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Abstract. It is proved that the general linear group G L (Z) (its projective image PG L, (Z) respectively)
over the ring of integers Z is generated by three involutions, two of which commute, if and only if n > 5
(if n = 2 and n > 5 respectively).
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Introduction

We call groups, generated by three involutions, two of which commute, (2x2, 2)-generated. The
class of such groups is closed with respect to homomorphic images if, by definition, we consider
the identity group as such and we do not exclude the coincidence of two or all three involutions.
M. C. Tamburini and P.Zucca [5] have proved that some matrix groups of big enough degree
n, depending on the parameter d, over the d-generated commutative are (2 x 2,2)-generated.
Particularly they established (2 x 2,2)-generation of the special linear group SL,(Z) over the
ring of integers Z when n > 14. Ya.N.Nuzhin [2] has proved that the projective special linear
group PSL,(Z) over the ring of integers is (2 x 2,2)-generated if and only if n > 5. Applying
methods of the paper [2], we obtain similar criteria for the general linear group GL,(Z) and its
projective image PGL,(Z).

Theorem 1. The general linear group GL,(Z) over the ring of integers Z is generated by three
involutions, two of which commute if and only if n > 5.

Theorem 2. The projective general linear group PG L, (Z) over the ring of integers Z is gener-
ated by three involutions, two of which commute if and only if n =2 and n > 5.

1. Notations and preliminary results

Further, R is an arbitrary commutative ring with the identity 1, SL,(R) is a subgroup of
matrices with determinant 1 of the general linear group GL,(R) over the ring R.
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Elementary transvections
tij(k‘) :En—&-k:eij, ,j=1,2,....n,1# j, k€ R,

will be called simply transvections, where E, is an identity matrix of degree n, and e;; is a
(n x n)-matrix with 1 on the position (4, j) and zeros elsewhere. Also let

t”(R) = <t1](k) | k’ER>, Z,]: ].,2,...,77,, Z?éj

For any non-empty subset M of some group, by (M) we denote the subgroup generated by the
set M. The next lemma is well known (see, for example, [6, p. 107]).

Lemma 1. The group SL,(R) over the Euclidean ring R, in particular over any field, is gen-
erated by subgroups t;;(R), 1,7 =1,...,n.
The ring of integers Z is Euclidean and t,5(Z) = (t,s(1)), so the corollary of Lemma 1 is

Lemma 2. The group SL,(Z) is generated by transvections t;j(1), i #j, i,j =1, 2, ..., n.

Since the index of the subgroup SL,,(Z) in the group GL,(Z) is equal to 2, Lemma 2 implies

Lemma 3. The group GL,(Z) is generated by transvections t;;(1), i # j, i,j =1, 2, ..., n,
and any matriz with determinant —1.

Set
0 0 0 0 1
1 0 0 O
= 0 1 0 0 O
00 -~ 010

The matrix p has group order n and the group (u) acts by conjugations regularly on the set of
transvections

T= {tln(1)7ti+li(]-)7i = 172a cees N — 1}7
and on the transposed set
T/ = {tnl(l);tii-&-l(l);i = 1,2, ey — 1} .

By commuting transvections from the set T' or from 7", all the transvections ¢;;(1) can be
obtained. Therefore, each of the sets T and T" generates the group SL,(Z). Moreover, by virtue
of Lemmas 2 and 3, the following lemma is valid

Lemma 4. The group SL,(Z)(GL,(Z) respectively) is generated by one of the transvections
tln(l), ti+1i(1); tn1(1)7 tii+1(1)7 Z = 1, 2, ey, — 1,

and by the matriz ep for any (1,—1)-diagonal matriz ¢ under condition that ey € SL,,(Z)
(det(ep) = —1 respectively).
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Let I be an ideal of the ring R. Then the natural ring homomorphism p; : R — R/I defines
a surjective homomorphism

Yr: My(R) — M,(R/I)

of the ring of n x n-matrices M, (R) with the usual operations of addition and multiplication,
where for any matrix (a;;) € M, (R) by definition

Yr: (aiy) = (pr(aiz))-
On the other hand, the homomorphism p; induces a group homomorphism
or: GL,(R) —» GL,(R/I),
wr: SLp(R) — SL,(R/I),

where also by definition
e (aig) = (pr(aiy)).
D. A. Suprunenko calls p; a Minkowski homomorphism |7, p. 95]. However, the homomorphism

7 is no longer required to be surjective like the homomorphism v (see [1, Example 1]).
A linear group of type X,, over a finite field of ¢ elements will be denoted by X,,(q)

Lemma 5. The group PSL,(2) is a homomorphic image of the groups GL,(Z) and PGL,(Z).

Proof. Evidently, GL,(2) = PGL,(2) = SL,(2) = PSL,(2). Since both groups GL,(2) and
SL,(Z) are generated by their transvections, and GL,,(Z) = (E,, —2€e,,)S Ly, (Z) and the quotient
ring Z/I by the ideal I generated by the element 2 is isomorphic to a field of two elements, then
the homomorphisms ¢y : GL,(Z) = GL,(2) and ¢; : PGL,(Z) — PGL,(2) are surjective.
The lemma is proved. O
For brevity, the group generated by three involutions, two of which commute, will be called
(2% 2,2)-generated, and, by definition, we consider the identity group as such and do not exclude
the coincidence of two or all three involutions. With this definition, the following lemma is valid

Lemma 6. The class of (2 x 2,2)-generated groups is closed under homomorphic images.

We use the following notations: a® = bab™1, [a,b] = aba~'b~1.

2. Proof of Theorem 1

The case of n = 2. The fact that the group GLy(Z) is not generated by three involutions, two
of which commute, was established in [3, Sentence 2.3].

Cases n = 3,4. For n = 3,4 the group PSL,(2) is not (2 x 2,2)-generated [4]. Therefore,
by virtue of Lemmas 5 and 6, the group GL,(Z) will also be such. Note that for n = 2 this
argument fails, since the group PSLy(2) is isomorphic to a dihedral group of order 6, which is
(2 x 2,2)-generated by definition.

Case n = 5. Let us show that the group GL5(Z) is generated by the following three involutions

-1 0 0 0 O 0O 0 0 0 -1
110 0 O 0O 0 0 -1 0

o= 0010 0], B= 0 0 -1 0o 0 1,
0 0 01 1 0 -1 0 0
0 00 0 -1 -1 o 0 0 O
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2
Il
o~ o oo
oo~ o o
oo o~ o
o0 o o
— o o o o

the first two of which commute. Suppose M = («, 3, 7). Let

0 0 0 -1
-1 0 0 0 0
n=py= -1 0 0 0
0 0 -1 0 0
0 0 0 -1 0
Then
-1 0 0 0O
0 1 0 0 O
al = 0 1 1.0 0 |,
0 0 01 0
1 0 0 0 1

o, [a, Of”]n]" = t31(1)ta1(—2)ts5(—1),

[ @] fos o, @) | = tan(1),

(taa(1))" = tas(1),
[taz(1),t25(1)] = ta5(1).

Thus, M contains the transvection t45(1) and the monomial matrix n = —p with determinant —1.
By Lemma 4 M = GLs(Z). What was required to show.

Case n = 6. Let us show that the group GLg(Z) is generated by the following three involutions

10000 0
11000 0
00100 0

““1 oo0oo001 ol
00010 0
00000 —1

010000 00000 1
10000 0 000010
looo100 looo100
=l oo1000]| "|loo100o0
00000 1 010000
000010 10000 0
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The involutions 8 and v commute. Let us introduce the following notation for some diagonal

and monomial matrices by setting
di = En — 2e4,

dij = B, — 2e4; — 2¢55,
nf = tig(Dtji(=1)ti;(1),
ng; = tiy (=1t (1)t (—1),
Ni; = dmjj.
Obvious relations are valid for the specified elements, which we will use below.

(di)? = (dij)? = (niy)? =nfn; =1,

1j g

(nf)? = (ny;)* = dij,

+ o —
nij = nji,
Nij = N4

Note also that n;; is the permutation matrix corresponding to the transposition (zj). In these
notations
a = digta1(1)nas,

B = nianzanse,
Y = N34N25M16-

Matrix calculations show that
o = dast19(1)nze,

)
a7 = digtse(1)nas,

v =(a"a)? = tor (1)ta1(1)tas(—1)ts6(—1),
n = (aa”)? = ta1(—1)ny; dzsdse,
()" = di5ta1(1)nse,
((@”)")? = dsadss,
(dsads)” = di2dsa,
a®2%4 = dygdysta (1)ns,
aadizdss — g,

(da5)” = das,
(d12d34)dysd23 = dis,
di5(a”)" = ta1(1)nse,
(t21(1)nse)” = t12(1)nas,
(di5)" = do,
das = diatar(1)nys,

(dr22r, (1)nasn)?® = dra,
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dy2dss = dg,
digax = ta1(1)nys,
(t12(1)n4s5)” = te5(1)nas,
(t21(1)nastes(1)naz)? = ta1 (1)ts1(1)tea(1tes(1),
0P = t19(1)t3s(—1)taz(Vtes(—1),
(V)" = ta1(—1)tss5(—1)tar (—1)tes(—1),
[(V7)7, (t21(1)nastes (1)nas)?] = ter(1),
(te1(1))” = ta6(1),
trs(Dte1(=1)t16(1) = ngy,
By = nisnze,
o, t16(1)] = t26(—1),
(t26(—1))"7 = tea (1),
tas(1)tea(—1)t26(1) = nag,

N
(ngd1)"2s = n3,

(n31)" = ngs,
(t16(1))"3 = t1a(1),
djs = das,
t12(—1)dasa” = nsg,
n§6 = N5,
nis = nag,
(n36)n45n2"’ = n3q.
Thus, we have obtained monomial elements n;, N23, N34, Nas, Ngs, Which generate a subgroup
N containing a representative of each coset of the whole monomial subgroup of GLg(Z) by
its diagonal subgroup. Such a subgroup N acts transitively by conjugations on the subgroups

trs(Z) = (t;s(1)). We have already obtained several transvections t¢,5(1), and there are also
matrices with determinant —1. Thus, by Lemma 3, the involutions «, 8, generate GLg(Z).

The case of n > 7. In the paper [2| for n > 7 in the proof of the generation of the groups
PSL,(Z) for n = 4k + 2 and SL,(Z) for n # 4k + 2 by three involutions «, f, v, the first
two of which commute, all calculations, namely, the commutation of two transvections and their
conjugation by monomial matrices are carried out up to sign. Therefore, by changing only one
of the generating monomial involutions so that its determinant is equal to —1, one can obtain
the (2 x 2,2)-generatedness of the group GL,(Z). The following changes are suitable for our
purposes. We replace:

1) Bon B = > (—1)ejn—it1 for n =4k +2 (in this case in [2] the preimage of the involution
i=1
B in the group SL,(Z) has order 4);
2) v on v/, where ' differs from ~ only in the sign of the element at position (n,n) for

n # 4k + 2.
The theorem is proved.

Note. There is a typo in [2] on page 70. For n = 2(2k+1)+1 (k=7, 11, ...) instead of n; = E,,
there should be 7o = —F,,.
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3. Proof of Theorem 2

The case of n = 2. The fact that the group PGLy(Z) is generated by three involutions, two of
which commute, was established in [3, Proposition 2.1].

Cases n = 3,4. For n = 3,4 the group PSL,(2) is not (2 x 2,2)-generated [4]. Therefore, by
virtue of Lemmas 5 and 6, the group PGL,,(Z) will also be such.

Case n > 5. The group PGL,(Z) is a homomorphic image of the group GL,,(Z). Therefore, by
virtue of Lemma 6, it follows from Theorem 1 that in this case the group PGL,(Z) is (2 x 2,2)-
generated.

The theorem is proved.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement no. 075-02-2023-936).
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O nmopoxaaemoctu rpynit GL,(Z) n PGLy(Z)

TpeM:dAd NMHBOJIIOIINAMM, JB€ N3 KOTOPLIX IIepeCTaHOBOYHbI

HNpuna A. MapkoBckas
Axos H. Hyxkun

Cubupckuii deiepajbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas Peeparimst

Awnnoranms. Jokazano, uro obias juHelinas rpynna G Ly (Z) (COOTBETCTBEHHO, ee IPOEKTUBHBIN 06pa3
PGL,(Z)) nHax KOJIBIOM LEJBbIX 9UCeN Z TOrJa U TOJBKO TOI/A HOPOXKAETCs TPeMsl HHBOJIIOLIUSAMHY, JIBe
73 KOTODPBIX IIEPECTAHOBOYHBI, KOTa 1 > 5 (COOTBETCTBEHHO, KOTma n =2un > 5 ).

KuaroueBrnle ciioBa: obmias JiMHeHAS TPYIIIA, KOJIbIO IEIBIX YUCEs, ITOPOXKIAIOIIE TPONKU MHBOJIIO-
.

—419 —



