Journal of Siberian Federal University. Mathematics & Physics 2023, 16(4), 519-527

EDN: PKRXPX
VIIK 517.9

Strongly Algebraically Closed MV -algebras
Ali Molkhasi*

Faculty of Mathematical Sciences
University of Farhangian
Tehran, Iran

Received 10.02.2023, received in revised form 07.03.2023, accepted 12.05.2023

Abstract. The aim of this paper is to fully characterize strongly algebraic closed MV-algebras, extending
a result of Lacava. Moreover we provide some computation relating orbit algebras, Wajsberg algebras
and Lukasiewicz semirings.

Keywords: MV-algebra, strongly algebraically closed, orbit algebra.

Citation: A.Molkhasi, Strongly Algebraically Closed MV-algebras, J. Sib. Fed. Univ.
Math. Phys., 2023, 16(4), 519-527. EDN: PKRXPX.

Introduction

The present paper continues the research started in [15] and [23]. In [23], J. Schmid proved
that a distributive lattice is an algebraically closed lattice if and only if it is a Boolean lattice.
Also, he shows that any strongly algebraically closed lattice is a complete Boolean lattice. Later,
it is proved by the author in [20] that if a complete Boolean lattice is ¢’-compact, then it is an
strongly algebraically closed lattice. We recall from [17-19] that an algebra A is an strongly
algebraically closed in a class of algebras, if every set of equations (finite or infinite) with coeffi-
cients from A, which is solvable in some algebras of the class of algebras containing A, already
has a solution in A. Similarly, the purpose of this paper is to study strongly algebraically closed
MV-algebras.

MV-algebras were introduced by C.C.Chang in 1958 to give an algebraic proof of the
completeness of Lukasiewicz logic reducing the problem to require the semisimplicity of the
Lindenbaum-Tarski algebra. Boolean algebras stand to Boolean logic as MV-algebras stand to
Bukasiewicz infinite-valued logic (see [6]).

This paper continues the examination of the structure of MV-algebras. Algebraically closed
MV-algebras are studied by Lacava in [15] and [16], where an MV-algebra A is called algebraically
closed if every polynomial with coefficients in A having a root in some extension of A has already
a root in A. Similarly, we provide a new axiomatization of strongly algebraically closed MV-
algebras and prove that an MV-algebra A is an strongly algebraically closed MV-algebra if
and only if it is regular, divisible, and equationally compact. We also describe orbit algebras
with other algebraic structures as Wajsberg algebras and Lukasiewicz semirings. Recall that
Wajsberg algebras are special algebraic structures that naturally arise from Lukasiewicz logic
and Lukasiewicz near semirings were introduced by S. Bonzio, I. Chajda, and A.Ledda in [1].

1. Algebraically closed MV-algebras

A structure (4, @, ©, -, 0, 1) is an MV-algebra iff A satisfies the following equations for all
x, Yy, z € A
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1. (zoy)@z=28 (yd 2);
2. xby=yPdux;

3. xd0=ux;

4. z@1=1,;

5. =0 =1;

6. -1 =0;

7. x0y=-(-z®y);

8. ~n(wdyoy=-(ydz) D7

By definition following two new operations V and A on A, the structure (A, Vv, A, 0, 1) will be a
bounded distributive lattice:

rVy=-(-zdy)®yandzAy=-(-20y)Oy.

We recall from [11] that MV-algebras form a variety and the notion of MV-homomorphism
is just the particular cases of the corresponding universal algebraic notion. In [21], an algebra
A in class of MV-algebras is called an absolute retract in the class of MV-algebras if and only if
every embedding A < B has a left inverse (i.e., there is a homomorphism h of B onto A such
that h(a) = a for each a € A), whenever B is in the class of MV-algebras and A is a subalgebra
of B, then A is a retract of B. Also, A is equationally compact if and only if every finite subset
of set of equations is satisfiable in A, then the set of equations is satisfiable in A.

Recall from [7] that a maximal ideal M of an MV-algebra A is said to have a finite rank
n, for some integer n = 2 if A/M = L,,, otherwise one says that M has infinite rank, where

L, =1[0,1]nN Zil. One should observe that every maximal ideal of a Boolean algebra has
n—

finite rank. An MV-algebra A is called regular if for every prime ideal NV of its Boolean center,

the ideal of A generated by N is a prime ideal of A [4].

By [22], an MV-algebra A is divisible if and only if for any a € A — {0} and integer n > 0 there

exist a unique least element b € A such that b®b...6b=aanda-(-b6-bs...5 -b) =b.
—_———

n-times (n—1)-times

By an equation in an algebra A we mean a formal expression

P(at, .y Ay X1y ) R QA1 ey Gy Ty -+ o5 Tyy)

where m € Ny = {0,1,2,...}, n € N =N—{0}, p and ¢ are (m+n)-ary terms (in the language
of A), the elements ay,...,a, belong to A and they are called parameters (or coefficients), and
Z1,...,Ty, are the unknowns of this equation.

Definition 1.1. An MV-algebra A is called algebraically closed if every polynomial with coeffi-
cients in A having a root in some extension of A has already a root in A.

Definition 1.2. An MV-algebra A of the class of MV-algebras is strongly algebraically closed
in the class if for every extension B of A in the class and for any system of equations with
parameters taken from A, if the system has a solution in B, then it also has a solution in A.

In [15], Lacava proved an MV-algebra is an algebraically closed if and only if it is regular and
divisible. Also, following Schmid [23], if we replace "any system" by "any finite system", then
we obtain the concept of an algebraically closed algebra A in the class, which this two definitions
are the same. Consequently, we will have that two definition above are same. Now, we provide
a new axiomatization of strongly algebraically closed MV-algebras.

Lemma 1.3. An MV-algebra A is strongly algebraically closed algebra in variety of MV-algebras
iV if it is an absolute retract in V.

Proof. By [5], let A be strongly algebraically closed in V and B € V be an extension of A.
We need to show the existence of a retraction f: B — A. We can assume that A is a proper
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subalgebra of B, because the identity map of B would obviously be a retraction B — A if A = B.
For each element b of B\ A, we take an unknown xz;, and we define z_, ~ —x;. For each pair
(a,b) € B x B of elements such that at least one of a and b is element of B\A, we define an
equation Fg(a,b) according to the following six rules:

(1) — If a is element of A, b is element of B\ A, and a @ b is element of A, then Eg(a,b) is
adzy,~adb.

(2) — If a is element of B\A, b is element of A, and a V b is element of A, then Eg(a,bd) is
ToDb~adb.

(3) — If a and b are elements of B\A and a @ b is element of A4,

then Eg(a,b) is z, ® xp =~ a ® b.

(4) — If a is element of A, b and a ® b are elements of B\ A, then Eg(a,b) is a ® xp = Tagyp.

(5) —If a and a @ b are elements of B\ A and b is element of A, then FEg(a,b) is 2, B b~ zagp.
(6) —If a, b, and a @ b are all elements of B\ A, then Fg(a,b) is £, ® Tp = Tagp-

Let E be the system of all equations we have defined so far. Clearly, E has a solution in B.
Indeed, we can let z, := a for all elements b of B\A to obtain a solution of E. Since we have
assumed that A is strongly algebraically closed in V' and E also has a solution in A. This allows
us to fix a solution of E in A. That is, we can choose an element u, € A for each element b of A
such that the equations (1)—(6) turn into true equalities when the unknowns xy, for b € B\ A,
are replaced by the elements wy.

Next, consider the map

f B — A, defined b Cc if ¢ is an element of }17
: ’ € y Cr— . ]
Ue ¢ is a element of B\A

We claim that f is a retraction. Clearly, f acts identically on A. So we need only to show that
f is a MV-homomorphism or f(0) =0, f(z & y) = f(z) & f(y) and f(-z) = =f(z), for every
x, y € A. It suffices to verify that f commutes with &. If a,b € A, then a® b is also in A, and we
have that f(a)® f(b) =a®b= f(a®Db), as required. If, say, a,a®b € Aand b € B\ A, then (1)
applies and we obtain that f(a) @ f(b) =aPup =a®db= f(aPb), as required. If a,b,a B b are
all elements of A, then we can use (6) to obtain that f(a)® f(b) = ug D up = uegs = f(a®b), as
required. The rest of the cases follow similarly from (3)—(5). Thus, we conclude that f commutes
with @. Therefor, f is a retraction and A is an absolute retract in V. O

Now, we are in the position to state the main theorem of the paper.

Theorem 1.4. An MV-algebra A is strongly algebraically closed algebra if and only if it is
algebraically closed and equationally compact.

Proof. Suppose that A is strongly algebraically closed MV-algebra. By Lemma 2.4, A is an
absolute retract. Now, we prove that A is regular, divisible, and equationally compact. Notice
that Banaschewski—Nelson in [2] and Weglorz in [26] proved that the MV-algebra A is equationally
compact if and only if every pure embedding A < B has a left inverse, see [21]. Since any absolute
retract is a pure absolute retract, and here A is equationally compact. Now, to prove that A
is regular and divisible it suffices to show that A is algebraically closed MV-algebra. Suppose
i: A — B is an arbitrary extension of A and we prove that ¢ is pure. To do this, for any system
¥ (Z) of equations with parameters taken from A, if ¥(b) is a solution in extension B of A, then
we give p: B — A, where p a retraction (left inverse) of ¢ and X(p(Z)) a solution in A.

Conversely, suppose A is algebraically closed and equationally compact. We know that A is
regular and divisible. If i : A < B is an arbitrary extension of A, then 4 is pure. On the other
hand, A is a pure absolute retract and thus ¢ has a left inverse. Consequently, A is an absolute
retract in V.
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Now, we have that A € V' is an absolute retract and B € V' is an extension of A, and a system
G of equations with constants taken from A has a solution in B.

Let z,y,z,... denote the unknowns occurring in G (possibly, infinitely many), and let
by, by, b, - € B form a solution of G. Since we have assumed that A is an absolute retract for
V', we can take a retraction f: B — A. We define

they are elements of A. Let
pla,...,a, 2,9, 2,...) =qlar, ..., a5, ¢, 9,2,...)

be one of the equations of CA;; here p and q are MV-algebra terms, the constants aq,...,a; are
in A, and only finitely many unknowns occur in this equation. Using that f commutes with
MV-algebra terms and, at =", using also that b;, by, b,, ... form a solution of the equation in
question, we obtain that

plar, ... ag, dg,dy,ds, ... ) =p(f(ar),. .., flar), f(bz), f(by), f(b2),...)
= f(p(ai,...,ak, by, by, bs,...)) =" f(q(ar,...,ak, by, by, bz, . 0))
Q(f(a1)7~ . >f(ak)7f(bz)7f(by)uf(bz)? )

=q(ar,...,ax, dy,dy,ds,...).

This shows that dy,dy,d.,--- € A form a solution of G in A. Therefore, A is strongly alge-
braically closed in V. O

We recall from [9] that the ordinary polynomials in the language of MV-algebras are called
MV-polynomials and built from variables and function symbols of the language. And as usual,
the value of a polynomial is calculated inductively from the value of its variables. In [13], MV-
polynomials generalized to DMV-polynomials, which are built from MV-algebra symbols plus
a unary function symbol &, for every positive integer n and DMV-polynomials have a value in
every divisible MV-algebra (not in every MV-algebra, however) and x and y are finite vectors
of variables. By [9], for every MV-polynomial f(x, y) there is a single DMV-polynomial g;(y)
such that [0, 1] verifies the following formula:

e Yy, (3x, f(x,y) =0 <= gs(y) = 0).
Now, we can state the following theorem:

Theorem 1.5. An MV-algebra A is an algebraically closed MV-algebra if and only if
1. A is divisible;

2. for every MV-polynomial f, A verifies the formula vy ;

3. A equationally compact.

Proof. By [22] and Theorem 7 from [8], since A is strongly algebraically closed, is divisible and
for every MV-polynomial f, A verifies the formula ¢;. Using Theorem 2.5, A is equationally
compact.

Conversely, suppose that A is divisible and A models the formula ;. By [8], Theorem 7], A is an
algebraically closed algebra. On the other hand, if A is equationally compact and algebraically
closed, then A is an absolute retract in V. By Theorem 2.5, we conclude that A is an strongly
algebraically closed MV-algebra. O
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2. Representation of orbit algebras

We recall that a Boolean algebra (B, A, Vv, =, 0, 1) with a countable dense subset is called
separable, where a subset A of a Boolean algebra B is dense in B if and only if every element of
B is a join of a subset of A. Suppose B is a separable Boolean algebra and a, b € 5. We define
a~bif b= g(a) for some g € G of group of automorphisms of B. Furthermore, for g € Aut(*B)
and a € B, we denote by gra a the restriction of g to the interval [0, a]. We define a — b= -aVb
for a, b € B. We furthermore write a L b if there are no non-zero ag < a and by < b such that
ao ~ bg. In a Boolean algebra B with a countable dense subset if G is a group of automorphisms
of B, then we call the pair (28, G) a Boolean ambiguity algebra.

We recall from [25] that (B, G) is a Boolean ambiguity algebra. Assume that the following
infima and suprema exists for all a, b € B:

[a] ® [b] = inf{[a’ AV] : @’ ~a, b ~ b},
[a] = [b] = inf{[a’ = ¥] : a’ ~a, b ~ b},

where [a] and [b] are equivalence classes with respect to ~. Following [25] we call the structure
(O(38B,G), <, ®, —, 0, 1) the orbit algebra of (B, G), where O(8, G) is the quotient by equiva-
lence relation ~. Also, we have —[a] = [a] — 0 for a € B.

A Wajsberg algebra is a structure (W, —, *, 1), where — is a binary operation, x is a unary
operation and 1 is a constant such that the following identities hold:

1.1 —-a=aq

2. (a—=0) = ((b—c) = (a—c)) =1

3. (a—=b)—b=(b—a)—aq

4. (a* = V)= (b—a)=1,

for all a,b,c € W.

This leads us to state the following theorem.

Theorem 2.1. Let (B, G) be a complete Boolean ambiguity algebra and (O, a), ©, -, 0) be the
orbit algebra. Then (O(w.q), —, *, 1) is a strongly algebraically closed algebra if it is algebraically
closed and equationally compact, where * is an unary operation and the implication — is defined
byr —y=x®y and 1 =07, forall x, y € O q)-

Proof. First we prove that (O(x,¢), <, @, 1) is an ordered monoid. If we suppose that a’ ~ a
and b’ ~ b such that [a] @ [b] = [a’ AY], for all a, b, ¢ € B then we will have

([a]@[b]) ® [¢] = min{[dA ] : d~a AV, ~c} =min{[a" AV N] : ' ~a, b ~b, ¢ ~c}

whence associativity of & follows. Obviously, @ is in both arguments isotone. On the other
hand, [a] ® [b] < [¢] if and only if [a] < [b] — [¢]. Now, for any a, b € B, we can obtain ab’ ~ b
such that [a A Y] = [a] A [b] and [a V I'] = [a] V [b]. On the other hand, =(a’ — V') < o/ and then
[a] = [b] = [@' — V']. Finally, [a] & ([a] = [0]) = [d] @[’ = V] =[aA(d = V)] =[d AV] =
[a] A [b]. Therefore, it is divisible and —[a] = [—a] for any a € 9B; so — is involutive. Therefor,
(O(m,¢), @, —, 0) is an MV-algebra. Using Theorem 1.4, completes the poof. O

By [1], we have that if (O gy, ®, —, 0) is an MV-algebra, then

(O(‘B,G)a 5 % 1)

is a Wajsberg algebra, where a — b = —a © b, for any a, b € O ) and 1 = 0*. Thus we will
have the following corollary:

Corollary 2.2. Let (B, G) be a complete Boolean ambiguity algebra and (O ), ®, =, 0) be
the orbit algebra. Then (Os,q), —, *, 1) is a Wajsberg algebra.
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We recall from [14], a BE-algebra we shall mean an algebra (X, *, 1) of type (2, 0) satisfying
the following axioms:
l.xxx=1;

2. 1xx =ux;

3. xx(y*xz)=yx*(xx*2);
4. zx1=1,

for all z, y, z € X.

A BE-algebra (X, *, 1) is called bounded if there exists the smallest element 0 of X (i.e.
0xx =1, for all x € X). Recall that Imai and Iski (1966) introduced two classes of abstract
algebras: BCK-algebras and BCl-algebras. A BCl-algebra is a non-empty set X endowed with
a binary operation * and a constant 0 satisfies the following axioms, for all z, y, z € X:

1. ((z*xy)x(xx2))*(z2*xy) =0;

2. 2x0=ux;

3. zxy=0and y*x =0 imply that z = y.

Every BCl-algebra satisfying 0« x = 0 for all z € X is a BCK-algebra. We recall from [27] that
an algebra (X, *, 1) of type (2, 0) is called a dual BCK-algebra (or briefly, DBCK-algebra) if
rxx =1,

zxl=1;

TxY =Y*xr — T =1,

(2 5y) s (y+2) * (w52) = I

z*((zxy)*xy)=1forall z, y, z € X.

CU 0=

We now study the relations between BE-algebras and Lukasiewicz semirings.

Theorem 2.3. Let (B, G) be a complete Boolean ambiguity algebra and (O, ), ©, =, 0) be the
orbit algebra. Then (O(s ), *, 1, 0) is a bounded commutative BE-algebra, where xxy = —x Oy,
forall x, y € B and 1 = —0.

Proof. We claim the structure (O(p,qy, ©, 7, 0) is equivalent to a bounded commutative BE-
algebra. By [27], an MV-algebra (O ), ®, =, 0) is a bounded commutative dual BCK-algebra
(O@s,¢), *5 1, 0) with the operation * and the top element 1 defined as follows:

rxy =20y, 1=-0,forz,y € Oy . [14], any DBCK-algebra is a bounded commutative
BE-algebra. O

BL-algebras were introduced by Hajek [12] as algebraic structures of basic logic, where a
BL-algebra is an algebra (A, A, V, ®, —, 0, 1) such that:
i) (4, V, A, 0, 1)is a bounded lattice;
ii) (A, ®, 1) is a commutative monoid;
iii) the following statements hold for every z, y, z € A:
Jz<z—yifzoz<y;
)

¢)(z—=>y)Vy—ax)=1
Recall that from [24] and [9] that a BL-algebra A to be an RS-BL-algebra if, for all elements

a € A holds
{redja—z=2}={xcAlz — a=a}.

Theorem 2.4. If O3 q) is a RS-BL-algebra, then (O, ), —, *, 0) is a Wajsberg algebra.

Proof. Since MV-algebras are such BL-algebras that (¢ — z) = 2 = (x — a) — a holds for all
z, a € O(p,q), it is an easy task to show that MV-algebras are RS-BLalgebras. To show that
MV-algebras re the only BL-algebras that are RS-BL-algebras, observe first that the following
holds in all RS-BL-algebras if * = 0, then z = 1, where 2* = z — 0. Consequently, by [24]
and [19] RS-BL-algebras are equivalent to MV-algebras. By Theorem 2.1, this completes the
proof. O
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We recall from [8] that a semiring (R, +, 0, -, 1) is an algebraic structure where 0 and 1 are
distinct elements of R, + and - are binary operations on R satisfying:
(i) (R, +) is a commutative monoid with identity 0;
(i) (R, -) is a monoid with identity 1;
(iii) Multiplication distributes over addition;
(

iv) 0-r=7r-0=0, for every r € R.

Also, by [8], a semiring (R, +, 0, -, 1) is called lattice-ordered semiring iff it has the structure
of a lattice such that for all a, b € R:
a+b=aV
(ii)a-b<anb.
Groupoids were introduced by Brandt in his 1926 paper [3| and semilattices can be equivalently
presented as ordered sets as well as groupoids. An algebra is a structure (A, F') where A is an
arbitrary non-empty set and F' is a system of operations. A type of algebra is a mapping from
F to N (natural numbers including zero) which maps any f € F to its arity. An algebra (S, -)
of type (2) is called a groupoid.
In closing this section, we mention that the Lukasiewicz semirings are also closely related with
the lattice ordered semirings. We recall from [1] that a near semiring is an algebra (R, -+, -, 0, 1)
of type (2, 2, 0, 0) such that:
(i) (R, +, 0) is a commutative monoid;
(i) (R, -, 1) is a groupoid satisfying x - 1 = = 1 - = (a unital groupoid);
(it) (z+9) - 2= (2-2) + (y- 2);
(iv)z-0=0-2=0;
for all x,y,z € R.

In [1] a near semiring is called a semiring if (R, -, 1) is a monoid and satisfies left distributivity:
z-(y+2)=(x-y)+ (z-2), forall z,y,z € R.

A near semiring R is called idempotent if it satisfies x + = = «, for all x € R. It is clear that
in this case (R, +) is a semilattice. In particular, (R, 4+) can be considered as a join-semilattice,
where the induced order is defined as x < y iff © + y = y and the constant 0 is the least
element [1, Remark 1].

Following [1], a map « of an idempotent near semiring, with < the induced order,
(R, +,+,0,1) to (R, +, -, 0, 1) is called an involution on R if it satisfies the following condi-
tions, for each =,y € R:

(1) a(a(z)) = ;

(2) if x < y then a(y) < a(x).

As is defined in [1], an involutive near semiring R is said a Lukasiewicz near semiring if it
satisfies the following additional identity:

a(z-a(y)) - aly) = ay - a(z)) - a(z).

A Lukasiewicz semiring A is a Lukasiewicz near semiring such that the reduct (4, -, 1) is a
monoid.

Recall that if (B, G) is a complete Boolean ambiguity algebra, then (O ¢), ©, ©, =, 0) is
an MV-algebra. On the other hand, the reducts (O(n a), V, 0, ©, 1) is an lc-semiring, where
zVy=2x0 (-zoy), for every z,y € O ). In following corollaries we shall use the name
lc-semiring for lattice ordered commutative semiring:

Corollary 2.5. Let (B, G) be a complete Boolean ambiguity algebra and (Os.q), ©, ©, =, 0)
be the orbit algebra. Then (Op.y, —, *, 1) and (O(w.G), V, 0, ©, 1) are MV-algebra and lc-
semiring, where * is an unary operation and the implication — is defined by x — y = Dy,
rVy=z0(-r0y), and 1 =0%, for all z, y € O q)-
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Corollary 2.6. Let (B, G) be a complete Boolean ambiguity algebra and (Os,qy, ©, ©, 7, 0)
be the orbit algebra. Then (O(s.c), —, *, 1) and (O(z,¢), V, 0, ©, 1) are strongly algebraically
closed algebra if they are algebraically closed and equationally compact, where * is an unary
operation and the implication — is defined by x — y=x @y, aVy =z 0 (—-x Sy), and 1 = 0%,
forall z, y € O cy-

Example 2.7. Let R denote the set of real numbers and let () denote the set of rational numbers.
For anyn € w, n > 1 we define L1 =40, 1/n,..., (n—=1)/n, 1}. Ifa and b are real numbers we
define a®b = min(a+b, 1), and ~a = 1—a. Suppose A is (QN[0, 1], ®, =, 0) or (Ly11, ®, 7, 0),
where they are MV-algebras. If B(A) denotes its R-generated Boolean algebra and G(A) is a
subgroup of the automorphism group of B(A), it turns out that (B(A), G(A)) forms an MV-
pair. Independently, a similar study of certain type of (B, G)-pairs which yield an MV-algebra,
so called ambiguity algebras.

Conclusions

Lacava in [16] proved that an MV-algebra is algebraically closed if and only if it is regular
and divisible. So, gathering up the theorems in Section 1, we obtain a representation of strongly
algebraically closed MV-algebras as regular, divisible, and equationally compact. Therefore our
results give further tools which can be suitable for Lukasiewicz logic and this can be the starting
point to develop a sort of Algebraic Geometry based on MV-algebras.
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CunbHo anrebpamydeckn 3aMKHYTbie MV -anaredpsbl

Amun Mouaxacu

(DaKyJ'H)TeT MaTeMaTU4YEeCKUX HayK
DapxXaHICKUii yHUBEPCUTET
Terepan, Vpan

Ansoranus. Ilesb 310 cTaTby — IMOJHOCTHIO OXaPAKTEPU30BAThH CUJILHO ajrebpandecKue 3aMKHYThIE
MV-anrebpsi, 06061ast pesysnbrar Jlakassr. Kpome TOro, MbI IPUBOAMM HEKOTOPBIE BEIYUCICHUS, CBSI3aH-
Hble ¢ anrebpamu opbut, anrebpamu BaiicGepra n nmosykonbmamu (JIlykameswna). Kurouesbie ciioBa:

MV-ajirebpa, CUIbHO ajirebpantdecK 3aMKHyTasl, ajredbpa opouT.
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