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Abstract. The effects of strong electron-phonon interaction in a realistic model of a system with strong
Coulomb correlations are analyzed using the Lang and Firsov transformation. It is shown that polaronic
and bipolaronic transformations, widely discussed in the literature and associated with a smooth or
sharp transitions in the properties of charge carriers when the strength of the electron-phonon coupling
changes, determine the switching of the system between the regimes of correlated carriers, polarons or
bipolarons. These transitions are controlled by the local electron-phonon interaction of the Holstein
type. At the same time, the non local electron-lattice contribution associated with the modulation of
the hopping integral plays a major role in the crossover of the polaron and bipolaron regimes in the limit
of strong electron correlations.
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1. Lang-Firsov transformation

Let us consider the classical canonical transformation for systems with the strong electron-
phonon coupling of the Holstein type. It was proposed by Lang and Firsov [1] for systematic
consideration of the perturbation theory of the mobility of small-radius polarons. They managed
to record a significant part of the short-ranged electron-phonon interaction in such a way that,
during the transformation of the Hamiltonian, they could collect infinite series for the transformed
operators. The authors [1] simplified the Hamiltonian of the system by limiting the contribution
of the electron-phonon interaction to the local electron variables:

1
H :Z cal am +Z TgajnJrgam —|—Z Fuwg (bilbq + 2) —|—Z hwqal, am (Unm.gbl, + U qbq) » (1)
m m,q q m,q

where af, (a,,) are operators of creation (annihilation) of an electron at a site m, bf, (bq) are
operators of creation (annihilation) of a phonon with quasi momentum q; ¢ is the ground state
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electron energy; the parameter T, characterizes the hopping energy from site g to m and vice
versa; Uy, q is the electron-phonon interaction (EPI) parameter and wq is the phonon mode
frequency.

According to the original paper, the canonical transformation H = ¢5He™5 of the Hamilto-
nian (1) with the unitary operator S in the form:

S=>alam (biUm.q—bqUq) »

m,q

leads to a new Hamiltonian:
A= Sl (= 8+ St (0 5) + ol

which describes the energy of polarons, lattice oscillators, and their residual interaction. Here
A= Zq hwq \Umyq\Z is the polaron shift of the atomic energy of the ground states of charge car-

riers and @m,g = exp {Zq (bLAm,nwg,q bq A7,

m,m+g,q
integral, it depends on the strength of the electron-phonon coupling: Ay, m+g,q = Um,.q—Um+g.q-
In the transformed Hamiltonian, the contribution characterizing the interaction of electrons at

) } is the renormalization of the hopping

different sites through the exchange of virtual phonons is discarded, since it is less than the
Coulomb correlations of electrons not taken into account in the original model.

The modified Lang and Firsov transformation, which includes the nonlocal electron-phonon
interaction, is also found in the literature. In the general case, analysis of the obtained renor-
malizations is complicated, however, there are some results that generalize the Holstein theory
of polarons. For example, within the framework of the Holstein—Peierls model, the authors
of [2,3] obtain an expression describing the temperature narrowing of the polaron bandwidth
and demonstrate that nonlocal electron-phonon coupling plays an important role in organic
molecular crystals.

2. Extended pd-model

Realistic models of systems with strong electron-phonon interaction contain more numbers
of contributions compared to the Hamiltonian (1). In addition to the nonlocal electron-lattice
interaction, these can be multiband effects, Coulomb correlations, and much more. Let us con-
sider an extended pd-model combining contributions essential for describing the nature of high-
temperature superconductors based on copper oxides. The Hamiltonian of the model has the
form:

H=H,g+ He_pp + Hpp, (2)
here H,q is a well-known pd model describing the hole carriers in the orbitals of oxygen p and
copperd; it takes into account both the Coulomb interaction of holes in the same and different
orbitals and the strong overlap of the orbitals [4].

The term H._p;, describes the interaction of electrons with lattice vibrations. We consider
only one optical fully symmetric mode, the dispersion of which can be neglected. Deviations
of atoms from their equilibrium positions when bonds are stretching lead to modulations of
the single-site energy of charge carriers in copper orbitals (local Holstein-type EPI) and of the
hopping integral between the copper and oxygen orbitals (non-local Peierls-type EPI). The Hpy,
part corresponds to the energy of free phonons.

Let us show the complete form for each part of the Hamiltonian (2):
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1
Hpa= ) <5a”§a,a + QUa"g(x,a”ga,zr) + D Potwp (p;z,apg;,,o + H-C-> +

g.l.0a gg’ll’,o

+ Z Puatpa (d;gpg“g + H.C.) + Z Vpdnghgng,ol. (3)

g.l,o g,l,o0’

Here df , (dg,o) and pf, , (g, ») are operators of creation (annihilation) of a hole with spin o on
copper and oxygen orbitals in positions specified by vectors g and g; respectively. The index [
enumerates oxygen atoms in the unit cell at the site g; ng_, is the hole number operator, where
g. = g for a = d, and g, = g; for a = p; €, is the local energy of a hole in the p or d orbital; ¢,
and t,q are hopping integrals, Uy, Vpq are Coulomb repulsion parameters. The factors P,, and
19
general case, the Hamiltonian (3) describes compounds of transition metal with an incompletely
filled d orbitals.

The energy of free phonons in the Hamiltonian (2) has the form:
1 1
Hoph :Zhwo (f;fq+2) :Zhwo (f;fg+2) ; (4)
q g

where f! is the phonon creates operator with a quasi momentum q and fi is its Fourier image,
a q g g

4 are equal to 1 (-1) if in the region of orbital overlap their phase signs coincide (differ). In the

wp is the frequency of lattice oscillations.
A significant short-ranged part of the electron-phonon interaction can be written as [6]:

Heopn =Y My (fi+ fe) di ,dg + Y MyaPpa (f§ + fe) (df ;pg.0 + Hee.), (5)
g,0 g.l,o

where My and M,,q are the electron-phonon interaction parameters for Holstein and Peierls type
contributions, respectively.

3. Lang-Firsov transformation for intercluster part

Assuming that the strong coupling approximation is valid for the system (2) in the limit of
strong electron correlations, we analyze the effects of electron-phonon interaction using the Lang
and Firsov transformation. Following the ideology of the generalized tight-binding method, we
divide the system into clusters and represent the Hamiltonian (2) as the sum of the intracluster
contribution H,. and the intercluster interaction H,.:

H - HC + Hcc~ (6)
Such splitting is possible if we go from the operators p;m (pg;,0) to the new ones, b;a (bg,o)s
centered on copper orbitals and orthogonal in the nearest cells. A similar transformation for the

displacement operators [5] translates the operators f{ (fg) into the new Af (Ag) [6]. As a result,
the intracluster part of the Hamiltonian (2) is given by:

1
H,. = Z (5571’20 + 2U5ng’an§,g> + Z (tg‘é (d;abg,a + H.c.) + Z Vbdng’angﬁ) +

g,0.8 g0
1
3 (Monit o + Moo b+ He]) 4 Sn (adg + 1) )
8,0 g
where [ = d,b is the orbital index in the new representation. Changes in the parameters

of the original Hamiltonian (2) are result from the transition to the basis of Wannier functions.
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Omitting the insignificant details of the polaronic version of the generalized tight-binding method
[6], we only indicate that Mg, = Mauoo, MES) = —2M,au?, and the coefficient po = 0.96.

Let us carry out the canonical transformation of the Hamiltonian H., limiting ourselves to
local contributions of the Holstein type EPI, that is, we put M,4 = 0. Then unitary operator is:

S= Z MOO g) ng,o’
g,0

and the Hamiltonian (7) takes the form:

M)
Hc:Z[(ad—A)ng}g—i—sbnga]—i—Z (Ud_2(h£;0) )ng’a ga—i—Unga gs|t
8,0 g,%g 0
1
Z%dnga gri’+zt ( gg+HC>+Zhwo(A;Ag+2>. (8)
g,00’ g

The residual polaron-lattice interaction results from the renormalization of the orbital overlap

- Ma
integral, associated with the transformation df , = df , exp {hu?o (Al — Ag)} In the polaron
0

2
Mg
shift of the atomic level A = %(ng ») we have explicitly preserved the mean of the particle
0
number operator. We assume that (nd Ng ) is not necessarily close to 1 even at small doping of

the system due to the redistribution of charges carries between the orbitals b and d.

The equation (8) correlates with the well-known paper [7] of A. Aleksandrov and co-authors.
The differences are associated with the formulation of the Hamiltonian (2), which takes into
account, in addition to Coulomb correlations, multiband effects, and the structure of the unit
cell. In addition, for the estimates below we use the realistic parameters of the Hamiltonian (2),
determined from ab initio calculations, and compare the results with the conclusions obtained
[8,9] by the exact diagonalization of the cluster H..

Carrying out a similar procedure, we consider the renormalizations of the Hamiltonian H,
due to the contribution of the Peierls-type EPI; so, we set My = 0. Then we define the unitary
operator in a form which is similar to the nonlocal contribution of the EPI, and, using the
Baker-Campbell-Hausdorff formula, we find a new representation of the Hamiltonian operators.
Avoiding cumbersome expressions, we note that the transformation of a pair of hole creation

(annihilation) operators in the orbitals of copper and oxygen, d;a (dg,») and b;a (b, ), formally
Mbd
is a rotation in two-dimensional Minkowski space with angle 6 = ﬁ (A; + Ag). Changes to

phonon operators have the form:

bd
Ag=Ag = ]‘;2;;0 (@h bg.or + Hec.). 9)
ol

In the transformed Hamiltonian, equation (9) gives renormalizations proportional to the value

bd 2
000

g
in the b and d orbitals without charge transfer, as well as (iii) effective interorbital electron-phonon

and describing (i) the change in the interorbital Coulomb interaction, (ii) spin fluctuations

interaction associated with charge transfer without spin-flip and (iv) effective interorbital spin-
phonon interaction, corresponding to charge transfer with a change of spin. These processes are
caused by the exchange of virtual phonons between carriers in different orbitals. Note also that
process (i) contributes both &4 and ¢, energies to the polaron shift.
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4. Analysis of the effects of local and non-local EPI

(My)?

d A\yg =
Ty W and Apq

We introduce dimensionless electron-phonon coupling constants Ay =

M2

= (hwbcll/%/ , characterizing contributions of Holstein (local) and Peierls (non-local) types. Here,
0

W is the width of the bare bond, which is not renormalized by EPI and Coulomb effects. For

ease of comparison, all electronic structures parameters of the pd-model (3) have been chosen in
accordance with the paper [9], in which the effects of EPI were investigated for the cell H, and
the total 2 Hamiltonians in the framework of polaronic version of the generalized tight binding
method: €4 = 0, g, = 1.5, t,, = 0.86, tpq = 1.36, Ug =9, U, = 4, Vpqg = 1.5, W = 2.15, all
in eV.

The first case is A\pg = 0. Let us consider the single-particle states, the atomic energy 4 of
2
(MOdO) < d >
hio g/
If the polaron shift A is larger than the width of the charge carrier band W, then the formation of

which decreases under strong local electron-phonon interaction by the value A =

an energetically more favorable band of polaron states begins near the Fermi level of the system.

The critical EPI strength is A\§! = ————
¢ N“(Q)O <ng,a>

phonon coupling strength A§' > 1.1 if (nd ;) ~ 1; at lower values of (nd ), due to the strong
hybridization of the orbitals p and d, the value of A" increases. In the electronic structure of the

For given parameters, this occurs for the electron-

extended pd-model (2), a narrow polaron band appears [8] in certain directions of the Brillouin
zone.
Now let us consider two-particle states and estimate the value of the second critical parameter

of the local EPI, at which the Coulomb interaction at the copper sites effectively vanishes or
U

becomes negative. The equation (8) gives the value of \$? = 5 2dW' So, for Uy = 9 we obtain
Ho0

/\g2 ~ 2.2. The screening of the Coulomb potential by electron-phonon interaction forms a

tendency to the formation of bipolarons (here, local bipolarons). The process is accompanied by
a significant transfer of charge carries from the p to the d orbital at Ay = A% [8].

In the limit of strong electron correation we get that A\§' < /\32. Obviously, a decrease in
the Coulomb interaction Uy leads to a decrease in )\32. In the Holstein model, (Ayq = 0) the
crossover of the critical values marking the polaronic )\fil and bipolaronic /\fi2 regimes take place

(ng o)
However, in a more realistic approach that takes into account the contribution of nonlocal EPI,

at Uy < 2W. It corresponds to the case of weak or intermediate Coulomb correlations.

such a crossover occurs in the limit of strong electron correlations for (Apg # 0) [9]. The replace-
ment of the polaron and bipolaron regimes is accompanied by changes in the electronic structure
associated with the redistribution of the density of charge carriers in favor of the p orbital and
with the ‘relocation" of the chemical potential into the band of the two-particle states for hole
doped system. This proves the essential role of the nonlocal EPI in the formation of bipolarons
in a correlated system and emphasizes the need to take its effects into account in such problems
as, for example, the search for light bipolarons.
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Kpacnosipck, Poccuiickas Pejrepariust

Amwnnoranusi. B macrosimmeit pabore ¢ momornpio mpeobpazosanus Jlanra m @PupcoBa aHAIU3UPYIOTCS
3ddEKTH CHIBHOTO 3JIEKTPOH-(POHOHHOTO B3aUMOECHCTBUSA B PEAJTUCTUIHON MOJEIN CHUCTEMBI C CHJIb-
HBIMU KYJIOHOBCKUMHU KoppeJsarusaMu. [lokazaHo, 9To MIMPOKO 00CyKIaeMble B JINTEPATYPE MOJIsIPOHHBIE
¥ GUTIOJTSIPOHHBIE TPaHCHOPMAIINN, CBSI3aHHBIE C IJIABHBIM WJIH PE3KUM U3MEHEHUEM CBONCTB HOCUTEJIEH
3apsia IPU U3MEHEHUHN CHUJIbI JIEKTPOH-(DOHOHHOM CBS3U, ONPEIEISIOT MMEPEKJIOYEHe CHCTEMbl MEXK-
Iy pexKUMaM¥ KOPPEeJIUPOBAHHBIX HOCHUTEJIEH, TMOJISIPOHOB UK OunoJispoHoB. [Ipu aToM cyinecTBeHHYIO
POJIb B KPOCCOBEPE TTOJISTPOHHOTO U OUITOJITPOHHOTO PEYKUMOB B IIPE/IE/Ie€ CUIBHBIX JIEKTPOHHBIX KOPPEJIsi-
Ui UI'PAeT HEJIOKAJIBHBIN JIEKTPOH-(POHOHHBIN BKJIA/I, CBA3AHHBIN C MOLYJIAIMEN HHTErPaja IePEeCKOKa
MEX/1y Pa3JUnIHBIMU OPOUTAJIAMU.

KuaroueBbie cioBa: mpeobpasoBanme Jlanra m ®PupcoBa, KpPOCCOBED TMOJSIPOHOB W OHUIOISPOHOB,
pd-momensb.
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