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Abstract. By means of two summation theorems of R. W. Gosper for a terminating 5 F4 hypergeometric
series of arguments 1/4 and 4, we derive two general double-series identities involving a bounded sequence
of arbitrary complex numbers. These series are then applied to obtain two reduction formulas for the
Srivastava—Daoust double hypergeometric function.
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1. Introduction and preliminaries
We use the following standard notation:
N := {172737}5 NO :NU{O}7 ZO_ = {07717727735'“}

and the symbols C, R for the sets of complex and real numbers, respectively. The Pochhammer
symbol (or the shifted factorial) is given by (o), = a(a+1)...(a+n—-1) = I'(a + n)/T(a),
it being understood conventionally that (0)g = 1. In what follows we shall adopt the usual
convention of writing the sequence aq, aa,...,a4 simply by (a4).
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The generalized hypergeometric function 4 Fp(z) is defined by

\Fp DZZ‘;Z] _ Py {al,ag,...,cm. } _ i(al)n(ag)n...(aA)n %T: )

2
BhﬁQa"'aﬂB n=0 (/61)"(52)"(53)”
where A and B € Ng and the variable z € C. The numerator parameters oy, as, ..., a4 and the
denominator parameters 31, 0o, ..., 8 can, in general, take on complex values, provided that
B8; # 0,-1,-2,..., (j=1,2,...,B).

Assuming that none of the numerator and denominator parameters is zero or a negative in-

teger, the 4Fp(z) function defined by equation (1) converges for |z| < oo (A < B), |z] < 1

(A=B+1)and |z2|=1 (A= B+1and R(s) > 0), where s is the parametric excess defined by
B A

5= Z B — Z Q.
j=1 j=1

The popularity and usefulness of the hypergeometric function of one variable have stimulated
research of hypergeometric functions of several variables. Functions of the hypergeometric type
constitute an important class of special functions. Many special functions can be expressed in
terms of others. Therefore, a detailed study and systematization of the relationships between
them is a fundamental problem. Serious investigations of functions of two variables which are
natural generalisations of the Gaussian hypergeometric function were initiated by Appell and
Kampé de Fériet [1]. The reducibility of the Kampé de Fériet function has been a subject to
study for many authors ( see papers by Buschman and Srivastava [3], Karlsson [12], Exton [10],
Choi and Rathie [7], Kim et. al. [13] etc.)

In an earlier investigation, Srivastava and Daoust [18, p.199] defined a generalization of the
Kampé de Fériet function [1, p.150] by means of the double hypergeometric series (for details,
see [19]):

A:B;B;< KaA):ﬁ7¢]:Kﬁs)rdﬂ;Kﬁgdtzﬂka:y) _
G () &vel  [0p) s () ')y
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C D D’ nl
m=0n=0 Hj:1(7’j>m€j+nfj Hj:l(‘sj)mm Hj:l(é})nn} m! nl

’

(2)
where the quantities

. . . / . .
{ ﬁlv"'vﬁA, P11y, PA; wla”'a'l/}Ba Qpla“'va’a 51;"'7£Ca
. . / /
€1y---5€Cy My---,1D; 7717"'777D’

are real and positive. Here, for the sake of convenience the quantity [(«a) : ¥, ] represents the
set of A parameters [ : U1, 1], (e : P2, 02],. .., [@a : ¥4, pa]. The values of the positive coef-
ficients 1,5, ..., 4 may be equal or different, with a similar interpretation for the coefficients
©1,92,...,94 and others. The double power series in (2) converges for all complex values of x
and y when Ay > 0, Ay > 0; for suitably constrained values of |z| and |y| when Ay = Ay = 0;
and diverges (except in the trivial case x =y = 0) when A; < 0, Ay < 0, where

c D A B c D’ A B’
Ar=1+4) &+D m =) =Y by Da=1+) e+ =D 9= U
=1 j=1 j=1 j=1 j=1 J=1 J=1 J=1
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Influenced by the studies of Buschman and Srivastava [3], Chen et. al. [5], Choi et. al.
[6-8], Kim et. al. [13], we derive two double series identities involving a bounded sequence of
arbitrary complex numbers in Section 2 by making use of two known summation theorems for
the terminating 5F} series of arguments 1 and 4 due to R. W. Gosper. For non-negative integer
n, these are given by [11, Egs. (1.2), (1.3)] (see also [15, p. 568, Entries 7.6.4(1), 7.6.4(2)])

[ —n,2a,2b,1 —2b,1+ 2a 1] (a+ L)nla+1), 3)
° l+a—ba+b+1i2a,1+2a+2n 4] (a+b+3)n(l1+a—b),

and

0 (n=2N+1)
(2N)!(a+1)§272N _ (4)

Nl(14+a—b)n(b+3)n (n=2N),

—n,a,b,a—b—i—%,l—i—%a
5F 1 9 ,4 =
1+a+35n,2a—2b+1,2b,5a

where n, N € Ny, respectively.

We now present some preliminary results necessary for our investigation. First, we state
Cauchy’s double series identity [16, p. 56]

ZZ@(m,n ZZ@ m-—n,n), (5)

m=0 n=0 m=0n=0

provided that the associated double series are absolutely convergent. We also have the following
identities involving the Pochhammer symbol:

_ ()
(—n)m = (n—m)! (0<m<n) (6)

and 1 1 1
(a)on = 22"(511)”(5@ + i)n (7)

It should be observed that throughout we tacitly exclude any values of the parameters and
arguments in Sections 2 and 3 leading to results that do not make sense.

2. Two double-series identities

In this section, we derive two double-series identities involving a bounded sequence. The first
identity takes the following form:

Theorem 2.1. Let {¥(u)};2; be a bounded sequence of complex (or real) numbers such that
U(0) # 0. Then, the following double-series identity holds true:

i i U(n +m) (a+ %)H-Hn(l + @) ntm(2a)m (20)m (1 — 20),, (1 + %a)m (_1)m4n2n+m
n—=0m=0 (1 + 2a)2n+3m(%a)7n(1 +a— b)m(a +b+ %)m mln!

= +3)a(l+a)n 2
z:: +b+ Da(l+a—b), nl (®)

provided 1+ 2a, a 20, 1—-2b,1+a—b,a+b+ % € C\Z, and the infinite series on both sides
of (8) are absolutely convergent.
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Proof of Theorem 2.1. Let

o (a+ ) ntm(L+ @) ngm(20)m (20) (1 = 20),, (1 + 2a),, (—1)m4nzntm
L) = Y0 Y winm) 2 : A (S
== (14 2a)2n13m(5a)m(1+a =b)m(a+b+ 5)m m!n!

Replacing n by n — m and using Cauchy’s double series identity (5), we have

1 + 3)n(a+ Dn(20)m(20)m (1 — 20)m (1 + Fa)m (=1)"4" """
Zmzo‘l’ 1—|—2a)2n+m( )m(l—l—a—b)m(a—b—i—g)m ml(n —m)!

n=0

=T (n)2" & (—=n)m (2a)m (26)im (1 — 2b)1n (1 + 2a);nd™™

7,1:0 n! mZ:O(1+2a+n)m(%a)m(1+a—b)m(a+b—%)mm!

by (6) and (7). Identification of the inner sum as a 5F4(i) hypergeometric series then leads to

>\ U(n)z" —n,2a,2b,1 —2b,1+ 2a 1
5Fy 9)

L(z) =
(2) nz:% n! 1+a—ba+b+11+2a+2” 4

Finally, using the summation theorem (3) to evaluate the 5F, series on the right-hand side
of (9), followed by some routine algebra, we obtain the desired result (8). |

The second identity is given by the following theorem:

Theorem 2.2. Let {W(1)}5%; be a bounded sequence of complex (or real) numbers such that
U(0) # 0. Then, the following double-series identity holds true:

1+ ) 1ng1m(@)m)ml@ =0+ 5)m(l + Fa)m (—g)mzntm
Z Z Y tm) —a o, L3 (1 20— 20),(20) 0 (20) alml

n=0m=0

S )1+ a) (z/2)*"

provided 14+a —b, 1 +a, 1+ 2a —2b, 2b, b+ % 5 3a € C\Z, and the infinite series on both sides
of (10) are absolutely convergent.

Proof of Theorem 2.2. Let

(L4 a)1ny1m(@)m(b)m(a—b+ Dm(L+ 2a)m (—4)mzntm
Z Z (n+m) (L4a)inyz 3 (1420 = 20)1,(20)m (20)m nlm!

n=0m=0

Replacing n by n — m and using Cauchy’s double series identity (5), together with (6), we have

Yt - ()@ (B)mla = b+ 3)m(1+ Fa)md™
M(Z)*Z n! n;)(l—&—a—l—%n)m(l—l—%e—ﬂ?) (2b)m(2a)mm!

n=0

_i\p(n)zn F{ —n,a,b,a—b+ 3,1+ 2a .4]
a THidatini 420262620 )

From the series decomposition identity

D dn)=> @2n)+ > 0(2n+1),
n=0 n=0 n=0
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we then obtain

Z\If2n

{—Zn,a,b,a—b—l—%,l—&—ga ]
'5 Fa 1+a+n,1+2a—2b2b2a’

Z2ntl [—2n—1,a,b,a—b+é,l+§a
;544 )

+Y ven+1)—— :
Z ( )(2n+1). S+a+mn,1+42a—2b2b2a

n=0
Finally, use of the summation theorem (4), followed by some straightforward algebra, leads to
the required result (10). O

3. Application to the Srivastava-Daoust function

In this section we establish two results concerning the reducibility of the Srivastava-Daoust
double hypergeometric function defined in (2). We have

Theorem 3.1. The following results hold true:

D42 0 4 [(dp):1,1],[a+5:1,1], [1+a:1,1]: —;[2a:1], [2b :1], [1=2b : 1], [1+ 2a : 1]; B
E“:O””( [(ep) : L,1],[14+2a:2,3] : —;[2a:1],[1+a—b:1],[a+b+ 1 :1]; Z’_Z>_
(dp),a+3,a+1
:D“FE”{( Eha+b+ilta—b’ ] 1
and
pit g of [(dp): 1] Ja+1: 53] a1, [b:1]Ja=b+5: 1), [143a:1];—; _
FEIL?’;g( l(em): L] Ja+1:2, 4 [2a—2b+1:1),2b: 1], [2a: 1]; — 42’_Z>_
1 141y a+1 22
:2D+1F2E+2|:%(6E2)(é_|)_§( )(li—)a bb+ L ;4ED+1:|’ (12)

where all numerator and denominator parameters are neither zero nor negative integers. When
D < E both sides of (11) and (12) are convergent for |z| < oo, but when D = E + 1 the above
hypergeometric functions are convergent for suitably constrained values of |z|.

Proof of Theorem 8.1. Set
(dl)p(d2)p s (dD)p

U(p) = (p € No)

)= )y (e)y - (en)y 0

then the double-series identity (8) becomes
§ 52 LA )rtn (@4 i1 0 @01~ (14 Fa) (1y7a0em
nom=o 1= 1( )n-‘rm (1+ 20)an 4 3m (50)m (1 + @ = b)m(a + b+ 3)m min!

oo 17D
_ Z Hj:l(dj)n (a+ %)n(1+a)n i
Hf:l(ej)n (a+b+ %)n(l +a—"0), n!
Applying the definition of the Srivastava-Daoust function in (2) to the left-hand side of (13) and

the definition of the generalised hypergeometric function in (1) to the right-hand side of (13), we
obtain the desired result (11).

(13)

n=0
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The proof of (12) follows exactly the same procedure and will be omitted. This completes
the proof of Theorem 3.1. O

Remark: Most of the applications of similar types of hypergeometric reduction formulas (11)
and (12) lie in the fields of Statistics, Physics, Operational Research and Engineering. The
hypergeometric functions have potential uses in all problems concerning of large sets of differential
equations with several variables and parameters. Also, there are some applications of double
hypergeometric functions in asymptotic theory, boundary value problems, Celestial Mechanics
(Hill’s equation), heat conduction, etc. (see, for example, [2,4,9,14,17,20-22] and closely related
references therein).

The authors are very grateful to the anonymous referees for their constructive and encouraging
comments which improved this revised paper.
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IIpunoxkeHnuss AByX TeopeM cymMmupoBaHusi I'ocriepa
JJIsl TUIIEpreoMeTpuYiecKoro psjaa ;F)

M. . Kypermn

WuxenepHo-TexHomOornaeckuit pakyabTeT

Jxamust Muus Venamus (LenTpanbHblil yHHBEpCUTET)
Hero-lenn, Nnaus

P. B. IIapuc

Ot/ie1 BEIYMCJIATEIHHON TEXHUKU U MATEMATUKH
VYuusepcurer Abepraii

Haunau DD1 1HG, Benuko6puranus

M. Kamud Xan
DakyabTeT HAyK
VHTerpabHblil yHUBEPCATET
Jlakxnay-226026 (UP), Nuxus

Ansotanusa. Vcnonb3ys ase Teopembl cymmupoBanust P. B. T'ocriepa 111 TepMUHUPYIOIIETO rUIIEpreo-
METPHUYECKOro psijia 5F4 aprymeHToB 1/4 u 4, Mbl mojydaeM jJBa OBIIMX TOXKIECTBA JABONHBIX PsJIOB,
BKJTOYAIONINX OFPAHMIEHHYIO MTOCIEIOBATETLHOCTD MPON3BOJIBHBIX KOMIIJIEKCHBIX YUCEJI. 3aTE€M ITU Psi-
Ibl IPUMEHSIIOTCS I MOJIYYeHHsT ABYX (DOPMYJI PEIyKIINN JIBOWHON TI'MIEpPreoMeTPUYIEcKOil (DyHKIIH
Ipusacraser—/laycra.

KuaroueBsblie cioBa: 060061eHHAS TUIIEPreOMeTpriecKast (OYHKIHS, OTPAHTICHHAST TIOCIEI0BATETHHOCTD,
TeopeMbl cymMmMupoBaHusi ['ocriepa, jaBoiiHast ruriepreomerpudeckas pyukius [IpusBacrasbi—laycra.
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