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Abstract. The paper deals with boundedness problem for the maximal operators associated with
hypersurfaces in the space of square integrable functions. A necessary condition for boundedness is
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1. Introduction and preliminaries

Let S be a smooth hypersurface in R"*! and let 1 € C§°(R"*!) be a smooth non-negative
function with compact support. We consider the associated averaging operator A; given by

Af(z) = / F — ty)b(y)do(y),
S

where do denotes the surface measure on S. Let M f(x) be the associated maximal operator, i.e.
M f(x) = sup |A.f ()] (1)
>0

We are interested in obtaining LP-boundedness of M, i.e., we would like to determine for all
f c CSO (RnJrl)
M fllze < Cpllfllze, (2)

where || - || » is the norm of the Lebesgue space LP(R"*1).
We further work under the following transversality assumption on S:

Assumption 1.1 (Transversality). The affine tangent plane x + T, S to S through x does not
pass through the origin for every x € S.

We denote by p(S) the minimal Lebesgue exponent such that the maximal operator M is
LP-bounded for any p > p(S), but unbounded for p < p(S), assuming that no mitigating effect
through the vanishing of the density p occurs. Stein [1| proved that if S is the Euclidean unit

sphere centered at the origin in R™*!, n > 2, then the corresponding spherical maximal operator

1
is bounded on LP(R"*!) for every p > i, i.e., the a priori estimate (2) is valid and the
n
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1
nt . Later

1
maximal function M is unbounded for p < i In particular, in this case p(S) =
n

an analogous result in dimension n = 1 was proven by J. Bourgain [2]. The key property of spheres
which allows to prove such results is the non-vanishing of the Gaussian curvature on spheres.
The problem of boundedness of the maximal operators in LP associated with hypersurfaces for
which the Gaussian curvature vanishes at some points is open. In [3] it was proved that if S is
a convex hypersurface of finite linear type (see Definition 3.2) and p > 2 then the condition

d(z,H)"7 € L,.(S) (3)

is necessary and sufficient for the boundedness of the maximal operators in LP(R"*!), where
H is any hyperplane not passing through the origin and d(z, H) is the distance from z € S
to H. Moreover, in [4] (see Theorem 3.6) the same authors proved the necessity of condition
(3). Ikromov I.A., Kempe M., Miiller D [5] proved that if S C R3 is a smooth hypersurface,
then for p > h > 2 (where h(S) is the hypersurface height introduced in the classical work by
A.N.Varchenko [6]) the maximal operator is bounded. If S is an analytic hypersurface, then for
p < h the maximal operator is unbounded. However, for p = h the question of the boundedness
of the maximal operator remained open for smooth hypersurfaces.

In this paper we assume that at each point at least one of the principal curvatures is nonzero.
From the results of S. D. Sogge [7] follows that the associate maximal operator is bounded in L?
for p > 2. But the question of boundedness of the maximal operator for p = 2 remains open.
This article is devoted to obtaining a necessary and sufficient condition for the boundedness of
the maximal operator in the space L?. These results generalize the result of 3] for the class of
convex functions with an isolated zero at the origin.

2. Main result

Let S = {(z,y,2(z,y))} C R? be a given surface and H be its tangent plane at the origin.
Denote by d(Y, H) the distance from the point Y := (z,y, z(z,y)) of the surface to its tangent
plane H. Moreover, let the surface S in some neighborhood of the origin be given by the following
formula:

2(x,y) = 2*(1+ Az) + B(y)) + ¢(y) + C, (4)
where C'# 0 is a constant A(0)=B(0)=B'(0)=0 and ¢(y) is a convex function, and derivatives
of all orders vanish at the origin, i.e. 0=(0)=¢ (0)=...¢"(0)=.... Moreover, let ¢" () >0

for all z € U. If there exists 21 > 0 such that ¢/(z1) = 0, then for = € [0, z1] we have: ¢'(z) =0
and therefore ¢(x) = 0 on the segment [0, z1]. Then, it is easy to show that the maximal operator
(1) is unbounded in L?. Similarly, if for some x5 < 0 ¢/(22) = 0, then the maximal operator
defined as (1) is unbounded in L?. Therefore, in what follows, we will assume that for 2 > 0,
¢'(x) > 0 and ¢'(x) < 0 for z < 0. It follows that ¢ on the segment [0,0] (where § > 0 is
some positive number) is strictly increasing and strictly decreasing on the segment [—4,0], in
particular p(y) > 0 for any y # 0. Thus, for each u > 0 we have ¢~ (u) = {21, 22}, where 25 > 0
and z; < 0. We define the function « by the formula

Y(u) = 22 — 21 = |22| + |21]. (5)

Next, let the maximal operator be defined as in (1), where suppy C U C S.
Then our main result reads:
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Theorem 2.1. If S is a convex surface given by (4) and the function ¢ is a flat function at the
origin, then there exists a neigborhood U of (0,0, C) such that following conditions are equivalent:
1. The mazimal operator M defined as (1) is bounded in the space L*(R3).

2. The following inclusion

1 1
s S HENY)

holds true.
3. Inp(y) is integrable on [—e, €], where € > 0 is sufficiently small.

4. > v(27™) is a convergent series.
n=1

3. Preliminaries

Definition 3.1. A function ¢(x) is called convez if for any vectors xz,y € U C R™ (where U is
some convex neighborhood of the origin) and for any non-negative numbers a, 3 satisfying the
condition a4+ B =1, the following inequality holds:

dlax + py) < ad(x) + Bo(y).

Definition 3.2. A function ¢(x) is called a function of finite linear type in the direction of the
unit vector £ € R™ at the origin if there exists N > 2 such that Dév(é(O)) # 0, where D¢¢ is the
derivative of the function ¢ in the direction of the vector & at the origin of the coordinate system.
If ® is of finite linear type for every unit vector & € R™, then the hypersurface S = {(z, ®(x))}
is said to be of finite linear type at the point (0, ®(0)) (cf. the definition of the finite linear type

in [8]).

Remark 1. If n =2, and ® is convex and has a finite linear type in the direction of some unit
vector £ € R? and does not have a finite linear type, then, after a possible linear transformation,
it can be written in the form

2k—1
O(x,y) = (Co+ R(z,9)z** + > a"Ra(y),
a=0

where R,R,, are (a« =0,1,...,2k — 1)-smooth functions and R satisfies R(0,0) = 0 and R, are
flat functions, Cy > 0.

We give the following proposition, whose proof is analogous to the proof of G. Shulz’ theorem
[9] (see also [10]).

Proposition 3.3. Suppose rank(Hess®(0,0)) = 1. Then, after appropriate linear changing of
the coordinates, the function ® in a sufficiently small neighborhood of the origin can be represented
in the form:

O(z,y) = bz, y)(y — ¥(2))? + p(x),
where b, ¢ and ¥ are smooth functions, such that 1)'(0) = ¥ (0) =0 and b(0,0) # 0.

If a function ¢(x) has a zero of finite order at x = 0, then it can be written as p(z) = 2" 5(x),
where £ is smooth function with 8(0) # 0. In this case it follows from A. Greenleaf’s Theorem [11]

(also see [12]) that for p > 1+ LQ the maximal operator is bounded in LP. But this is not a
n
sharp bound for p, (see [13]).
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Proposition 3.4. Let the function ® be given in the form

@ = b(z,y)(y — ¥(2))* + p(x).
If the function ® is convex and ¢ is a flat function, then so is 1.

Proof. For the proof see [14]. O

Now we formulate the following theorems due to A.Iosevich and E. Sawyer [3] ( see also [15]),
which contain important methods for proving the boundedness of maximal operators.

Theorem 3.5. Suppose 7 is a distribution supported in a ball B of radius Cy with | 7(§) |<
Cy, max{| z |: € supp7} < Cy. Suppose moreover that

1

( / ) Rd) < e+ 1e) e,

and

( / 'Vﬂ@l?dt)% < Co(1+ [ 2 (l¢D),

where 7¢(§) = 7(t§) and ~ is bounded and nonincreasing on [0,00), satisfying the condition

o)
> v(2") < co. Fort >0 define,
n=0

M f(x) = sup|f * 7¢(x)].
t>0
Then
Mz fllz> < CV/CL1Ca|f| L,

Theorem 3.6. Let S be a smooth hypersurface, 1 a smooth cutoff function, M f(x) be defined
as in (1). Suppose H is a hyperplane not passing through the origin and d(x, H) is the distances
from x € S to H. If the maximal operator M is bounded on LP(R™*1) for some p > 1, then
d v (x, H) is locally integrable on S. In particular, if S = {(z,zp41) : Tny1 = @(x)+c¢}, where
is homogeneous of degree m and c is a some nonzero constant, and if M is bounded on LP(R™*1)
for some p > 1, then p > and ®(w)~ ' € L%(Snfl).

4. Proof of the main result

The proof of 1 = 2 follows from Theorem 3.6.
We prove 2 = 3. Let the surface S be defined by (4), and H is its tangent plane and
Y = (z,y,2(x,y)). Since
0z
o

Oz

= — = O
00 9

(0,0)

according to the formula
z—z—%(x—m)ﬁ—%( — )
0= 92 0 ay Y—"%Yo),

the tangent plane is defined by the equation z = C and so the distance from point Y of the
surface to the tangent plane is equal to

d(Y, H) = 2*(1 + A(x) + B(y)) + ¢(y) | -
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Consider the integral

dxdy
I‘/[¢|w21+A B(y) + ¢ | )

Let us use the new change of variables

1+ A(x) + B(y)zr =¢

Yy =T.

Now, we calculate the Jacobian of this system and make sure that the Jacobian is nonzero.
Moreover, the Jacobian of this system at zero is equal to J(0,0) = 1 and by the inverse mapping

theorem there are such smooth functions y = 7, + = A(§,7) that the integral (6) has a lower
estimate:

o [ ] FE

where a(T,&) = Aé(’]’, €) > 0, € and ¢ are some positive numbers. Consider the inner integral and
do some transformations.

Ca(nQde [° (a(r,§) —a(7,0)) dg . /
—5 /| &2+ o(T) -5 | €2+ (1) | \/|§2+s@

=1 + L.

5 By the Lagrange mean value
5 + w( )
theorem we have a(7,&) — a(7,0) = ag(7,¢)§ . Then for the integral I; we get

< ‘SI%(TOEIdé | TC!/ o lejae
—5 V| &2+ o(T) VIE2 4 (1) |

5
Let us now estimate the integral I; = f
-0
¢)

_ / §d¢
_Q‘mcaxag(T,C)’/o mgC

where C' is some constant that does not depend on 7. So I; = O(1). For the integral I we make
the change of variables £ = z4/| ¢(7) | and we get that

) 1)
e ()] d [ ()] d
z z
0 2

Thus, for the integral Iy we get
I, = 2a(7,0)in | o(7) | +O(1).

Considering all this, for the integral (6) we obtain the following equality:
€
I= 2a(0,0)/ In|o(T)|dr+ O(1).
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The last equality shows that if in | ¢ |¢ L'(—¢,¢), then d~=(Y, H) ¢ L}, (SN U).

The proof of (3 = 4) is given in [14].

Finally, we prove 4 = 1. It is known that 7(£) can be written as the following multiple
integral:

o) = [ AT (0, (0,) T V) Py ™)

where z(x,y) is the convex surface and given by formula (4). We may assume that &3 # 0
otherwise 7(§) is the Fourier transform of a smooth function with compact support and so
7€) = O(|¢|7V), where N is a large number. We can choose N as large as we need. We define
the following phase function

(I)(‘T»yv S) = Z(xay) + 512 + S2Y,

where s; = Q, Jj=1,2. If |s| :== |s1] + |s2| > 1 then there exists a positive number § > 0 such

3
that inequality 0 < d|s| < |[V®(x,y, s)| is satisfied for any point (z,y) € supp(e(-, 2(:))). By
using the integration by parts formula N times we have 7(¢) = O(|¢|~V). Tt is a much better
estimate what we want. Therefore, we consider the case max{|s1|,|s2]} < 1 and write (7) as
follows:

TOs) = [ e afa,y)dady, (3)

where a(z,y) = ¢(z,y, 2(z,y))\/1 + |Vz(z,y)|? is an amplitude function. Further we study the
behavior of the oscillatory integral (8). Therefore, first, we consider the following one-dimensional

oscillatory integral:
J()\7 n S) _ /eiA(x2(1+A(x)+B(y))fslx)a(x, y)dx (9)

4.1. The form of the critical point and critical value

First, consider the following function f(x,s) = 22(1 + A(x)) — s;z. We apply the parametric
Morse lemma to the function f(x,s) on the critical point. For this, we find critical points of the
function f, i.e. we solve the following equation:

o — 224 24(0) + 24'(@)) — 31 = 0. (10)

Lemma 4.1. The solution to equation (10) in a neigborhood of the origin (0,0) has the form
x§ = s1Bg(s1), where By is a smooth function defined in a sufficiently small neighborhood of the

origin and By(0) = 7
Proof. We use the change of variables x = sy in equation (10), i.e.
519(2+ 2A(s1y) + s1yA’(s1y)) — 51 = 0. (11)
Assume s; # 0. Then equation (11) is equivalent to the following form:
y(2 + 2A(s1y) + s19A (s1y)) — 1 = 0. (12)

We investigate solution to equation (12) in a neighborhood of the point (0, %) with respect
to (s1,y). Due to the implicit function theorem, it has a smooth solution y = By(s1), and

By(0) = 5 Thus z§ = s1By(s1) is a unique solution to equation (10). O
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Therefore, by the Morse lemma, we can rewrite the function f(x,s) in the following form
f(z,8) = (x — 51Bo(51))*G(x, 51) + 51 Ba(s1),
where G(0,0) = 1. After simple transformations, the phase function can be written as
22(1+ A(z) + B(y)) — s1z = 2%(1 + A(x)) — sy + 2°B(y) =
= (¢ = s1Bo(51))*(G(x,51) + B(y)) + 2(x — s1Bo(s1))s1Bo(s1)B(y) +
+51B3(s1)B(y) + 57 Ba(s1).
Denoting « — s1Bo(s1) by & we get
2} (14 A(z) + B(y)) — s12 = #°(G(Z + 51Bo(s1), 51) + B(y)) +
+2%51Bo(s1)B(y) + 53 Ba(s1).
If we denote G(&,s1) = G(Z + s1Bo(s1), s1) + B(y) then (9) takes the form

J()\,y, S) _ /6z'>\(5czc~¥(§c,sl)+23?cslBo(51)B(y)-ﬁ-szz(s1))d(i,7 y)di.

Now, we find critical points of the function
F(Z,51) = #2G(&, 81) + 2851 Bo(s1) B(y).
Lemma 4.2. The critical point of the function F(Z,s1) has the form:
¢ = 51B(y)Bo(s1)g(s1, B(y))-

Proof. The proof is carried out in the same way as in the proof of Lemma 4.1. o

In [16] it is proved that if 2¢(y) is a critical point by variable x for function F(x,y) then the

following equality is true:
. HessF(x,y
F'(x%(y),y) = %- (13)
Ox2

Using the stationary phase method to the last integral J(\,y,s) we have

eiA(sTBE(s1) B(y) 1+ B(1)3(s1,B(y))+o(y) —s2y)+isgn(A) §) e
)\l a(xcay) +R()\VSQay)?
2

J(\y,s)=C

where R(\, s2,y) is a remainder term satisfying the condition

C

ROV s29)| < .

Hence, our two-dimension oscillatory integral (8) can be written as

1 , i
J(\, 5) = I /el/\(SfBﬁ(Sl)B(y)(1+B(y)g(81,B(y))+w(y)782y)a1(y7SQ)dy + 0\ 2),
2
where a1 (y, s2) = Ca(z¢,y).
Let
O(y, s2) = st B3 (s1)B(y) (1 + B(y)g(s1, B(y)) + ¢(y). (14)
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Lemma 4.3. The function (14) is convex and satisfies the following estimate

D(y, s2) = (). (15)

Proof. The convexity of the ®(y, s2) follows from (13). Now we prove (15). From the convexity of

(4),

we obtain that B”(y) > 0. But it should be noted that, in general, the opposite is not true.

A good example is B(y) = y. Let y; be such a point that B'(y;) = 0. Then, the monotonicity
of B'(y) implies that on the interval [0,y;] we have B'(y) = 0 and B(y) = 0. In this case the
boundedness of the maximal operator is proved in [14]. So, assume that B’(y) > 0. Finally,
integrating twice the inequality B”(y) > 0 we get B(y) > 0. From the definition of the function
(14) follows (15). O

From the results of A.Nagel, A.Seeger and S. Wainger [17] we have

—1/1
#(6)] < Ow

Using (15) in Lemma 4.3 for the last estimate we get

e 1(3)
£

7@ < C—

Finally, applying Theorem 3.5 we obtain the proof of Theorem 2.1.

References

[1]

2]

3]
4]

[5]

[6]

7]

18]

E.M.Stein, Maximal functions.I.Spherical means, Proc.Nat. Acad. Sci.U.S.A., 73(1976),
no. 7, 2174-2175.

J.Bourgain, Averages in the plane convex cuves and maximal operators, J. Anal. Math.,
47(1986), no. 7, 69-85.

A Tosevich, E.Sawyer, Maximal Averages over surfaces, Adv. in Math., 132(1997), 119-187.

A Tosevich, E.Sawyer, Oscillatory integrals and maximal averages over homogeneous sur-
faces., Duke Math., 82(1996), no. 1, 103-131.

I.A.Tkromov, M.Kempe, D.Miiller, Estimates for maximal functions assosiated to hypersur-
faces in R® and related problems of harmonic analysis, Acta Math., 204(2010),151-271.
DOI: 10.1007/s11511-010-0047-6

A .N.Varchenko, Newton’s polytopes and estimates of oscillating integrals, Functional anal-
ysis and its applications, 10(1976), no. 3, 13-38.

C.D.Sogge, Maximal operators associated to hypersurfaces with one nonvanishing principal
curvature, In: Fourier Analysis and Partial Differential Equations, Stud. Adv. Math., 1995,
317-323.

[LA.Tkromov, S.E.Usmanov, On the Boundedness of Maximal Operations Associated with
Hypersurfaces, Modern Mathematics Fundamental Directions, 64(2018), no. 4, 650-681
(in Russian). DOI:10.22363/2413-3639-2018-64-4-650-681

- 355 —



Azamat M. Barakayevh On the Sharp Estimates for Maximal Operators

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

H.Schulz, Convex hypersurfaces of finite type and the asymptotics of their Fourier trans-
forms, Indiana Univ. Math. J., 40(1999), no. 4, 1267-1275.

I.A.Tkromov, D.Miiller, Fourier Restriction for Hypersurfaces in Three Dimensions and New-
ton Polyhedra (AM-194), Princeton University Press, 2016. DOI: 10.1515/9781400881246

A.Greenleaf, Principal curvature and harmonic analysis, Indiana Univ. Math. J., 30(1981),
no. 4, 519-537.

A .R.Safarov, On a problem of restriction of Fourier transform on a hypersurface, Russian
Mathematics, 63(2019), no. 4, 57-63 (in Russian). DOI: 10.3103/S1066369X19040066

S.Buschenhenke, I.A.Ikromov, D.Muller, Estimates for Maximal functions associated to
hypersurfaces in R® with height h < 2, arXiv:2209.07352 |math.CA], 2022.
DOTI: 10.48550/arXiv.2209.07352

I.A.Tkromov, A.M.Barakayev, On boundedness of maximal operators, Priprint Izvestiay
Vuzov (in Russian).

C.D.Sogge, E.M.Stein, Averages of functions over hypersurfaces in R"™, Invent. Math.,
82(1985), no. 3, 543-556.

I.A.Tkromov, M.Kempe, D.Muller, Damped oscillatory integrals and boundedness of maxi-
mal operators associated to mixed homogeneous hypersurfaces., Duke Math. J., 126(2005),
no. 3, 471-490. DOI: 10.1215/S0012-7094-04-12632-6

A Nagel, A.Seeger, S.Wainger, Averages over convex hypersurfaces, Amer. J. Math.,
115(1993), no. 4, 903-927.

O TOYHBIX Oll€eHKaX MaKCHMMaJIbHBIX OIIepaTOpOB

Azamar M. Bapakaes
CaMapKaHICKN TOCYAapPCTBEHHBIN YHUBEPCUTET
Camapkans, Y3bekucran

Awnnoranusi. B crarse paccmarpuBaercs mpobiieMa OrpaHUYIEHHOCTH MAKCUMAJBHBIX OMIEPATOPOB, ac-
COIIMMPOBAHHBIX C TUIEPIIOBEPXHOCTSIMHU B IIPOCTPAHCTBE KBAIPATUIHO NHTErPUPYEeMbIX dhyHKImit. Jlano
HeOOXOIMMOe yCJIOBHE OIPDAHHYEHHOCTH B CJIydae OJHOU HEHYJIEBOH IVIaBHOI KpuBHU3HBI. Kpurepuit jis
OrPAHUYEHHOCTH TIOJIYHAETCS JIJIs ONPEJEIEHHOIO KJIACCa BBITYKJIBIX THIIEPIIOBEPXHOCTEM.

KuaroueBrbie ciioBa: MakCcMMabHBIN omepaTop, npeobpasoBanne Pypbe, TUIIEPIOBEPXHOCTD, OI'DAHU-

YEeHHOCTbD.
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