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1. Introduction and preliminaries

The following standard notations will be used throughout the paper:
N:={1,2,3,...} and Ny:=NuU{0}.

The generalized hypergeometric function with p numerator and q denominator parameters is
defined by [12, p. 73, Eqn.(2)]

ai, ag, ..., ap = (@) - (ap)n 2"
F, 1= —— PR 1
pma |: bl,bg,...,bq :| nZ:O (bl)n(bq)n n! ( )

where (a),, denotes the well-known Pochhammer’s symbol (or the shifted or the raised factorial
since (1), = n!) defined for any complex number a(# 0) by

(a)n_{a(a+1)...(a+n—1),n€N

B 1, n=20 @

Using the fundamental relation I'(a + 1) = aI'(a), (a), can be written in the form

(@), = -t 8
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where I' is the well known Gamma function.

For more details about this function, and its convergence conditions (including absolute
convergence), we refer standard texts [12,14].

It’s worth noting that anytime a generalized hypergeometric function reduces to the gamma
function, the results are crucial from the standpoint of applications. Thus, classical summation
theorems like as those of Gauss, Gauss second, Kummer, and Bailey for the series o F}; Watson,
Dixon, Whipple, and Saalschiitz for the series 3F5, and others, are relevant.

During 1992-2011, the classical summation theorems listed above have been extended and
generalised to their most general form. For this we refer interesting research papers by Lavoie et
al. [6-8], Kim et al. [5] and Rakha and Rathie [13].

The following summation formula for the series o F; which can be obtained from a very general
summation formula established earlier by Rakha and Rathie [13, Theorem 2 (for i = 2), p. 828]
is required in our current inquiry.

a, b 1 1 a b 1
F ’ = =T ()T |z-4+=-—=
2 %(a—i—b—l)’Q} (2) <2+2 2)
The result (4) is seen to be closely related to the following well-known and useful Gauss’s second
summation theorem [12, p. 69, Ex. 2; 14, p. 243, Eqn. (II1.6)] viz.

{ a, b .1]:r<§>r<;+3+5>.
sla+b+1) 72 e+ Hrd+ )

fla+b-1) 2
L(5+3TG+3) TG

(4)

()

On the other hand, in 1979, Apéry [1] proved irrationality of ¢(3) and in the same manner, the
irrationality of {(2) by making use of the following well-known identities viz,

nl |)

500
52 2n'n3

and

Also, following Apéry’s proof, a large number of a similar series

= S
2 /= 2

which was commonly referred to as Apéry-like series have been studied by van der Poortan [11],
Leschiner [10], Lehmer [9], Zucker [16] and Borwein et al. [3]. Berndt and Joshi [2], in a review
of chapter 9 of Ramanujan’s second notebook have also recorded many of such similar formulas.
In addition to this, if we denote

Sk = Z E;‘B)!n’“ il (6)

n=0
then in the year 2000, Sherman [15] establishedthe results Sy for kK =0,1,2,...,10 given here in
the Tab. 1.
On the other hand, it is not difficult to see that
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Table 1. For S},

K 0 1 2 3 4 5 6
S g +2 | 7+3 %ﬁ +11 357” +55 | 1137 + 355 1737” 1 2807 167217” 126259

k 7 8 9 10

S | 902807+ 283623 w 434733315 w 447552791 | 2290933767+ 719718067

where {:f} denotes the well-known Sterling numbers of the second kind [4] written here in slightly

{5 Qe

Thus this note aims to offer closed expressions for Apéry-like series of the form

> (n!)32m
Z (2n)l(n — k)!

n=k

modified form as:

for k = 1,2,...,10 via a hypergeometric series approach. As an application, we recover the
above results of Apéry-like series obtained earlier by Sherman [15].

2. Main results

In this section, we shall establish the results asserted in the following theorem.

Theorem 2.1. For k € Ny, the following general result holds true.

2 (nh)32n b o [ k+3 2
— L =27 14 (k 4+ 1) + . (7)
; (2n)!(n — k)! r2(ik+1) T2(3k+3)

Proof. In order to establish the result (7) asserted in the Theorem 2.1, we proceed as follows.
Denoting the left hand side of (7) by Ay, we have

_ = (nh)32n
Ap=D, 2n)!(n — k)’

n==k
Replacing n by n+k, we have

B © ((n+k)!)3 on+k
Av=D (2n +2k)! 0!

n=0
T(n+k+1)

I'k+1)
(using (3)) and using Duplication formula for the gamma function

But it is easy to see that (n+ k) =T(n+k+1)=T(k+1) =Tk+1)(k+1),

I'(22) = 2% 1772 T(2)0 (z + ;) :

we see that
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(20 +2k)! = T(2n + 2k + 1) =
.1 1
- 22”+2kﬂ'_5F(n iy 5)F(n th+1)=
1 1 1
_ o2n+2k -3 - - .
=2 7r F(k—l— 2)F(k+ 1)(k—|— 2)n(k+ 1) (using(3)).

Thus we have after some algebra

Ay =

2—kw%r k+1 i (k+1)n k;+1)

n02nk+)

Summing up the series using (1), we have

27 Fral2(k 4+ 1) E+1, k+1 1
Ak:—12F1 1 i
r'k+3) k+3 2

We now observe that the o F} appearing can be evaluated with the help of the result (4) by
letting @ = b = k+ 1, and we easily arrive at the right hand side of (7). This completes the proof
of the result (7) asserted in the Theorem 2.1. O

3. Corollaries

In this section, we shall provide several interesting special cases of our main result asserted
in the Theorem 2.1 since

> (n!)32n = (n!)%2"
Akzgng ) (n—k+1). (8)

Fortunately, the results Ay for k= 0 and 1, we get the same results Ag = Sy and A} = 5
due to Sherma [15] recorded in Section 1. The results Ay for k = 2 to 10 are recorded in the
Tab. 2.

Table 2. For Ay

K 2 3 4 5 6
Ay 57” +8 | 97428 817” 1128 | 2257 +704 | 2227 4 4608
K 7 8 9 10
Ax | 110257 + 34560 187‘;25” 4294912 | 8930257 + 2801664 m + 29491200

Application of these results will be given in the next section.

4. Application

As an application of our newly obtained results given in section 3, in this section, we shall
obtain the results given in the table Sk.

(a) Derivation of the result Sy for k£ = 0.
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Denoting the left-hand side of the series given in (6) for K = 0 by Sy and converting the
factorials into the Pochhammer symbols, we have

— (1)
%= (s
Summing up the series we have

1 1 1
50=2F1[ ’% ;2]
This may be evaluated using the result (4) by letting a = b = 1, and we get the right-hand side
of (6) for k = 0 right away.
(b) Derivation of the result Sy for k = 1.
Denoting the left-hand side of the series given in (6) for &k = 1 by S, we have

o ()

n=1

Setting n = m + 1 and proceeding as above, we have

2. 2 1
51=2F1[ 3 ;2]

2
The result follows by using the result (4) by letting a = b = 2
(c) Derivation of the result Sy for k = 2.

Denoting the left-hand side of the series given in (6) for k = 2 by Ss, we have
o0
(n)? ,
=3 W on
|
— (2n)!
Expressing n? = n(n — 1) + n and separating into two series, we get

> n. 2
Sp=>_ E%?)! (n—1)y 2"

n=2

Finally, using the result given in the table Ay for k = 2 and Sy for kK = 1, we get at once the
right-hand side of Sy for k = 2.

In exactly the same manner, the results Sy for k = 3,4,...,10 can be proven on similar lines
by using the result (7) for £k = 3,4,...,10 and taking appropriate results of Ay given in the
tabular form in Section 3 together with the result S; given in the tabular form in Section 2. So
we left as an exercise to the interested reader.

5. Hypergeometric series representations of the result
given in the equations (7) and (8)

It is interesting to mention here that the results given in the equations (7) and (8) can also
be written in terms of generalized hypergeometric series. These are

1, 1 1] =
2F1{ 1 ']24—2 9)
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s I

ol%

10FY [
11F10
o

oI

[ 2

[2,2,2 _1} T

[2,2,2,2,2,2 .1] 1787
[2,2,2,2,2,2,2 .1} 167177

[2,2,2,2,2,2,2,2

”

[11, 11 1] 46189 (187535257r

2 1
. =] = 3
’2} T

)

— +11
3 )
3172

2

(2,222 1 357
y Sy &y o === 55
L 21,1 2} 5 T
[2,2,2,2.2 1
PSS 2 = 1137 + 355
31,1,1 ’2] T

—| = —— + 2807
5.1,1,1,1 72 5 T

3 )
31,1,1,1,1 72

+ 26259

1
.= | = 902807 + 283623
81,1,1,1,1,1 ’2} e

9ty s by by

= 434733315
5,1,1,1,1,1,1,1 2 +

2,2,2,2,2,2,2,2,2,2 1] _ 30273047x
3.1,1,1,1,1,1,1,1 2] 2
[2,2,2,2,2,2,2,2,2,2,2

5,1,1,1,1,1,1,1,1,1

[2,2,2,2,2,2,2,2,2 1] 2211181z
"2
2

+ 47552791

; ﬂ = 2290933767 + 719718067

3, 3 1] :3<57T+8)
g 2] 4\ 2
; 4 7; :1‘%(977-1-28)
57g 5 % :13922<8;77+128>
67121 6 ; — (2257 + 704)
7,123 7 ; _ & (2925” +4608>
87125 8 ; _ %(11025w+34560)
97127 9. ; _ 4:8;15 (187‘;25” 4 294912)
10,129 10 ;] _ %(8930257T+2801664)

+ 29491200)

~ 928972800 2
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Concluding remark

In this note we have established the closed expressions for the Apéry-like series of the form

(n!)3 2n *)
ot (2n)!(n — k)!
for k = 1,2,...,10 via a hypergeometric series approach. As an application, we obtained the

Apéry-like series of the form

> (n!)an on o
nZ_o (2n)! %)
for k =1,2,...,10 established earlier by Sherman [15].

We conclude this note by remarking that the results (*) and (**) in the most general forms
for k € Ny are under investigations and will form a part of the subsequent paper in this direction.

The authors are grateful to the Leading Editor and the learned referee for providing construc-
tive and encouraging comments which improved the presentation of the paper in a very nice and
compact form.

References

[1] R.Apéry, Irrationalité de ((2) et ((3), Journees arithmétiques de Luminy, Astérique,
61(1979), 11-13.

[2] B.C.Berndt, P.T.Joshi, Chapter 9 of Ramanujan’s Second Notebook, Volume 23 of Contem-
porary Mathematics, American Mathematical Society, Rhode Island, 1983.

[3] J.Borwein, D.Broadhurst, J.Kamnitzer, Central binomial sums and multiple Claussen values
(with connections to Zeta values), 1970.

[4] R.L.Graham, D.E.Knuth, O.Patashnik, Concrete Mathematics. Second Edition, Addison-
Wesley Publishing Company Inc., 1994, 262-263.

[5] Y.S.Kim, M.A.Rakha, A.K.Rathie, Extensions of certain classical summation theorems for
the series oF1, 3F5 and 4F3 with applications in Ramanujan’s summations, Int. J. Math.
Math. Sci., 2010(2010), Article ID 309503.

[6] J.L.Lavoie, F.Grondin, A.K.Rathie, Generalizations of Watson’s theorem on the sum of a
3Fy, Indian J. Math., 34(1992), no. 1, 23-32.

[7] J.L.Lavoie, F.Grondin, A.K. Rathie, K.Arora, Generalizations of Dixon’s theorem on the sum
of a 3Fy, Math. Comp., 62(1994), 267-276.

[8] J.L.Lavoie, F.Grondin, A.K.Rathie, Generalizations of Whipple’s theorem on the sum of a
3Fy, J. Comput. Appl. Math., 72(1996), 293-300.

[9] D.H.Lehmer, Interesting series involving the central binomial coefficient, Amer. Math. Mon.,
89(1985), no. 7, 449-457.

- 504 —



Prathima Jayarama, Arjun Kumar Rathie On a Note on Apéry-like Series with an Application

[10] D.Leschiner, Some new identities for ((k), J. Number Theory, 13(1981), 355-362.

[11] A. van der Poorten, Some wonderful formulae... footnotes to Apéry’s proof of the irra-
tionality of ((3), Sem. Delange-Pisot-Poitou, 20(1978-1979), no.2, 1-7.

[12] E.D.Rainville, Special Functions, The Macmillan Company, New York, 1960.

[13] M.A.Rakha, A.K.Rathie, Generalizations of classical summation theorems for the series o F}
and 3 Fy with applications, Integral Transforms Spec. Funct., 22(2011), no. 11, 823-840.
DOLI: 10.1080/10652469.2010.549487

[14] L.J.Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cambridge,
UK, 1966.

[15] T.Sherman, Summations of Glaisher and Apéry-like numbers, available at http://math.
arizona.edu/ura/001/sherman.travis/series.pdf., 2000.

[16] I.J.Zucker On the series Y. (Qkk)_lkz_” and related sums, J. Number Theory, 20(1985),
k=1
92-102.

3amMmeTka 006 Atiepu-mtoqobHOM psjie ¢ IPUJIoXKEeHUeM

xkaspama IIpatuma

Kadenpa maremaruku

MaHunaIbCKH TEXHOIOTUYIECKU HHCTUTY'T
Manunajbckasi aKaJIeMusl BBICIIEr0 06pa30BaHUst
Manunas-576104, Kapuaraka, Uuans

Apnxyn Kymap Patu

Kademnpa maremaTukm

BemanTcknit nHKeHEPHO-TEXHOJIOTMIECKUNA KOJLIEIK
(PaskacTaHCKMIT TEXHUYIECKUH yHUBEPCATET )
Bynman, Pamxacrxan, Ungns

Amnnoranus. lesb 5T0it 3aMeTKN — UCIIOIB30BaTh CTPATETNIO THIIEPIeOMETPUYECKUX PSIIOB JIJIsI IIOCTPO-
€HUsI MHOTHX DsiZIOB, MOJOOHBIX Anepr. B KadecTBe IPUIIOKEHUST MBI [TOJIy9aeM HECKOJIBKO PE3YJIbTATOB,
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