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1. Introduction and preliminaries

S.Sedghi, N. Shobe and A. Aliouche [1] introduced S-metric space as a generalisation of metric
space. They also claimed that S-metric space is a generalisation of G-metric space. But some
researchers commented that the claim is not true. Further it is claimed that the class of S-metric
and the class of G-metric are all distinct. For detail results in this claim and more about S-metric
space one can see research papers in [2—4] and references there in.

Bakhtin [5] introduced the concept of b-metric space. The concept of Bakhtin is extensively
used by S.Czerwick [6,7]. Nizar and Nabil [8] introduced the concept of Sp-metric space by
using the concept of both S-metric and b-metric. Y.Rohen, T.Dosenovié¢ and S. Radenovié [9]
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also gave a more general definition of Sp-metric space. For more results on Sp-metric space one
can see research papers in [10-13].

In this paper we prove a common coupled fixed point and coupled coincidence point theorem
for a pair of w-compatible mappings in the setting of two Sp-metric spaces in the line of the
results obtained by Feng Gu [16].

Following definitions and properties will be needed in order to start the main result.

Definition 1 ([8]). Let W be a nonempty set and let b > 1 be a given number. A function
S : W3 — [0,00) is said to be Sy-metric if and only if for all 6,0, \,u € X, the following
conditions hold:

(i) SO,¢p,\) =0 if and only if 6 == A
(i) S(0,9,A) <B[S(0.0, 1) + S(d, ¢, 1) + S\ A, )]
(iii) S(0,0,0) = (6, 6,0) for all 6,6 € W.

The pair (W, S) is called a symmetric Sy-metric space. If the pair (W, S) does not fulfil (iii) then
it is called an Sy-metric space.

Example 1 ([8]). Let W be a nonempty set and card (W) > 5. Suppose W = W1 U W, a
partition of W such that card (Wy) > 4. Let b > 1. Then
0, f0=¢p=X1=0
Sb(97 ¢’ )‘> = 3b7 Zf (07 ¢7 >‘) € W3 .

Definition 2 ([14,15]). Let W be a non-empty set, P: W x W — W and g : W — W are two
mappings then

(i) an element (8,¢9) € W x W satisfying P(0,¢) = 0 and P(¢,0) = ¢ is called a coupled fixed
point of P.

(ii) an element (6,¢) € W x W satisfying P(0,¢) = q0, P(¢,0) = q¢ is called a couple coinci-
dence point of P and q. The point (¢, q¢) is called a coupled point of coincidence.

(iii) an element (0,¢) € W x W satisfying P(0,¢) = q(0) = 0, P(¢,0) = qp = ¢ is called a
common coupled fized point of P and q.

(iv) the pair of mappings P and q is said to be w-compatible if P(0,¢) = ¢ and P(¢,0) = q¢
implies ¢P (0, ¢) = P(q0,q¢).

2. Main results

We prove the following theorems.

Theorem 2.1. Let S, Sy be two S, metric spaces in a non-empty set W satisfying S2(60,0, ¢) <
S51(0,0,0) for all 0, € W and b > 1 is a real number. Let P: W x W — W andq: W — W
be two mappings satisfying the following conditions

(i) SI(P(aad))?P(avd))vP(gvn) + SZ(P(¢79)7P(¢79)7P(7]’§)) <
< k1[S2(q0, 99, 4§) + S2(q9, qb, qn)l] + k2[S2(q0, 90, P(0, ¢)) + S2(q¢, g9, P(¢,0))]+

1
where (0,¢),(&,n) € W x W and kq, ko, ks in [0,1] such that 0 < k1 + ko + k3 < 0
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(i) P(W x W) C q(W)
(iif) ¢(W) is S1 complete

then P and q have a coupled coincidence point. Further, if P and q are w-compatible then P and
q have a unique common coupled fized point.

Proof. Let (8p,¢0) € W x W. By (ii) there exists (01,¢1) € W such that ¢f1 = P(6, ¢o),
qo1 = P(¢o,0). Similarly, (02, ¢2) € W such that qf2 = P(01,¢1), gp2 = P(¢1,01).
Continuing in this way sequences {6,} and {¢,} can be constructed as

q9n+1 = P(Hna ¢n)a q¢n+1 = P(d)na 9n>7 fOT all n = 0.

From (i) we have,

S1(q0n+1, 4On+1, @0n+2) + S2(4Pn+1, qPn+1,qPn+2) =

S1(P((On, 1), P(0ns n)s P(Ont1, dnt1)) + S2(P((¢n, 0n), P(dn, On), P(Pn+1,0n41)) <
k1[52(q0n, 40, ¢On+1) + S2(abn, 4Pn, qPn+1)] +

+ k2[S2(q0n, 40n, P(On, o)) + S2(qdn, On, P(¢n, 0n))] +

+k3[52(q0n+1, 40n+1, P(Ont1, Pnv1)) + S2(4Pn+1, 4nt1, P(Pn1, Ont1))] =
k1[S2(q0n, 40 4n+1) + S2(4Pn, qPn, qPnt1)] +

+ k2[92(q0n; 4On, qOn+1) + S2(qPn, 4Pn; 4Pn41)] +

+ k3[S2(q0n+1,q0n+1, @0n+2) + S2(qbnt1, bnt1, Pnt2)] <

k1[S1(q0n, 400, 40nt1) + S1(qPn, ¢Pn, qdnt1)] +
+ k2[S1(q0n, 40n, @Oni1) + S1(4Pn; @Pn; @Pni1)] +

+ k3[51(¢0n+1, @On+1, @n+2) + S1(qPn+1, ¢Pnt1, ¢Pn+2)] - (1)

N

N

It follows from (1) that

S1(q0n+1,90n+1, @On+2) + S1(qPn+t1, qPnt1,qPn2) <

ki+k
< 7 191000, @00, 00041) + S1(00n, 4ns 4n11)] =
= k[sl (q9n, qOn, q9n+1) + Sl(Q¢n7 qPn, Q¢n+1)]a (2)
ki+k 1 1
where k = 11 +k: 2, by the condition 0 < k1 + ko + k3 < 2 then we have 0 < k < =k By taking
— K3
on = Sl(qom qOn, qon—i-l) + 51 (Q¢m qPn, Q¢n+1)7
thus,

6n+1 < kén < k26n71 < ... < kn+160 . (3)

Next, we show that {¢f,} and {q¢,} are Cauchy sequences in g(W). For this, we consider
S1(0y, 0y, 051p) into two cases.
Firstly, considering p =21 + 1

51(q9mq9n,q9n+p) = 51(q9n,q9n7q9n+21+1) <
< 2b51(q0n, qOny @Ons1) + b2 S1(q0n11, @0nt1, @Ony2u41) <
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N

2bS51(q0n, q0n, @Ont1) + 26°S1(q0n+1, @Ont1, @Ons2) +
+b* 91 (q0n+2, On+2, @Ont2141) <

NN

2051(¢0n, 40n; qOn+1) + 26°S1(q0n11, ¢Ont1, @Onv2) +
+26°51(q0n+2, @Ont2, @Ons3) + -+ +

+ 262(2l71)+151(q9n+21—1, qOny21-1,40n421) +

+b2IF2G, (g0 401, Ontot, Ontoirr) <

2{b(51(q0n, @0, q0n+1)) + 0>S1(q0n+1, @Ont1, qOnv2) +

+ 0991 (q0n12, @Onr2, qOnis) + - +

+ 024G (g0, 21-1, qOny 211, @Ont2n) +

+ 022 D38, (0490, Oyt @Onsoi41)} - (4)

N

We can similarly prove the following result

S1(4Pn, qPn, @Pntp) = S1(qPn, q@Pn, @Pr2141) <

< 2{bS1(qPn, 4Pn, abns1) + 0> S1(qPn+1, @bnt1, qPns2) +
+ 751 (qPn+2, qPnt2, @bnts) + - +
+ 02 DTG, (gio1-1, qPrtai—1, Pnrar) +
+ 02H38 (gt qPnyat, (Pnioisl)} - (5)

Adding (4) and (5), we have

N

S1(q0n, q0ns @On+p) + S1(4Pn, 4Pn, @bntp) =

S1(q0n, 40n, @Ony2111) + S1(qPn, 4Pn, @Pny21+1) <

2[b{S1(q0n, 40, @On+1) + S1(qPn; qPn, @Pn+1)} +

+0%{51(q0n 11, @Ons1, @Ons2) + S1(abns1, @Pns1, qPni2)} +

+0°{S1(q0n+2, @Ont2, 4On+3) + S1(@Pnt2, @bnt2, Pnts)} +

+ ...+

+b2 DTG, (g0rv21, @Onto1, @Ont2141) + S1(qPnt21, @Pntats @bnai1)}] =
2[b8y + 630,11 + b2 0n0 + -+ BPETDTIG o] =

2bk"8o + b3 E"TL50 + DOk 260 4 - - - 4 BPATDH A2 5]

20k" 0o {1+ b2k + b k2 + - + bR} =

LI (6)

2 n
ok 1—b%k

Secondly, considering p = 2l

Sl (qena qanv q9n+p)

51(q0n, qOn, qOn-+21) <

2051(¢0n, 40, 40n+1)) + b>S1(q0n11,40n11, 40 s2) <
20(S1(q0n, @0n, @0ni1)) + 20°S1(q0ns1, @Oni1, @Onyo) +
+b*S1(q0n+2, @02, @Ony21) <

NN

NN

2bSl (qena q9n7 q9n+1) + 2b?"s’l (q9n+17 q9n+17 q9n+2) +
+26°51(q0n12, @Ont2, @Ons3) + - +
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+2b0% DG (g0, 4212, @Ot 212, @O r20-1) +

+ 02 CF2G, (4011, @Ony21-1, @Ons) <

2{bS1 (g0, q0n, @Ons1) + b>S1(q0n i1, @Ons1, @On o) +
+6°81(q0n+2, @i, @Ons3) + - +

+ 02 CDTLG (g0 491-2, @Ont21-2, @Ony21—1) +

+ b2 =038 (40 y 211, @Onro1—1, @Onial)} - o

N

By similar arguments as above,

S1(q0n: qPn, @Pntp)

S1(qbn, aPn, qPn+21) <

2{6S1(qbn, qPn, @bn11) + b°S1(qPn11, qbns1, ¢Pny2) +
+b°S1(qPn 12, @Pnt2, qbnis) + - +

+? DG (gnrar9, qPnral—2, @bnia—1) +

+ 0220438 (gdnrar1, qPnral—1, @bni2n)} - (8)

N

Adding (7) and (8) we get

S1 (q@m qtn, q0n+p) + 51 (q(bnv q®n, Q¢n+p) =
S1(¢0n, ¢On, @0n121) + S1(qPn, qDn, qPn21) <

2[17{51 (q0n7 qena q0n+l) + Sl (Q¢na Q¢na Q¢n+l)} +
+b°{S1(q0nt1,@On+1, @0n+2) + S1(qbnt1, 4Pnt1, qPnt2)} +

+0°{S1(q0n12,qO0n 12, q0n+3) + S1(qPni2, qPnio, @bnis)} +

+.+

+ 0?38 (0211, Onrar—15 @Onsot) + S1(qPnr2i—1, @bnrai—1, qPniat)}] =
= b6 + bP0na1 + D0pig 4 e+ DX ] =
= 2[bk"8 + BTGy + Bk 26 4 o 4 DRI 5 )
= 20K So{1 + b2k + bR 4 -+ b2 =

1
1—b2%k

N

2bk™

do] - 9)
Since k € [0, 35 ), so k™ — 0 when n tends to infinity. From (6) and (9), we have

[S1(q0r, 400, 4On+p) + S1(qPn, qPn, @bn+p)] =0

lim
n—oo

which implies that {¢6,} and {q¢,} are Cauchy sequences in ¢(W). Since ¢(W) is complete,
then there exists 6, ¢ € W such that

limy, 00 ¢0n = ¢f and lim,, o0 ¢, = q.
It follows from (i) and (3) that

51(q9n+1,q9n+1,P(9,¢)) + 51(Q¢n+1,Q¢n+1,P(¢a 9)) =
< k1[S2(q0n, On, q0) + S2(qbn, qPn, qb)] +
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+ k2[S2(q0n, qOn, P(0n, o)) + S2(qPn, abn, P(dn, 0n))] +
+ k3[S2(q0, q0, P(0, $)) + S2(q9, q, P(¢,0))] =
= k1[S2(q0n, q0n, q0) + S2(qdn, qPn, qP)] +
+ k2[S2(40n, 40n; @On+1) + S2(qPn, @Pn; @Pny1)] +
+ k3[S2(q8, g0, P(0, ¢)) + S2(q¢, q¢, P(¢,0))] <
k1[S1(q0n, q0n; q0) + S1(qbn, qbn, q8)] +
+ k2[S1(q0n, @O, @On 1) + 51400, @bn, @bni1)] +
+ k3[S1(q0, 48, P(0,9)) + S1(q¢, g, P(,0))] =
= ki[S1(q0n,q0n,q0) + S1(qdn, qbn, q9)] +
+ kodn + k3[S1(q0, g0, P(0, ¢)) + S1(q0, g9, P(¢,0))] <
k1[S1(q0n, q0n, q0) + S1(q0n, 4bn, q9)] +
+ kok" S0 + k3[S1(q0, g0, P (8, ¢)) + S1(q0, a9, P(¢,0))].

N

N

From (10) and (3), we have

N

/N

S1(qt, g0, P(0,9)) + S1(q, g9, P(¢,0)) <

2b{S1 (g0, 90, q0n+1) + b*S1(q0n+1, qOn+1, P(0,6))} +

+ Qb{Sl (Q¢7 qo, Q¢n+1) + b2Sl (Q¢n+17 qOn+1, P(¢a 9))} =
20{51(q0, 0, q0n+1) + S1(q9, 9P, qbny1)} +

+ b2{Sl(P(9na ¢n)7 P(Qna ¢n)7 P(97 d))) + SI(P(¢na an)v P(¢na an)v P(¢, 0))} =
2b{S1(q9, 40, q0n11) + S1(q9, qb, qPn11)} +

+ b [k1{S2(q0n, 4On, 40) + S2(qdn, qbn, q9)} +

+ k2{S2(q0n, 4On, P(0n, o)) + S2(qPn, 4bn, P(dn. 0n))} +
+ k3{S2(q0, 90, P(0, ¢)) + S2(q9, 96, P(¢,0))}] <

2b{S1(q9, 40, 40n+1) + S1(q9, 4®, qPnt1)} +

+0°k1{S1(¢0n 40, q0) + S1(qPn, qPn,q9)} +

+ b2 k2{S1(q0n, On, P(On, $n)) + S1(qPn; qbn, P(dn, 0n))} +
+b°k3{S1(q0, ¢80, P(0,¢)) + S1(q0, 96, P(¢,0))} =
2b{S1(q9, 40, q0n+1) + S1(q9, qb, qPrt1)} +

+0°k1{S1(¢0n 40n, q0) + S1(qPn, qPn,q9)} +

+ 0%k {S1(q0n, GO, qOn11) + S1(4Pn, ¢bn, @Pni1)} +
+b°k3{S1(q0, q0, P(0, ) + S1(q, g, P(¢,0))} .

Taking limit as n — oo we have

[because 1 — b%ks > 0, b%(ky + ko) = 0] .
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(11)

(1 - b2k3){sl(q97q97P(97¢)) + Sl(qd)v Q¢7P(¢7 9))} < 2bx 0+ bzkl x 0+ b2k2 x 0

(12)

So, ¢ = P(0, ¢) and q¢ = P(¢,8) which shows that (6, ¢) is the coupled coincidence point of P
and q.
In order to prove the uniqueness of coupled coincidence point, let (6*, ¢*) be the second coupled
coincidence point of P and gq.
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From (i),

S1(q0,q9,q0") + S1(q0, 90, q9™) =
= Si(P(0,9),P(0,0), P(07,¢7)) + Si1(P(¢,0), P(¢,0), P(¢",07)) <
< ki{S2(q0,40,40") + Sa(qd, qp,q¢"™) } +
+k2{S2(q0, ¢80, P(0, ¢)) + S2(q9, 99, P(9,0))} +
+ k3 {S2(q0", g0, P(07, ¢")) + S2(q¢", q¢", P(¢",0"))} =
= k1{S2(q0,q0,90") + Sa2(q¢, 99, q¢")} <
< k1{S1(q0, 40, ¢0") + S1(q¢, 99, q9")} - (13)

1
But0<k1+k2—|—k3<b—2:>k1<1. We have

S1(q0,q0,99") + S1(q9,q9,q9") = 0.

Thus, g8 = ¢0* and q¢ = q¢*, which shows that coupled point of coincidence of P and ¢ is unique.

Now, we need to show ¢f = g¢. By (1), we have

S1(49, 49, q9) + S1(q¢, qp, q0) =

Si1(P(0,¢), P(0,9), P(6,0)) + S1(P(s,0), P(¢,0), P(0,$)) <
k1{S2(q0, 40, q¢) + Sa(qd, qp, q0)} +

+ k2{S2(q0, 40, P(0, $)) + S2(q¢, qp, P(4,0))} +

+ k3{S2(q0, q¢, P(¢,0)) + S2(qb, q0, P(6, ¢))} =

k1{S2(q0, 40, q¢) + S2(q9, a9, q0)} <

< ki{S1(q9,49,q9) + S1(q9,q0,q0)} .

N

1
AsO< ki <ki+kat+ks< = < 1 and (10), we deduce

S1(g0,49, q9) + S1(q9,qo,q0) = 0.

Hence, ¢ = q¢.

By w-compatibility of P and ¢, we get ¢(P(0,¢)) = P(q0,q¢). Taking a = ¢, we get
a=qb = P<07¢) =q¢= P<¢’9)7
therefore ga = qq = q(P(60, ¢)) = P(q0,qd) = P(a,a).
Hence, (ga, ga) is a coupled point of coincidence of ¢ and P. Due to uniqueness, ga = ¢f,
therefore P(a,a) = qa = a,
therefore (a,a) is the unique common coupled fixed point of ¢ and P. O

Corollary 2.2. Let Sq,S2 be two S, metric spaces in a non-empty set W satisfying S2(0, 6, ¢) <
S51(0,0,¢) for all 0,6 € W and b > 1 is a real number. Let P: W xXW — W andq: W - W
be two mappings satisfying the following conditions

< k1[S2(qb, 48, 4€) + S2(qd, ad, qn)] + k2[S2(qb, ¢, P(0, ¢)) + S2(q¢, a9, P(9,0))]+

1
where (0,¢),(&,n) € W x W and kq, ka, ks in [0,1) such that 0 < 2(k1 + ko + k3) < 5
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(il) P(W x W) C (W)
(iii) q(W) is S1 complete.

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then P
and q have a unique common coupled fixed point.

Proof. Tt follows from (11) that
Sl(P(9,¢),P(9,¢),P(f,ﬂ)) <

k1[S2(q9, g0, q§) + S2(q¢, ap, qn)] + k2[S2(q0, g0, P(0, ¢)) + S2(q¢, g, P(9,0))] +

N

and

Sl(P(¢a 0)7P(¢a 0)7P(777£)) g
k‘ﬂSQ(Q(ﬁ, q¢, qn) + 52((]9’ qe, qg)] + k2 [SQ(Q¢7 Q¢a P(¢7 9)) + 52<q97 qev P(07 ¢))] +
+ k3[S2(qn, qn, P(n,€)) + S2(4€, 4§, P(&,m))] - (15)

Adding (14) and (15) we have

S1(P(0,9),P(0,9), P(&m)) + S1(P(9,0), P(¢,0), P(n,£)) <
< 2k1[S2(q, g0, 4€) + S2(qd, qb, qn)] + 2k2[S2(q0, 40, P(6, ¢)) + S2(qe, 9, P(¢,0))] +
+2k3[52(g€, 4&, P(&,m)) + S2(qn, qn, P(n,£))] -

By the Theorem 2.1, we get the conclusion. O

N

Taking S1(6,0, ¢) = S2(0,0,¢) = S(60,0,¢) for all 6,¢ € W, in Theorem 2.1, we have,

Corollary 2.3. Let (W,S) be a complete S, metric space and b > 1 is a real number. Let
P:WxW —=W and qg: W — W be two mappings satisfying the following conditions

(i) S(P(0,¢), P(0,9), P(§,1)) + S(P(6,0), P(6,0), P(1,£)) <
< ka[S(q0, 40, 4€) + S(a¢, a9, qn)l + k2[S (a0, 40, P(0, 9)) + S(a9, 99, P(,0))]+

+ ks [S (g€, 8, P(&m)) + S(an, qn, P(n,€))] .
where (0,¢),(§,m) € W x W and k1, ka, ks in [0,1) such that 0 < 2(k1 + k2 + k3) < 5

(i) P(W x W) C q(W).

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then P
and q have a unique common coupled fixed point.

Corollary 2.4. Let Sy, Sy be two S, metric spaces in a non-empty set W satisfying S2(0, 60, ¢) <
S51(0,6,9) for all 0,6 € W and b > 1 is a real number. Let P: W xW = W and ¢ : W — W
be two mappings satisfying the following conditions

< a152(¢0, 40, ¢€) + a252(q9, g9, qn) + a3S2(qb, ¢, P(0, ¢)) + a1S2(q¢, ¢, P(¢,0))+
+a592(q€, ¢€, P(§,m)) + asS2(qn, qn, P(n,€))

1
where (0, ¢), (§,m) € WxW and a;(i = 1,2,...,6) in[0,1) such that 0 < a;+az+ag+- - +ag < 5
and 0 < bas + ag) < 1
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(i) P(W x W) C q(W)
(iii) q(W) is Sy complete.

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then
P and q have a unique common coupled fixed point.

Proof. Since (0, ¢), (&,n) € W x W, we have from (15) that
Sl (P(Gv (b)a P(Gv ¢)a P(ga 77)) <

a152(q0, 40, ¢€) + a2S2(q9, q¢, qn) + a3S2(qb, q0, P(0, ¢)) + asS2(qp, qé, P(4,0)) +
+a592(¢€, 4€, P(§,m)) + asS2(qn, qn, P(n,€)) (16)

N

and

SI(P((bv 9)7 P(¢7 9)7 P(naé-)) <
alSQ(Q¢a q¢a 1177) +az52 (qga qaa qg) + a3SQ (q¢a Q¢7 P(¢, 0)) + a4S2 (qea qga P(97 ¢)) +
+a552(qn, qn, P(n,€)) + asS2(q8, 4€, P(€,m)) - (17)

Adding (16) and (17), we have
S1(P(0,9), P(0,9), P(&n)) + S1(P(¢,0), P(¢,0), P(n,§)) <
< (a1 +a2){S2(a0, 49, ¢€) + S2(q9, 9%, qn)} +

+ (G’S + a4){52(q07q9’P(03¢)) + SQ(Q¢;Q¢,P(¢,0>)} +
+ (a5 + a6){52(¢¢, a€, P(& ) + Sa2(qn, an, P(n,€))} -

By Theorem 2.1, required result follows. O

N

Remark 1. Taking S1(0,0,¢) = S2(0,0,¢) = S(0,0,¢) for all 0, ¢ € W, where S is an Sy-metric
on W, in Corollary 2.3 we can have another result.

We have following corollary from Theorem 2.1.

Corollary 2.5. Let Sy, Sy be two S, metric spaces in a non-empty set W satisfying S2(0,6, ¢) <
S51(0,0,¢) for all 0,6 € W and b > 1 is a real number. Let P: W xXW = W and g : W — W
be two mappings satisfying the following conditions

(1) S1(P(6,¢),P(0,9), P(§,n)) + S1(P(¢,0), P(¢,6), P(n,€)) <
< k{S2(q0, 40, q€) + S2(q9, qd, qn)}

where (8, ¢),(§,m) € W x W and k € [0, biz)
(i) P(W x W) C q(W)
(iif) ¢(W) is S1 complete.

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then
P and q have a unique common coupled fixed point.

Corollary 2.6. Let Sy, Sy be two S, metric spaces in a non-empty set W satisfying S2(0, 6, ¢) <
S51(0,0,¢) for all 0,6 € W and b > 1 is a real number. Let P: W xXW = W andq: W — W
be two mappings satisfying the following conditions

(1) S1(P(6,¢),P(0,0), P(§,n)) + S1(P(¢,0), P(¢,6), P(n,€)) <
< E{S2(q€,q€, P(&,m)) + S2(qn, qn, P(n,€))}

where (6, ¢), (£,m) € W x W and k € [0, 1)
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(il) P(W x W) C (W)
(iii) q(W) is S1 complete.

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then
P and q have a unique common coupled fixed point.

Corollary 2.7. Let Sy, Ss be two S, metric spaces in a non-empty set W satisfying S2(0, 6, ¢) <
51(0,0,¢) for all 0,6 € W and b > 1 is a real number. Let P: W xW — W and g : W - W
be two mappings satisfying the following conditions

where (6,¢),(£,m) € W x W and k € [0, 1)
(if) P(W x W) C q(W)
(iii) q(W) is S1 complete.

Then, P and q have a coupled coincidence point. Further, if P and q are w-compatible then
P and q have a unique common coupled fixed point.

Remark 2. (i) Replacing q by identity mapping in the above results, we have corresponding
coupled fized point results.

(ii) Taking b =1 in the above results, we can have corresponding results in S metric space.

3. Applications
Example 2. Let W =R, define S: W x W x W — R as
S(0,6,A) =0+ ¢ —2\*,0,6,A €W,
where k > 1. Here, (W, S) is an Sy-metric space.
Example 3. Let W =R and Sy, So are two Sy-metrics in W such that

<0+¢—2/\ 2

S1(6,0,0) = (6+6 =202, 8(0,0,)) = (—5—=)" 6.6,0eW

Let us define P W x W - W and q: W — W by

P(0,¢) = % g0 =20, for all 0,¢ € W.

We have P(W x W) C q(W), (W) is S1-complete. Also, P and q are w-compatible.
Now,

S1(P(0, ), P(0,9), P(&,m) = {P(0,9)+P(0

N

[\

X

N
—

w0
I
e
_|_



Thounaojam Indubala. .. Common Coupled Fixed Point Theorems for a Pair. ..

(20 —26)* (20 —2)?
2 T 2 )}

_ 2 o 2
(g0 —q€)* (99 —qn) )}

2 + 2

(248 — 2¢¢)? L (a0 2qn)? )}

2 2

(g0 +q0 — 24€)* | (g9 + q¢ — 2qn)?
2 * 2 )

Ol Ol Ol Ok Ok

— — = A A

S2(q0, 40, q€) + S2(qd, g, qn)}~

Similarly,
51 (P((Z)v 9), P((bv 9), P(na 5)) < %{SQ(QQZ); qo, q77) + SQ(qev qoa qg)}

Further, we have

2
S1(P(0,6), P(0.0). PE) + S1(P(0.6), P(6.0). P1.€) < 5 Salat.09.4€) + Salatraouan) |.
Then, by corollary 2.6, (0,0) is the unique common coupled fized point of P and q.

Now, let W = Cle, d] is the set of all continuous functions.

Let $1(6,6,2) = max [6(u) + () - 22(p)|*
_ k
Sa(0,0,7) = maycio.y 1001 ;_ #lu) = 22w forall0,0 € W, (k> 1).

Also, let b= 3*"1. Consider

>
—~

=
~

|

d
K(r) + / G 1) (F (1, 0001)) + (g2 &) b,

<

—
=

=
|

d
K()+ [ GOm0, 0(0) + alps6) Y. (19

Next, we will analyse (18) under the following condition
(1) f,q:]c,d] x R = R be two continuous functions.
(ii) K :[e,d] — R is a continuous function.

(iii) G : [e,d] x R — [0,00) is a continuous function.

(iv) There exists u,v > 0 such that for all 0, € R,

{ F (s 0()) — (s d())| < w6 — @,
lq(e, 0(1) — (s, d(p))| < [0 — ]

d k 1
(v) max,¢c,q (Cf |G(r, ,u)|du> < SRR with L = max{u,v}.

Theorem 1. Under the condition (i)—(v), the integral equation (18) has a unique common
solution on [c,d].
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Proof. Let P:W xW - W and qg: W - W

d
P(9,¢)(7’):K(T)+/ G(r, ) f (1, 0(1)) + q (s (1),

q0 =20,¥0 € W, € [¢,d], 0,0 € W.

Sl(P(H,qS),P(&,n),P(A,w)) =
= max [P(0,0)(r) + P(&n)(r) = 2P\, w)(r)|*, for all 0,0,6,n.w, ) € W,

SQ(P(9»¢)7P(§777)7P(/\7U))) =
max,e(e,q |[P(0,9)(r) + P(§,n)(r) — 2P\, w)(r)|*

= i 5 , for all 6, ¢,&,n,w, A€ W.

Also, P(W x W) C q(W), g(W) is Sy-complete, and P and ¢ are w-compatible.
Now,
[P(0,)(r) + P(8,8)(r) — 2P(&,n)(r)|* =
= 2F[P(6,0)(r) — P(&n)(r)]" =

= zk[
c

d d
/ G(ﬁu){f(u,@(u))—f(u>§(u))}du+/ G(nu){qwaqﬁ(u))—q(um(u))}du‘k] <

g 2]671 X 2k

d
[ GO 1.000) ~ S|+

+2F x okl

d
2’“[
d

d
| G et o) ~ atpsnt)dn| <

N

| GO 0:000) — )]+

()~ ]| 2" <

N

2702 1000 — G0 + s, o }/Gwdu <
nEle,d) pE(e,d)

N

ok—1y ok o [k 0 k kié
2 2| s 100) — S0 + mo 66) ~ 10| g

N

2k T k
oheT | 120(1) — 26(w)|* + max, 2¢(p) — 2n(p)] ] =

= 2k1+2 | max [200) +20(u) - 2(2¢(w))|* + Jmax, [26(1) +20(4) - 2(2n(u))|k] =

1 [max,eleq [20(p) +20(p) — 2(26(w)[F max,ele,a) [20(p) + 26(1) — 2(277(M))|k}
9k+1 | 2 + 2

1
= 752000, 40, 0€) + Sa(a, ad, an))-

S1(P(0,9),P(0,¢), P(¢,n)) = max [P(0,9)(r) + P(0,¢)(r) — 2P(&n)(r)" <

7’€[c d]

< W[Sz(q&q@,qf) + S2(q9, q, qn)] - (19)
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Similarly,

$1(P(6,0), P(6,0). P(.€) < 501152(a6, a6.a0) + S2(a6, 40, 4€)] (20)

It follows from (29) and (30) that

S1(P(0,9), P(0,9), P(&n)) + S1(P(9,0), P(¢,0), P(n,§)) < %[Sz(qew,qﬁ) + S2(q9, 49, qn))-

Consequently, all the conditions of Corollary 2.6 are satisfied. It follows from the result of
Corollary 2.6 that P and ¢ have a unique common coupled fixed point and hence integral equation
in equation (18) has a unique solution. O

The first author (T.1.) would like to thank Prince Sultan University for funding this work
through research group Nonlinear Analysis Methods in Applied Mathematics (NAMAM) group
number RG-DES-2017-01-17.
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OOGi1e cBsI3aHHBIE TEOPEMbBI O HEIIOABUXKHOIT TOYKe JIJIs ITaphl
Sp-MeTpuYecKnx NpoCTPAHCTB

Tyunaomxam Numybana

VYuuBepcurer JIxaHaMaHIKYDPH

Nwmmnxaist, Mapus

FOMmuaam Posan

HanuonaybHblii TexHoornyeckuii uacruryt Manuiypa
Nnmrxan, Uaans

MoxamMmazn Canma Xans

Yuusepcurer meaunnHckux Hayk Cedaxo Makraro
Ta-Pankysa, FOxnas Adpuka

Hukona ®abuano

Hanmonanbubiit mactutryT Pecybnuku Cepbust
Benrpancknit ynusepcurer

Benrpan, Cepbust

Awnnoranusi. B qannoit pabore MBI HCCIEIyeM CyIIeCTBOBAHUE OOIUX CBSI3aHHBIX HEITOIBUKHBIX TOUEK
¥ CBSI3aHHBIX TOYEK COBIAJIEHUsI B CETTUHIE ABYX Sp-METPUUECKUX MPOCTPAHCTB. 3/1€Ch MBI UCIOJIB3YeM
apy w-CcOBMECTHMBbIX OTOOpakeHuil. Pazinaabie pe3ysibTaThbl IPUBOSTCS TAKXKE B BUJIE CJIEICTBUIA.

KuaroueBbie ciioBa: o0masi CBsi3aHHAs HENMOJBHUIKHAS TOYKA, CBI3aHHAsT TOYKA COBIAJEHUS, Sp-
MeTPHUYECKHE IMPOCTPAHCTBA, W-COBMECTUMBIE OTOODasKEHUS.
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