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Abstract. Let 2 = {2, | » € ®} be a carpet of additive subgroups of type ® over an arbitrary commu-
tative ring K. A sufficient condition for the carpet 2{ to be closed is established. As a corollary, we obtain
a positive answer to question 19.63 from the Kourovka notebook and a confirmation of one conjecture
by V.M. Levchuk, provided that the type of ® is different from Cj, [ > 5 when the characteristic of the
ring K is 0 or 2m for some natural number m > 1. Also, a partial answer to question 19.62 has been
obtained.
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1. Introduction and preliminaries

Let @ be a reduced indecomposable root system, F(®, K) be an elementary Chevalley group
of type ® over the commutative ring K with unit 1. The groups E(®, K) is generated by the
root subgroups z,(K) = {x.(t) | t € K}, r € ®. The subgroups z,(K) are Abelian, and

Zr () zr(u) = 2, (t + u), (1)

for any r € ® and t,u € K. We call a carpet of type & over K a collection of additive subgroups
A= {A, | r € @} of the field K with the condition

Cij,rsQIing CAjpyjs, msir+jse®, i,5>0, (2)

where 2. = {a’ | a € 2.}, and constants C;; s are equal to +1, +2 or 3. Inclusions (2) come
from the Chevalley commutator formula

[Is(u)vxr(t)] = H Tirigjs (C’ij,rs(ft)iuj), r,8,ir + js € P. (3)

i,7>0
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Every carpet 2 defines a carpet subgroup E(®,2) generated by the subgroups z,.(2,.), r € &. A
carpet 2 is called closed if its carpet subgroup E(®,2l) has no new root elements, i.e., if

B(®,2) Nz, (K) = 2,(,).

Note that the following fact follows from the condition (2). If ¢ € 2. and u € 2, then each
factor from the right-hand side of (3) lies in E(®,2).

The above definition of a carpet was introduced by V.M. Levchuk, and it was first written
down in the next question from the Kourovka notebook [1].

Question A). What are the conditions on the carpet A = {2, | r € ®} (in terms of A,.) over a
commutative ring K necessary and sufficient for 2 to be closed? [1, question 7.28, 1980]

The difficulty of this question lies in the fact that the answer to it, in fact, should be the
following statement: the defining relations of the carpet subgroup E(®,2) over an arbitrary
commutative ring K are exhausted by the relations (1), (3) (which give rise to the carpet con-
ditions (2)), and relations in the subgroup (x.(2(.), x_.(A_.), r € ®. In the case when the
carpet subgroup E(®,2() coincides with the entire Chevalley group E(®, K) over the field K,
this is the well-known result of R. Steinberg on defining relations in Chevalley groups over the
field [2, Sec. 6, Theorem 8] In 1983, the author of question A) himself gave the answer to it for
a locally finite field K [3] and reformulated it in the case when the main ring K is a field, in the
following form.

Question B). Is it true that the carpet A = {2A,. | r € O} of type ® over a field K is closed if
and only if the subcarpets {U,., A_,.}, r € O, of rank 1 are closed? [1, question 15.46, 2002]

The carpet {2, 2A_.}, r € ®, of rank 1 corresponds to an elementary matrix carpet of
degree 2, and its carpet subgroup is isomorphic to the group generated by opposite elementary
transvections t12(u), u € A, and to1 (u), u € A_,. .

Lemma 14 is noted in [4] without proof, however, after more than 40 years, its proof has not
appeared. Therefore, we formulate the assertion of this lemma as a conjecture.

Conjecture C). (V.M. Levchuk, 1982) Inclusions A, A_, A, C 2., r € O, are sufficient for the
carpet of additive subgroups A = {2, | r € ®} over a commutative ring K to be closed.

The next question of the author of this note is a strengthening of conjecture C), and in the
case when the characteristic of the main coefficient ring is odd, they are equivalent.

Question D). Are the inclusions 2A2A_,. C A,., r € & | sufficient for the carpet of additive
subgroups A = {2, | r € ®} over a commutative ring K to be closed? [1, Question 19.63]

In the articles [5,6] give examples of irreducible (if all additive subgroups are nonzero) carpets
of any type ® over rings of any even characteristic, for which the inclusions 2022_, C 2., r € ®,
are valid, but the inclusions from hypothesis C) are not satisfied. Question D) was first written
in 2012 in [7, p. 199] and this is due to the fact that the inclusions 222_, C 2., r € ®, are
necessary and sufficient conditions for the carpet subring L(®, ) to be invariant under the carpet
subgroup E(®,2l) according to the following definitions.

Let II be the fundamental root system for ®. The structure constants in the Chevalley basis
{er, r € ®; hg, s € II} of the simple complex Lie algebra L(®,C) are integers , so one can
define a Lie ring (algebra) L(®, K) with a Chevalley basis over an arbitrary commutative ring
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K (see, for example, [8, p. 62]). By definition, we assume that the subring L(®,2l) is generated
(with respect to both operations) by all the sets 2,.e,, r € ®. We will call L(®,) a carpet
Lie subring. Note that the basis elements e,., hs; do not have to lie in L(®,2). A carpet 2 is
called L-closed if L(®,2) N Ke, = A,e,, 1T € ®. The elementary Chevalley group E(®, K) acts
on the Lie ring L(®, K) as an automorphism group. We will say that the subring R C L(®, K)
is invariant under G C E(®, K) if gr € R for any g € G and r € R. Any carpet subring L(®,2l)
that is invariant under the corresponding carpet subgroup E(®,2l) is L-closed [7, p. 199].

For any r € ®, the automorphism z,.(t) of the Lie ring L(®, K) acts on the Chevalley basis

as follows:
e — e

e_r —  e_p+th, —te,,
hs —  hs—tAge,, s e 1l (4)
q .
€s — Z Cil,rstleir-‘rsa sed \ {:l:’l“},
=0
2(r, s)

(r,r)

by definition Cp1,s = 1. Therefore, if s € ®\ {£r} and ¢t € 2, u € Ay, then under the
q

where A, = g = q(r,s) is the largest non-negative integer such that s + ¢r € ® and

automorphism z.(t), the vector ues, goes into a linear combination > Cﬂ}rstiueiﬂrs, each term
i=0
of which, by virtue of the carpet condition, lies in the subring L(®,%).

The main result of the article is

Theorem 1. The inclusions A>A_,. C A,., r € ®, are sufficient for closedness of the carpet of
additive subgroups 2 = {2, | r € ®} over an arbitrary commutative ring K provided that the
type of @ is different from Cy, | > 5, when the characteristic of the ring K is 0 or 2m for some
natural number m > 1.

2. Proof of Theorem 1

Let z,(t) € E(®,) for fixed p € ® and some ¢t € K. Then, for suitable r; € ® and t; € 2,
we have the equality

Tp(t) = Ty (1) @0, (t2) - .- 21, (E0)- (5)

Our task is to establish the inclusion ¢ € 2,. By virtue of the third equality from (4), for any
root g € ® the following equality holds

zp(t)hg = hg — Agpte,. (6)

Consider the integer E(®,2)-submodule M of the ring L(®, K) generated by the element h, and
show the inclusion
M < Zhy + L(®,20). (7)

For any r € ® we put 9, = {u € K | uh, € M}. By virtue of (4), the the following inclusions
hold:

Ng <L+ ZquQLq, (8)

9 <Y A, s#q, 9)
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where by definition  2,.2(_,. consists of sums of the form ujv +- - - +ugvy for u; € Ay, v; € A,
i=1,...,k, for any natural k. Indeed, the generation of the module M begins with the equality

2 (Ap)hg = hg — AgrUrer.

Thus, there is a base of induction. By virtue of (4), we have the equalities:

q
xr(mr)mses = Zcil,rsmimseirdrm S 7& -, (10)
=0
JTT(Q[T)Q[,T(?,T =A_re_, +2AA_hy — mgmfrem (11)
Ir(mr)ﬁshs = ﬁshs - Asrmrﬁser- (12)

Further, by the definition of the M, these equalities are applied in any order. By Theorem 3.1 in
[7] the subring L(®,2l) is invariant under the carpet subgroup E(®,2l) if and only if 2A22(_,. C 2.,
r € ®. Therefore Ke, N L(®,A) = AU,e, for all r € & [7, p. 199]. This gives us the inclusions (8)
and (9), since A, A_,h, € L(®,A), r € @, due to (11). Thus, the inclusion (7) also holds.

In what follows, we need one lemma, the assertion of which for systems all of whose roots
have the same length is obvious. For a system of type Fj it follows from the fact that any of its
root lies in a subsystem of type As. For root systems of types B;, C; and G5 it can be verified
directly.

Lemma 1. For any root p € ® there exists a root g € ® such that

+2 if ® of type C;, 1 > 1, and pis a long root,
Agp = { (13)

+1 otherwise.

So now, due to (5), (6) and (7) we have Ayt € 2A,. Hence, by Lemma 1, we obtain the
desired inclusion ¢t € 2, if @ is different from Cj, I > 1, in the case of an even characteristic of
the ring K. The constraint "® is different from Cj, [ > 1" can be relaxed to "® is different from
Cj, I 2 5" for an ring K of even characteristic due to the following equalities and inclusions for
root systems A1 = Cy C Cy = By € C3 C Cy C Fy. Indeed, we embed a carpet 2 of type C; for
1=1,2,3,4 into a carpet of type Fy such that 2, =0 for all » € Fy \ C}. Since Lemma 1 is true
for a root system of type Fj, the above proof also holds in this case. We only note that in this
case the root ¢ in Lemma 1 must be taken from the difference Fy \ C;.

It remains to consider the case when @ is of type Cj, | > 5, and the characteristic of the ring
K is equal to 2. In this case, there exists a homomorphism ¢ of the group E(Cj, K) into the
group E(By, K) such that

x,/o(u) if 7 is a long root,

p(ar(u) = { (14)

x.(u?) if r is a short root,

for any u € K (see, for example, [2, Theorem 28] and [9, Sec. 3]). Since the carpet conditions
come from the Chevalley commutator formula, ¢ induces a homomorphism of the carpet subgroup
E(Cy,2) onto the carpet subgroup E(B;, '), where the carpet A = {2, | r € B;} according to
(14) is defined as

(15)

o0 { Ay, if 7 is a short root of root system of type B;,
=

22 if ris a long root of root system of type B;.
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The correspondence (15) between additive subgroups 2L, and 2l is given by the bijection p; < ¢;,
1=1,2,...,1, between fundamental root systems of type C; and B;, where p; is a long root for
type Cj, and ¢; is a short root for type Bj, and the sum p; + p;+1 and ¢; + g;41 are roots for
all i =1,2,...,1— 1. The inclusions A*A' _, C U, r € By, remain valid, since from 2T C §
follows (52)272 C S? for any subsets S and T of the ring K. For ® of type Cj, only the answer
to the following question was not known above. Does the inclusion z,(t) € E(C},2), when p
is a long root and the characteristic of the ring K is even, imply the inclusion ¢t € 2,7 Since
@(xp(t)) = xp/2(t) by definition, then ', /5 = 2,. The inclusion ¢ € A’},/; is fulfilled, since we
are dealing with a carpet of type B;. Hence ¢t € 2,. Which is what needed to be shown.

The Theorem 1 is proved. O

3. Corollaries from Theorem 1

Since the inclusions 21,22l C 2., r € ®, entails the inclusions A2A_,. C A,., r € ®, then
Theorem 1 implies

Corollary 1. Conjecture C) is true if the type of ® is different from C;, I > 5, when the
characteristic of the ring K is 0 or 2m for some natural numbers m > 1.

Given an elementary carpet 2 = {2, | r € ®} of type ® of rank | > 2, we define a collection
of additive subgroups B, = > Ci;»sA2AJ, p € &, where the sum is over all natural numbers
i, 7 and roots r, s € ® for which ir + js = p. The collection B = {B, | p € ®} is a carpet and is
called the derived of 21 [10]. It is known that for ® = A; the carpet B is closed [11, Proposition 1].
The following question was first written in [10, p. 534, 2011].

Question E). Is every derived carpet of type ® over a commutative ring closed? |1, Question
19.62, 2018|

For each root system ® we define the number m = m(®) = max (r,)

. In fact
r,sed (8,8) o 1act,

1 if ®= A, D, E,
m = 2 if (I):BZ,CZ,F4,
3 if &=0Gh.

In [10, Theorem 1] it is proved that any derived carpet B of type ® of rank [ > 2 satisfies the
inclusions m!B,B_,B, C B,, p € ¢. Combining this result with the assertion of Theorem 1,
we obtain

Corollary 2. A derived carpet of type ® of rank | > 2 over a commutative ring K of char-
acteristic p is closed if ged(p,2) = 1 for ® of type By, C; or Fy, and if ged(p,6) = 1 for @ of
type Go.
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O 3aMKHYTOCTHN KOBPOB aAJWUTHUBHbBIX IIOAI'PYIIII,

acconmuupoBaHHBIX ¢ rpytmoii IleBasie
HaJi KOMMYTaTUBHBIM KOJIBITOM

dAkos H. Hyxkun
Cubupckuii dheiepajbHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Peepariust

AnHOTanusi. YCTAHOBJEHO JIOCTATOYHOE YCJIOBHE 3aMKHYTOCTH KOBpPa AQJAUTUBHBIX MOJACPYII
A={2 | r € P} tuna ¢ HaJ NPOM3BOIBHBIM KOMMYyTATHBHBIM KoubloM K. B kadecrBe cieacrsuii
MOJIyYaeM MOJIOKUTEJIbHBIM oTBeT Ha Bompoc 19.63 u3 KoypoBckoit TeTpajin U IMOATBEPKICHUE OJTHOMN
runiore3bl B. M. JleBuyka npu yciosun, uro tun ¢ orimnyaen or C, [ > 5, Korga XxapaKTepPUCTUKA KOJIBIA
K ectp 0 wm 2m Jisi HEKOTOPOIr'O HATYpaJbHOro 4mcia m > 1. Takrke IOJIydeH 4acTUYHBIA OTBET HA
Borrpoc 19.62.

KuaroueBrlie cioBa: anrebpa u kosibio JIu, rpynmna [lleBasie, KOMMYTaTHBHOE KOJIBIIO, KOBED aJ[IUTHUB-
HBIX I[IOJINPYIII, KOBPOBasl HOAIPYIIIA.
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