M -points. In the superconducting state, the obtained topology of the FS near the M -point
may result in inequality between gaps on the inner and the outer FS sheets. Together with the
gaps at the FS sheets near the Γ-point, it can give an explanation for the observation of the
three different gaps in LiFeAs [17]. Another important consequence of the SO coupling is the
possible realization of the nontrivial superconducting state. Since the spin becomes bad quantum
number and the states are classified by the pseudospin, the superconducting order parameter may
be composed of the spin-singlet and spin-triplet states [28].

Note that the study of LiFeAs material within the ten-orbital model [26] with the SO coupling
results in qualitatively the same change of the FS topology and the band structure [27] if here
we assume both finite λ and λ′. Folding procedure is absent in the ten-orbital model and the
inter-ion SO interaction doesn’t appear there in a direct form. Although the folding for the
energies of the three-orbital model is a transparent procedure, for the wave functions it is a
separate complicated task. Therefore, the introduction of the inter-ion SO interaction here in
the form of Eq. (8) may be treated as an ansatz to simulate the results of the proper ten-orbital
treatment that lacks the artificial folding procedure.
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Красноярск, Российская Федерация
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Аннотация. Изучено влияние спин-орбитального взаимодействия на зонную структуру и поверх-
ность Ферми в трехорбитальной модели. Межорбитальная часть модели изменена для полного со-
ответствия с симметрией решетки железа. Из-за наличия двух ионов железа в элементарной ячейке
мы вводим внутри- и межионную константы спин-орбитального взаимодействия для разделения
эффектов соответствующих взаимодействий на зонную структуру и поверхность Ферми. И внутри,
и межионная части снимают вырождение некоторых зон в точке Γ = (0, 0) и вырождение вдоль
направления (0, π) − (π, π) зоны Бриллюэна. Показано, что межионная часть спин-орбитального
взаимодействия приводит к изменению топологии поверхности Ферми, а именно к разделению ли-
стов поверхности Ферми вблизи точки M = (π, π).

Ключевые слова: сверхпроводники на основе железа, спин-орбитальное взаимодействие, зонная
структура, поверхность Ферми.
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