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Introduction

Almost inner derivations of Lie algebras were introduced by C.S.Gordon and E.N.Wilson [13]
in the study of isospectral deformations of compact manifolds. Gordon and Wilson wanted to
construct not only finite families of isospectral nonisometric manifolds, but rather continuous
families. They constructed isospectral but nonisometric compact Riemannian manifolds of the
form G/T', with a simply connected exponential solvable Lie group G, and a discrete cocompact
subgroup I" of G. For this construction, almost inner automorphisms and almost inner derivations
were crucial.

Gordon and Wilson considered not only almost inner derivations, but they studied almost
inner automorphisms of Lie groups. The concepts of "almost inner" automorphisms and deriva-
tions, almost homomorphisms or almost conjugate subgroups arise in many contexts in algebra,
number theory and geometry. There are several other studies of related concepts, for example,
local derivations, which are a generalization of almost inner derivations and automorphisms [3,4].

In [7] authors study almost inner derivations of some nilpotent Lie algebras. The authors
of this work proved the basic properties of almost inner derivations, calculated all almost inner
derivations of Lie algebras for small dimensions.They also introduced the concept of fixed basis
vectors for nilpotent Lie algebras defined by graphs and studied free nilpotent Lie algebras of
the nilindex 2 and 3. In [8], almost inner derivations of Lie algebras over a field of characteristic
zero has been studied and these derivations has been determined for free nilpotent Lie algebras,
almost abelian Lie algebras, Lie algebras whose solvable radical is abelian and for several classes
of filiform nilpotent Lie algebras. A family of n-dimensional characteristically nilpotent filiform
Lie algebras f,, has been found for all n > 13, all derivations of which are almost inner. The
almost inner derivations of Lie algebras considered over two different fields K D k for a finite-
dimensional field extension were compared.
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Motivated by the work [7], we studied almost inner derivations of some nilpotent Leibniz
algebras [2] and in this work the almost inner derivations for Leibniz algebras were introduced
and it was proved that on a filiform non-Lie Leibniz algebra there exists an almost inner derivation
that is not an inner derivation.

In work [1] it is proved that any derivation complex maximal solvable extension of Lie algebras
is inner [Theorem 4.1]. Moreover, it is proved that any non-maximal solvable extension of a
nilpotent Lie algebra admits an outer derivation [Proposition 4.3]. Therefore, in this paper
almost inner derivations of solvable Lie algebras with the nilradical naturally graded filiform
Lie algebra and almost inner derivations of thin Lie algebras will be considered. In addition,
almost inner derivations of natural graded thin Leibniz algebras, non-Lie thin Leibniz algebras
and solvable Leibniz algebras with nilradical nul-filiform algebra will be studied.

1. Preliminaries

Definition 1.1. An algebra g over field F is called a Lie algebra if its multiplication satisfies:
1) [z,2] =0,
2) [.%', [y7 Z]] + [y7 [Z7CCH + [Zv [.%', y” =0,

forall x,y,z € g.

The product [z,y] is called the bracket of x and y. Identity 2) is called the Jacobi identity.
Let g be a finite-dimensional Lie algebra. For Lie algebra g we consider the following central
and derived series: ) ) - .
g=9 o= izL
g[l] =g, g[k] = [g[k_1]7g[k_1]]7 k > 1.

A Lie algebra g is nilpotent (solvable) if there exists m > 1 such that g™ =0 (g =0 ).

Definition 1.2. A derivation of Lie algebra g is a linear map D : g — g which satisfies the
Leibniz law, that is,

D([z,y]) = [D(x),y] + [z, D(y)]
forall xz,y € g.

The set of all derivations of g with respect to the commutation operation is a Lie algebra and
it is denoted by Der(g). For all a € g, the map ad, on g defined as ady(z) = [a,x], z € g is a
derivation and derivations of this form are called inner derivation. The set of all inner derivations

of g, denoted InDer(g).

Definition 1.3. A derivation D € Der(g) of a Lie algebra g is said to be almost inner, if
D(z) € [g,x] for all x € g. The space of all almost inner derivations of g is denoted by AID(g).

We now give the definition and necessary facts of the Leibniz algebra.

Definition 1.4. An algebra £ over a field F is called a Leibniz algebra if for any z,y,z € £, the
Leibniz identity

[SU, [y,z]] - [[xay]vz] - [[(E,Z},y]

is satisfied, where [—, —] is the multiplication in £.

The definitions of nilpotency, solvability and derivation for Leibniz algebras are introduced
in a similar way as the definition of nilpotency, solvability and derivation of Lie algebras.

Let £ be a Leibniz algebras. For each a € £, the operator R, : £ — £ which is called the
right multiplication, such that R, (y) = [y, x|, y € £, is a derivation. This derivation is called an
inner deriwation of £, and we denote the space of all inner derivations by InDer(£).

Now let us give the definitions of the almost inner derivations for the Leibniz algebras.
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Definition 1.5 ([2]). The derivation D € Der(£) of the Leibniz algebra £ is called almost inner
derivation, if D(x) € [x,£] holds for all x € £; in other words, there exists a, € £ such that
D(z) = [z,a;]. The space of all almost inner derivations of £ is denoted by AID(L).

2. Almost inner derivations of thin Lie algebras
In this section, we will consider almost inner derivations of thin Lie algebras. Let’s consider

the following so-called thin Lie algebra g with a basis {e; : ¢ € N}, which is defined by the
following table of multiplications of the basic elements:

M - [elvei] = €it+1, i =2, (1)
€1,€5] = €4 ) 227

My ) fevel= e 2)
le2,€i] = €iva, 123,

and other products of the basic elements being zero [12].

Note that the algebras M; and M, are an infinite-dimensional analog of the filiform Lie
algebras L,, and @,, which are given in [10]. In papers [7] and [8] it was proved that every almost
inner derivation of the algebras L,, and @, is inner.

The derivations of thin Lie algebras M; has the following form [6]:

e1) = Zaiei, Zﬂzez, () =((j —2)a1 + B2)ej + Zﬁz+2€z+g7 J =3,
i=1 =1

where «;,3; € C, i=1,...,n,and n € N.
The following theorem is one of the main results in this section.

Theorem 2.1. Let g be the thin Lie algebra. Then any almost inner derivation on thin Lie
algebras is inner.

Proof. First, consider the thin Lie algebra g = M; with multiplication table (1) and inner

derivation of this algebra. Let x = 3 x;e; € g, n € N. For basis e; define ad,(e;):
i=1

n
ad,(e1) = [x,e1] {Zz 62761:| = *inei+1§

n

adg(e;) = [z, e;] = {szez,eg] =r1€j41, J 2 2.
i=1

In the next step, we study an almost inner derivation of a thin Lie algebra g. Let D € AID(g).
For basis e; € g exists a., € g such that D(e;) = [a.,, ¢;], for all i > 1. Then

n
D(e1) = [ac,, e1] {Z ay 161761} = _Zal,iei-i-h
D(e;) = [aej,ej [Zaj lez,e]] =aj1€j41, J = 2.

Now we check the conditions of derivation:

D(eg) = D([el,eg]) = [D(el),eg] + [el,D(eg)] = [61,@2’163] = CL2)164.

— 459 —



Tuuelbay K. Kurbanbaev Almost Inner Derivations of Some Leibniz Algebras

On the other hand D(e3) = as jes. From, here we get az1 = as 1.
For i > 3 consider

D(e;) = D([e1,e;-1]) = [e1, D(ei—1)] = [e1, ai—1,1€i] = @i—1,1€i41-
On the other hand D(e;) = a;1€;41, ¢ > 3. From here we have
a;1 = a;-1,1, & = 3.

Hence

= avieir1, D(ej) =azaeji1, j = 2.

n
For arbitrary element x € g we take element a = az 11 — Y a1 kept+1 € g such that D(z) =
k=2
= ad,(x), and this means that almost inner derivations D is inner.

Now, we investigate the case g = M.

Let x = > z;e; € g, n € N. For basis e; define ad,(e;):

i=1

r n n

adz(e1) = [z, e1] = inei,m} == wmiei;
Li=1 i=2

n n

adg(e2) = [z, e2] = Zmiei7€2:| = Ti1€3 — Z$k€k+2, neN;
Li—1 k=3
ron

ady(ej) = [z, ;] = Zmiei,ej] = T1€j41 + T2€542, J 2 3.
Lim1

Let D € AID(g). For basis e; exists a., such that D(e;) = [a,,, e;], for all i > 1. Then

D(e1) = [ae,, €1] {E a1161761:| = E a1,i€;41,

D(ez) = [ae,,e2] = [Zaz 161362:| = az1€3 — E az,kek+2, 1 €N,

=1 k=3
n

D(e;) = [ae,, €] = [ > ai,kekaei:| = a;1€i+1 + G; 2642, © = 3.
k=1
According to the definition of derivation

D(es) = D([e1,e2]) =[D(e1),e2] + [e1, D(e2)] =

n n
{— g al,i€i+1762:| + [61702,163 — E a2,k€k+2] =
i=2

k=3

az,1€4 + a1 €5 + E (@16 — Q2,1 )€k+3-
k=3

On the other hand D(e3) = a3 1e4 + a3 2e5. Comparing the coeflicients at the basis elements, we
obtain
az,1 = a3,
a1,2 = a3z,2, (3)
a1k = a2k, 3 < k< n.
Hence

n
D(EQ) = a21€3 — ZaLke;H_g, n e N,
k=3
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D(e(;) = az,1€4 + a1 2€s5.
For ¢ > 4 consider the following:
D(e;) = D([e1,ei—1]) = [e1, D(ei—1)] = ai—1,1€i41 + Qi—1 2€i12.
On the other hand D(e;) = a; 16,41 + a4 2¢;42. Hence for ¢ > 4 it follows that
ai—1,1 = Q4,1,
) B 4
{ a;—1,2 = Q32. ( )

Combining (3) and (4) we get

n
D(ey) = — Z ai keg+1, nEN,

k=2
n

D(GQ) = ag ;€3 — ZaLkek_,_Q, n e N,
k=3
D(e;) = ag1€i41 + a1 ,2€i42, @ = 3.

n
For every element z € g we take element a = asi1e1 + a12e3 + > a1 xer € g such that
k=3
D(z) = ad,(z), and this means that almost inner derivations D is inner. O

3. Almost inner derivation of naturally graded complex thin
Leibniz algebras
In this section, we will consider almost inner derivation of naturally graded complex thin

Leibniz algebras. In [14], the following theorem is given, which classifies the naturally graded
complex thin Leibniz algebras.

Theorem 3.1 ([14]). Up to isomorphism, there are three naturally graded complex thin Leibniz
algebras, namely,

Li: [e,e1] =es, lei,e1] = €ir1, i=2,
Ly : [e1,e1] = es, lei,e1] = €ir1, 0= 3,
Ls: [e,e1] =ei41, [er,e]=—eiy1, 122,
where {e1,ea,€e3,...} are bases of the algebras Ly, Lo, L3 and other products vanish.

The following lemma holds.

Lemma 3.1. The derivations of naturally graded complex thin Leibniz algebras have the following
forms:

L : Z arer, D(e;) = (1 —1)ay + ag)e; + Zakekﬂ-,g, 1 =22, neN;

k=3
Loy : D(el) = Zakek, 62 Zﬁkeka
k=1
n
D(e;) = (i — Dare; + ageypr + Zak6k+i—2, 123, neN;
k=4

Ly Zakek, Zﬁkek,

D(ez) = ((’L — 2))&1 + ﬁg e; + Zﬂk‘ek-‘ri—Qa 123, neN,
k=3
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where a;, B; € C, 1 <i<n, neN.

Proof. Let D(ep) = Z agek, D(es) = Z Brer, n € N.

Using the deﬁnltlon of derivation of algebra L, from Theorem 3.1 we obtain the following:

D(es) = D([e1,e1]) =[D(e1),e1] +[e1, D Zak er,e1] + Zak ez, ey

n
= (201 + a2)es + Z QClia.
k=3

On the other hand

D(e3) = D([e2,e1]) =[D(e2),e1] + [e2, D(e1)] = Zﬁk[emeﬂ + Zak[@,ek] =
k=1 k=1
= (Bb1+B2+ar)es + Z Brek+1-

k=3

Comparing coefficients from basis elements we have
a1 + Qg :Bl—’_BQv (5)
A = Blw k> 3.

Consider the following:

0= D([e1, €2]) = [D(e1), e2] + [e1, D Zak ek, e2) + Zﬂk e, ex] =B2es.

From this, we get §; = 0. Then from equality (5) we obtain 82 = a; + as. Hence,

n

D(es) = (a1 + a2)es + Zakek, D(e3) = (21 + az)es + Zakek_l'_l.
k=3 k=3

Consider the following:

D(ey4) = D([es,e1]) = [D(es), e1] + [es, D(e1)] = (Ba1 + ag)eq + Zakek+2.
k=3

Continuing this process we have

D(e;) = D([ei—1,¢e1]) = [D(ei—1),e1] + [ei—1, D(e1)] = ((t — Dag + az)e; + Z Qf€Lti—2-
k=3

Thus, derivations of algebra L; has the following form:
Zakek, (e;) = ((i — Doy + az) el—l—Zakek_ﬂ 2, 122, neN;
k=3

Derivations of algebras Lo and L3 are obtained in the same way. O

Note that in Theorem 3.1 the algebra Lj is a thin Lie algebra, i.e., algebra with multiplication
(3.1). Therefore, we will study almost inner derivations of thin Leibniz algebras L, and L.
The following theorem is one of the main results in this paper.
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Theorem 3.2. Let L be the naturally graded complex thin Leibniz algebra. Then any almost
inner derivation on naturally graded complex thin Leibniz algebras is inner.

Proof. Let L = Ly and D € AID(L). Then by definition of almost inner derivation, for basis
e1 there exists element a., € £ such that D(e;) = R, . Let D =D — R, , then we have
D’(e1) = 0. Since D'(e1) = 0, then we obtain the following:

D'(e3) = D'([ex, e1]) = [D'(e1), e1] + [e1, D'(en)] = 0,
D’(ei) = D'([ei,l,el]) = [D’(ei,l),el] = 0, 1 2 4.
By definition of almost inner derivation for basis ey exists a., € £ such that
D'(eg) = [e2, ae,] = [e2,a2,161] = az1e3.
Then
O = D,(eg) = D/([eg, 61]) = [D/(62)7 61} = CL271€4.
From this we get D’(e2) = 0.
The next step consider the almost inner derivations of naturally graded thin Leibniz algebras
L = Ly. Let D € AID(L). Then by definition of almost inner derivation, for basis e; there exists

element a., € £ such that D(e1) = R,, . Let D' = D — R, , then we have D’(e;) = 0. Since
D’(e1) = 0, then we obtain the following:

D'(e3) = D'([e1,e1]) = [D'(e1), e1] + [e1, D'(e1)] = 0,
D'(ei) = D'([ei-1,€e1]) = [D'(ei-1),e1] =0, i > 4.

By definition of almost inner derivation for basis e exists a., € £ such that
D'(e2) = [e2, ae,] = 0.
O

4. Almost inner derivation of complex non-Lie thin Leibniz
algebras

In this section, we will consider almost inner derivation of complex non-Lie thin Leibniz
algebras. We present the following theorem.

Theorem 4.1 ( [14]). Every complex non-Lie thin Leibniz algebra is isomorphic to one of the
following two nonisomorphic non-Lie thin Leibniz algebras:

Fpo: ler,el] = e, leise1] = eip1, 1>2,
61,62 E apkepk,
67,762 § Ap Cpr+i—2; (> 27 ne N7
F3°: ler,el] = 637 lei,e1] = eip1, >3,
le1, ea] E B, et
7"
lei, e2] E Bt €t +i—2, 123, meN,

where 4 <p1 < pa < -+ < pp and 4 <t1 <ty < --- < t,y, and the other products vanish.
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The following theorem is one of main the results of this section.

Theorem 4.2. Let £ be the complex non-Lie thin Leibniz algebra. Then any almost inner
derivation on complex non-Lie thin Leibniz algebras is inner.

Proof. Let £ = Ff° is a complex non-Lie thin Leibniz algebra and D € AID(£). Then by defini-
tion of almost inner derivation, for basis e; there exists element a., € £ such that D(e;) = Rae1 .
Let D' € AID(£) and D" = D—R,, , then we get D'(e1) = (D—R,, )(e1) = 0. Since D’(e1) = 0,
then we obtain the following:

D'(e3) = D'([e1,e1]) = [D'(e1), e1] + [e1, D'(e1)] = 0,

D'(e;) = D'([ei-1,€1]) = [D'(ei-1), €] = 0, i > 4.

n
Let D'(e2) = > brex, n € N. By derivation conditions we have the following:
k=1

0= D/(e3) = D’([62761D = [D'(GQ),el] = [Zbkek, 61:| = (bl —+ b2)63 —+ Zbk€k+1.
k=1 k=4

It follows from the latter that
blz—bg, bi:O, 3<Z<TL

Then D/(eg) = b161 — bleg.
Since 4 < p1 < p2 < -+ < py, then

0= D’([el, 62]) = [61, D/(eg)} = [el,blel — bleg] = b1€3 — b1 Zapkepk.
k=1
From this we get by = 0. Hence, D’(e2) = 0.
Let £ = F§°. Then by definition AID for e; there exists a., € £ such that D(e;) = R
Let D" € AID(£) and D" = D — R, , then we get D'(e1) = (D — Ry, )(e1) = 0. Then

ael .

D'(e3) = D'([e1, e1]) = [D'(e1), ex] + [e1, D'(e1)] = 0;
D’(ei) = D/([Ei_l,eﬂ) = [D,(Bi_l),eﬂ = O7 7 2 4.

Let D'(e2) = " bje;, n € N. Consider
j=1

0= D/([€2,€1]) = [D,(62),€1] = |:Z bjej,€1:| = 6163 + ijejH, n € N.
Jj=1 j=3

From the last equality we have by = 0, b; = 0, 3 < j < n. Hence D’(ez) = baey. Since
D’(e;) =0, i > 3, then considering equality

0= D'([er,e2]) = [e1, D'(e2)] = b2 ) B e,
s=1

we obtain
by B, =0, 1<s<m. (6)

In algebra F35° at least one of the parameters f;, (1 < s < m) is nonzero, otherwise if all are
Bt, = 0(1 < s < m), then algebra coincides with algebra of naturally graded thin Leibniz algebras
Ls. So there will always be ;. # 0, then we have by = 0, as a consequence D'(ez) = 0. O
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5. Almost inner derivations of solvable Lie algebra whose
nilradical is natural graded filifform Lie algebra
In this section we consider almost inner derivations of solvable Lie algebra whose nilradical

is natural graded filifform Lie algebra. The multiplication table of natural graded filifform Lie
algebra has the next form:

Np.1, (n>4) [ei,el]:—[el,ei]:eiﬂ, 2<z<n—1
Theorem 5.1 ( [15]). There are three of solvable Lie algebras of dimension (n + 1) whose

nalradical is isomorphic to n, 1 (n > 4). The isomorphism classes in the basis {e1,€e2,...,en, x}
are represented by the following algebras:

[ei,e1] = —ler, ;] = eiy1, 2<i1<n—1,
Snt1(a, B) = [ei, 2] = —[z,e;] = ((1 — 2)a+ Be;, 2 < i< n,
le1, 2] = —[z,e1] = ae.

The mutually non-isomorphic algebras:

1) Spi1.0(B) == Snt1(1, 8) depending on the value of 3, in this case there are three different
classes: a) Sp+1(1,0), b) Spt1(1,n —2), ¢) Spt1(1,6), B¢ {0,n —2};

2) Sn+1,2 = Sn+1(0, 1),’

les, e1] = —le1, ] = eiy1, 2<i<n—1,
8) Suyrs: ] lens] = —[ed = (i—e;, 2<i<n,
le1, 2] = —[z,e1] = e1 + ea.
lei,e1] = —ler,ei] = e€ip1, 2<i<n—1,
o _1): n h t
4) Snyra(as,au, ... 1) len ] = —[mrei] = ei + 3 ansrsen, 2<i<n, where a
I=i+2
least one a; # 0 and the first non-vanishing parameter {as, g, ..., an—1} can be assumed to be

equal to 1.
The following theorem is the main result in this section.

Theorem 5.2. Let g is solvable Lie algebra with nilradical n,, 1. Then any almost inner deriva-
tion solvable Lie algebra with nilradical n, 1 is inner.

Proof. Consider the following cases:

Case 1. Let g = S,,+1(1,0) be the solvable Lie algebra and let a = Y a;e; + a2 € g. For basis
i=1

ei,x (i=1,...,n) define ad,(e;), ad,(x):

n—1
adg(e1) = [a, eq] [Zakek + aga, 61] = —age1+ Y axeria,

k=1 k=2
adq(e2) = [a, e2] [Zakek + azx, 62] = —ajes,
k=1
ady(e;) = [a,e;] = [Zakek + agx, ez} =—(i—2)aze; —arei11, 3<i<n,
k=1
ady () = [a, 2] {Zakek + azx, x} =ae; + Z (k — 2)agey.
k=1 k=3
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Let D € AID(g). For basis e; and « exists b, and b, respectively such that D(e;) = [b,, €]
(1 <i>n)and D(z) = [by,x]. Then

n—1
D(e1) = [be,, 1] = {Z b€k + 01, 61] = —b1e1 + Y bireria,
k=1 k=2

D(eg) = [beweg |:Z by K€k + dox, 62:| = —b27163.
k=1

By multiplication of algebra S,,11(1,0) for all 3 < i < n we obtain:
D(e;) = D([ei—1,e1]) = [D(ei—1),e1] + [ei—1,D(e1)] = —(i — 2)d1e; — ba,1€i41.

Let D(z) = Zblk—l-éx

Consider the following:

D([e1,2]) = [D(e1), 2] + [e1, D(z)] = (6 — 61 €1+Z k—1)b1k = bak)er+i

n—1

On the other hand D([e1,z]) = D(e1) = —d1e1 + Y b1 gexr+1. Comparing coefficients we have:
k=2
51 = 07
bw,Z = 07

bej = —2)b1;, 3<j<n—L

Hence D(x) = by 1e1 + nz_:l(k —2)b1 ker + by nen.
Now consider =
0= D([ez,2]) = [D(e2), 2] + [e2, D(ea)] = (—b2,1 + ba1)es
From this we get b, 1 = b2 1. Then

n—1

D(er) = —dres + Y bukeria,
k=2
D(ez) = —ba €3,

D(e;) = —(i — 2)01e; — by 1€i41,
n—1

D(x) =baer + > (k — 2)by ek + bynen.
k=3

n n—1
For every element y = > y;e;+yn+12 € g we take element b = (by1+0d1)e1+ Y b1 kep+bznen € g
i=1 k=2

such that D(y) = ady(y), and this means that almost inner derivations D is inner.

Case 2. Let g = Sp41(1,n — 2). Analogously as Case 1 we have

n—1

ada(el a 61 [ E a;e; + azx, 61:| = —aze| + E a;€i41,

=2

adq(ej) = la, e;] = [Zalez + a7, ej} =—(n+i—4)age; —arej1, 2<j<n,

ady(z) = [a, 7 {Z a;e; + azx, x] =aie1 + Z n+k—4)agey

=1 k=2
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and

n—1
D(e1) = [be,,e1] = {Zh K€k + N, 61} = —yie1+ Y bigers,
k=1 k=2

D(ez) = [be,, e2] = {sz ke + 727, 62} = —(n — 2)y2e2 — ba 163,
k=1
i) = D([ei—1,e1]) = —((i = 2)m1 + (n = 2)y2)ei — bz 1eip1, 3<i<n

S
ﬂl

n

Let D(x) = E ok + 0zz. Consider the following

n—1
D([ex,z]) = [D(e1),z] + [e1, D(@)] = (va = m)er + 3 (4 k = 3)b1 s — ba)ert1.
k=2
n—1
On the other hand D([e1,z]) = D(e1) = —v1e1 + Y. b1 kexr+1. From this we have
k=2

z =0
{ bmk:(n+k—4)b1k, 2<k<n—1

Hence D(z) = by 161 + Z (n+k —4)b1 kek + by nen.
Consider the next equahty
(n = 2)(=(n—2)y2e2 —bares) = D([ez, z]) = [D(ez, )] + [ea, D(z)] =
= —(n—2)*y3ea + (bey — (n — 1)ba1)es
From this we get

(n—2)%72 = (n—2)%y _ = 0,n #2
by —(n—1)bg1 =—(n—2)ba1 by =ba1

n—1
Hence D(x) = bo 161 + E (n+k —4)by keg + by nen.

For every element y = Z Yi€i + Ynt12 € g we take element b = by 11 + Z b1,xek + bz nen +
1=1 =
(714 72)x € g such that D(y) = ady(y), and this means that almost inner der1vat1ons D is inner.

Case 3. Let g = Sp+1(1,3). Similar as Case 1 we get
n n—1
adq(e1) = la, e1] = {Zaiei +a., 61} = —agzey + Z AiCit1,
i=1 i=2
n
ada(e;) = [a, €] [Zazez + az 7, ey] =—(j —2+Base; —arejy1, 2<j<n

i=1

ad,(z) = [a, z] [ a;e; + a,x, m] =aier + Z — 24 Bagey
1

= k=2

and

n—1
D(e1) = [be,, 1] = {Zh Kek + N, 61} = —me1+ Y birerir.

k=1 k=2
n

D(ez) = [be,, €2] = |:Zb2,kek +V2$762} = —72ez2 — bz €3,
k=1
D(e;) =D([ei—1,e1]) =[D(ei-1),e1]+[ei—1, D(e1)] =—((i — 2)n1+Br2)ei— bz 1eir1, 3 < i < n.
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Let D(z) = ) by x + 6z2. Now we check the conditions of derivation:
-1
From D([e1,z]) we have

’szoy
bI7k=(k—1+ﬁ)b17k, 2<k<n—-1.

n—1
From D([e2, z]) we obtain b, 1 = by 1. Hence D(x) =ba1e1 + Y. (k— 14 B)by ker + by nen.
k

=2

n n—1
For every element y = > y;e; + yny12 € g we take element b = by 1e1 + Y by ger + by nepn +
k=2

i=1 =

(71 +72)x € g such that D(y) = ady(y), and this means that almost inner derivations D is inner.
For the remaining algebras S,y1.2, Snt1.3, Snt1,4(s,...,a,—1) is proved in a similar way.

O

6. Almost inner derivations of solvable Leibniz
algebra whose nilradical is null filiform algebra

Recall the definition of null-filiform Leibniz algebras.

Definition 6.1 ([5]). An n-dimensional Leibniz algebra is said to be null-filiform if dim L =
n+l—1, 1<i<n+1

Theorem 6.1 ([5]). An arbitrary n-dimensional null-filiform Leibniz algebra is isomorphic to
the algebra:
NFnZ [ei,el]zeiﬂ, 1<Z<’I’L—17

where {e1,ea,...,e,} is a basis of the algebra NF,,.

From this theorem it is easy to see that a nilpotent Leibniz algebra is null-filiform if and only
if it is a one-generated algebra. Note that this notion has no sense in Lie algebras case, because
they are at least two-generated.

We present the following well-known results that we will use to study the main result.

Theorem 6.2 ([11]). Let R be a solvable Leibniz algebra whose nilradical is NF,,. Then there
exists a basis {ey,ea,...,en,x} of the algebra R such that the multiplication table of R with
respect to this basis has the following form:

leise1] =eip1, 1<i<n-—1,
[xael] = €1, (7)

[e;,x] = —ie;, 1< i< n.

Theorem 6.3 ([11]). Let R be a solvable Leibniz algebra such that R = NF, ® NFs 4+ Q, where
NF, ®NF; is the nilradical of R and dim @ = 1. Let us assume that {e1,ea,... ek} is a basis of
NFy, {f1,f2,---, [s} is a basis of NFs and {x} is a basis of Q. Then the algebra R is isomorphic
to one of the following pairwise non-isomorphic algebras:

lei,e1] =eir1, 1<i<k-—1, [fi,f1]= fis1, 1<e<s—1,

R(a) : [1’761]:61’ [Ivfl]:aflv O‘#Oa (8)
lei, x] = —ie;, 1< i<k, [fi,z] = —iaf;, 1<i<s.
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leiser] =eip1, 1<i<k—1,
[fis fil = firn, 1<i<s—1,
[z, e1] = ex,
R(ﬁ?aﬁ(?n“'yﬂsa’y) : S ) (9)
[fisa] = > Bj—itafj, 1<i<s,
j=i1

[€i7x] = —7:61', 1 g 7 < k,
[z, z] =~ fs.

in the second family of algebras the first non-zero element of the set (B2, fs,...,0Bs,7) can be

assumed equal to 1.

Theorem 6.4 ([11]). Let L be a solvable Leibniz algebra such that L = NF,, ® NF,, ® ... ®
NFnS+Q, where NF,,, ® NF,, ® --- ® NF,, is nilradical of L and dim@ = 1. There exists
p,q € N with p # 0 and p+ q = s, a basis {eﬁ,eé,...,e;i} of NF,,, for 1 < i < p, a basis
{fE 5, ... fE Y of NFyyy, for 1 < k < g, and a basis {z} of Q such that the multiplication
table of the algebra is given by

[ez’,e{1:e{+1,1<z‘< =L R = R 1<i < — 1,
e, el] = 8¢, & 0, Z Br—isrfms 1<i <y,

RP#I m= z+1 (10)
el 2] = —id’el, 1 <i<ny, | vafnm

6.1. Almost inner derivations of solvable Leibniz algebra whose
nilradical is NF,,

In the subsection consider almost inner derivations on solvable Leibniz algebra whose nilrad-
ical is NF,,.

Let L solvable Leibniz algebra whose nilradical is N F,, with multiplication the form (7). Then
we have the next is one of the main results in this section.

Theorem 6.5. Let L solvable Leibniz algebra with nilradical NF,,. Then any almost inner
derivations solvable Leibniz algebra L is inner

Proof. The solvable algebra L is a two-generated algebra, i.e. generated by e;, z. Let D €
AID(L). Then, by the definition of almost inner derivation, for basis e; there exists b., such
that D(e1) = Ry, . Let D" € AID(L) and let D" = D — Ry, , then we get D’(e1) = 0. Then by
multiplication (7) we have

D’(ei) = D’([ei_l,eﬂ) = [D’(ei_l),eﬂ + [ei_l,D’(el)] =0, 2<7<n.

n
Let D'(x) = Y a;e; + any12. Consider

i=1
n
0 = D) =D(fa,er]) = [D/(w)ser] + [, D' (er)] = {Z " M} -
i=1
= Qap41€1 +a1€2 +agez + -+ an_1€n.
Hence we have
ap=ay=:"=ap 1=041 =0

and D'(z) = anen.
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On the other hand by definition of almost inner derivations for basis x exists £, € L, such
that D'(x) = [,&,]. Further

Ap€n = D/((E) = [xagz] = [m7§z,lel + 61,262 + -+ é-x,nen + gm,n+1x] = gm,lel'

Hence we get a, = &;1 = 0. Then D’(x) = 0. L

6.2. Almost inner derivations of solvable Leibniz algebra whose nilrad-
ical is NF, ® NF,

In this subsection consider almost inner derivations on solvable Leibniz algebra whose nil-
radical is NF, & NFs. Let £ = R(«) first solvable Leibniz algebra in Theorem 6.2 with table

multiplication (8). Then we get the following results. The following theorem is one the results
in this section.

Theorem 6.6. Let L = R(«) solvable Leibniz algebra with nilradical NFy, & NF;. Then any
almost inner derivation solvable Leibniz algebra L is inner.

Proof. The solvable algebra L is a three-generated algebra, i.e.generated by ey, f1,z. Let D €
AID(L). Then, by the definition of almost inner derivation, for element e; there exists b., such
that D(e1) = Ry, . Let D' € AID(L) and let D" = D — Ry, , then we get D’(e1) = 0. Then by
multiplication (8) we have

D'(e;) = D'([ei-1,e1]) = [D'(ei—1,e1)] + [es—1, D'(e1)] = 0, 2< i<k

k s
Let D'(z) = )" €zi€; + > ¢ajfj + azz. Consider
i=1 j=1

k s
0 = D'(z)=D'([z,e1]) = [D'(z),e1] = [Zemei + Z@cjfj + axx,el] =
i=1 j=1
= age1 t+ €z 162+ €x2€3+ ...+ €z 1€k
We have
€x,1 = = €pk—1 = Qg = 0.

Hence D'(x) = €z kex+ Y ¢,;f;. By definition AID (Almost Inner Derivation) for basis = exists
j=1
the element b, € £ such that D’(x) = [z,b,]. Then we obtain

S
€xker+ Y bajfi = D'(x) = [2,ba] =[x, €0, 161 + Gb, 1 f1] = €1, 161 + Ay, 1 f1.
j=1

Hence
€, =€z =0

d):v,l = a(bbz,l
Gz =0, 2<j<s

Then D/([E) = ¢x,1fl-
k s
Let D'(f1) = > €5, iei+ Y 04, fj +apx. By definition AID for basis fi exists the element
j=1

i=1

by, € £ such that

D'(f1) = [f1,b,] = [f1, by, 1.1 + avy, 7] = —ay, f1 + du, , for
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Comparing the coefficients at the basis elements we get

€r,i =0, 1<i<k

bp1 = —aay,

P2 =0Pf 1
¢5,;=0, 3<j<s
af1 =0

Hence D'(f1) = ¢ 1f1+ dp 2o
Consider the following:

1)
D'(f2)

D'([f1, fi]) = [D'(f1), il + [f1, D' (fr)] =
[Dr 11+ Op2fe, fil + [f1, 00001 + by 2fa] =
= 205 1f2+ bp 2f3.

On other hand by definition AID for basis fo exists by, such that
205, 1f2 + 5 2f3 = D'(f2) = [f2,b5,] = [f2, vy, 1 f1 + avy 2] = —20ap,, fo + db,, 1 f3-

From here we get
¢f171 = —QQypy, , ¢f1,2 = ¢bf2,l- (11)
2)

D'(fs) = D'([f2, f1]) = [D'(f2), fi] + [f2, D'(f1)] =
= [2¢pafo+opofs il 1 f.0p1f1+0p2f] =
= 3¢ .1f3+ ¢5 2f1

On other hand by definition AID for f3 exists by, such that

305 1f3 4+ ¢p2fs = D'(f3) = [f3,b5,] = [f3, Pvy, 1 f1 + aby 2] = —3aap,, fs+ db,, 1 fa-
From here we have
Ppa =~y , Pp2= by (12)
Continuing this process we obtain
D'(f;) = D'([fi-1, i) = josinfi + bpi2fjnr, 4<7<s
and by definition AID for 4 < j < s:
D'(fj) = f5,b5,] = —joay, fi + v, 1 fiv1,

and we have that
Ppa = —Qap, , g2 = Pb 1, 4<TSS

So, we have that b:= by =by, =--- =by,, 1 <j<s,ie.

D,(fj) = [fj?b]’ 1<j<s.

Let T € AID(L), then for basis f;, 1 < ¢ < s exists element b € £ such that T(f;) = [f;,b].
Since D’ = D — Ry, , then

D'(f1) = D(f1) = R, (f1) = [f1,8] = [f1.be,] = [f1,0] = [f1,0] = 0.
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Thus, according to the multiplication (8) for all 2 < i < s we have
D'(fi) = D'([fi-1. f]) = [D'(fi-1), fal + [fie1, D'(f1)] =
and D'(z) = ¢g.1f1.
Now from the following equality
0=aD'(fy) = D'([z, Ai]) = [D'(x), il = bz fa-
we get that ¢, 1 =0. Then D'(z) =0. O

Let £ = R(f2, 83, -.,s,7) solvable Leibniz algebra with product table (9). The following
result holds. The following theorem is one the results in this section.

Theorem 6.7. Let L = R(Bs,0s, ..., 0s,7) solvable Leibniz algebra with nilradical NFy, & N Fy.
Then any almost inner derivations solvable Leibniz algebra L is inner.

Proof. The solvable algebra L is a three-generated algebra, i.e. generated by ey, f1, x. Let
D € AID(L). Then, by the definition of almost inner derivation, for basis f; there exists by,
such that D(f1) = Ry, (f1). Let D' € AID(L) and let D' = D — Ry, , then we get D'(f1) = 0.
Then by multiplication (8) we have

D'(fi) = D'([fi-1, Ai]) = [D'(fi—1, )] + [fic1, D'(f1)] =0, 2<i<s.

Let D'(z) = > €gi€i + Y. ¢u,jfj + azx. By the definition of AID for basis x exists b, € £
i=1 j=1

such that
D'(z) = [x,by] = [@, €, 161 + ap,x] = €, 161 + ap, 7V fs,

and we have that

¢z,i =0, 1 i -1
¢z,s = Gp, Y
a; =0

Then D' (z) = €, 161 + usfs = 6b1,161 +ap, v fs-

Let D'(e;) = Z €eq i€ + Z Ge,jfj + ae,x. By the definition of AID for basis e; exists
=1 J_
element b., € £ such that

D'(e1) = [e1,be,] = [e1, €v, €1 + ap, 7] = —ay, €1+ €&

617
Comparing we get
661,1 = —ap

€e1,2 = ebe1 ,1

€,i=0, 3<i<k
¢€1,i:O7 1<Z<87
ae, =0
Then D'(e1) = €c, 161 + €¢, 262 = —ap, €1+ €y, 1e2. Further for all 2 < i < k we have
D'(e;) = D'([ei-1,e1]) = [D'(ei-1), e1] + [ei—1, D'(e1)] =

[(1 = 1)€e, 1€i—1 + €, 264, €1) + [€i—1,€c; 161 + €6, 2€2] =
= 1€¢,,16; t €¢; 2€i41.
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Hence D'(ej) = jec,1€j + €cy 2€j41, 1 < j < k. By the definition of AID for e; exists
elements b, such that

D'(ei) = [ei,bei] = [61',681.7161 + aeix] = —iaeiei + €e;,1€i4+1, 1 < ) < k.

661,1 = _aei
€ep,1 = €e;,1 .
From the last equality we obtain be, =be, = -+- =be, =: b, 1< i<k, ie. forany T € AID(L)

such that T'(e;) = [e;, 0], 1 <4 < k.
Since D' = D — Ry, , then

So, for all 1 <7 < k we have

D'(e1) = (D — Ry, )(e1) = D(ex) — Ry, (e1) = [e1,b] — [e1,bp,] = [e1,b] — [e1,b] = 0.
Hence D'(e;) =0, 2<i<k.
Now consider the following:

0= D/(el) = D’([x,el]) = [D/(x),el] = [Ex,lel + ¢z,sfsael] = €z,1€2.

From here we have €, 1 = 0. Hence D' (x) = ¢y s fs = ap,Vfs-
Consider the following cases.

Case 1. Let v = 0. Then D'(z) =0 and AID(L) = InDer(L).
Case 2. Let v # 0. Then by the definition of AID for e; + x exists be, +, € L such that

k s
D/(el + SL’) = [61 +, b€1+93] = |:€1 +, Z €er4a,iCi T Z ¢€1+!L’ij + a€1+mx} =
i=1 J=1
= (eel+x,1 - ael+w)el + €412 + a¢el+x,1f1-

On the other hand
ap,Vfs = D'(x) = D'(x) + D'(e1) = D'(e1 + x) = [e1 + &, be, 2]
Comparing the coefficients at the basic elements, we obtain the following

€er14x,1 = Qe+
€er+x,1 = 0

a¢61+z,1 =0
yay, =0

The last equation implies ap, = 0, hence D’ (x) = 0. O
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IlouTn BHEyTpenHue aud pepeHImpoBaHnsa HEKOTOPHIX aJaredop
Jleiitouuia

Tyyenbait K. Kypbanbaes

Kapakasmmakckuii rocy1apCTBeHHBIH yHIUBEPCUTET

Hyxyc, ¥Y36exucran

Nucruryr maremarnku umenn V. Pomanosckoro AH ¥Y36ekucrana
Tamxkent, Y30ekucran

AnsoTauusa. Hacrosiast pabora MocBsiIeHa HoITH BHY TPeHHUM JuddepeHIInpPOBAHUIM TOHKUX U Pa3-
permuMbix ajarebp Jleiibauia. A UMEHHO MBI pacCcMaTpUBaeM TOHKYIO ajarebpy Jlu, paspermumyto aarebpy
JIun ¢ HUIBPAIUKAIOM €CTECTBEHHON IpaynpoBaHHON dbuandopMHON anarebpoit JIu, HarypaabHyO rpa-
JIYyUPOBAHHYIO TOHKYIO ajredpy Jleiibnuiia, TOHKyIO HeJNEBCKyI0 aaredbpy JleitbHuma u paspenuMmyio
asrebpy JleiibHua ¢ HUIbPAIUKAJIOM HyIb-purdopMHas airedbpa. JlokazaHo, 4To JF0ObIE TOYTH BHYT-
pennne 1udGEPEHITMPOBAHNS BCEX ITUX AJITeOD SIBISIOTCS BHYTPEHHUMU TUMDEPEHITNPOBAHUSIMUA.

KuaroueBsbie ciioBa: asrebpa Jlu, airebpa Jleitbuuia, paspemmmasi aaredpa, HUJIbPaIUKaJ, TOHKAs aJl-
rebpa JIu, Toukas anrebpa Jleitbuuna, muddepeHupoBatusi, BHyTpeHHUE ThdepeHITnPOBAHNS, TTOUTH
BHyTpeHHue nuddepeHnupoBaHus.
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