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Abstract. Graph automorphisms of a Chevalley group correspond to each type of reduced indecompos-
able root system ®, which Coxeter graph has a non-trivial symmetry. It is well-known, that a Chevalley
algebra and its niltriangular subalgebra N has a graph automorphism 6 exaclty when ® is of type A,,
D,, or Es. We note connections with homomorphisms of root systems introduced in 1982.

The main theorem on the centralizers in N of the automorphism 6 gives new representations of
niltriangular subalgebras, using also the unique series of unreduced indecomposable root system of type
BC,.
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1. Preliminary notes

The semisimple complex Lie algebras are classified in Cartan—Killing theory parallel with the
root systems of a Euclidean space V.

For any indecomposable root system ® in V and for any field K we have corresponding
Chevalley algebra Lg(K). The elements e, (r € ®) and the basis of the suitable Cartan sub-
algebra H with the condition He, C Ke, [1, Sec.4.2] form a basis of L (K). The elements e,
(r € &) for the positive root system ®* in ® form a basis of niltriangle subalgebra N®(K).

The system of fundamental roots II, which is a basis in 7, is unique. The Cartan numbers
Ars = 2(r,8)/(r,s) (r,s € II) are integer, they form the Cartan matrix. We call a graph with
nodes, one associated with each fundamental root, such that the ith node is joined to the jth
node by a bond of strength A,As,, a Coxeter graph of the root system ®, by the terminology of
J.-P.Serre [2] (see also remark in [3, Sec. 1]). If we mark each node by a number (r,r) we obtain
the Dynkin diagram.

The classification of simple complex Lie algebras, to within isomorphism, is connected with
the classification of indecomposable root systems, to within equivalence. There exist 9 series of
reduced root systems [4, Tables I- IX] — the classical types A, B, Cy, D,, and the exceptional
types Gso, Fy, Eg, E7 and Eg.

Co-roots h,. = 2r/(r,r) (r € ®) give also a dual root system ®* with base IT* and, also, the
systems @, (P*)* are equivalence. Note that the systems of type B, C, are dual.

On the other hand, all indecomposable unreduced root systems, to within equivalence, are
exhausted by the systems of type BC),. For n =1 we have
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In 1982 in [5] homomorphisms of root systems were introduced. Denote by Ly(®) the additive
subgroup in V generated by the roots of ® (the lattice of roots).

Definition 1. We call a mapping ® — ® a homomorphism of ® into ® if this mapping may
be extended to a homomorphism of the group Lo(®) into the group Lo(P').

We consider homomorphisms of the root system ®, which are not isomorphisms. Such homo-
morphisms exist only if the Coxeter graph of the system ¢ has a non-trivial symmetry and all
roots in ® have an equal length [5].

The symmetry may be linearly extended to a permutation on the root system ®. Under the
same restrictions on ® the Chevalley algebra Lg¢(K) has a graph automorphism

0: e —er (rell),

according to the proof of Proposition 12.2.3 in [1]. By [6], the same conclusion is true for the
induced automorphism of subalgebra N®(K).

By [7] and [8], an arbitrary (not necessary associative) algebra A is said to be an exact
enveloping algebra for a Lie algebra L if L is isomorphic to the associated algebra A(~). The
both algebras L and A may be defined by structure constants in the same basis, in contrast to
the universal associative enveloping algebra.

The existance and the structure of exact enveloping algebras for the Lie algebras N®(K)
were considered in [7]. Centralizers of graph automorphisms of Lie algebras N®(K) play an
important role in the investigation of uniqueness (problem of I. P. Shestakov, 2017).

For the classical types on this way special exact enveloping algebras

RA,_1(K) = NT(n,K), RB,(K), RCn(K), RD,(K).

were discovered (the associative algebra NT'(n, K) of all (lower) niltriangular matrices of degree
n over K exists only for the type A4,,_1):

The problem on non-trivial homomorphismd of root systems and embeddings of the cen-
tralizers is studied for ® of type D,, and #? = 1, [9]. This problem was represented at the
student conference in SFU (2022) by students of IMFI (M. V. Dektyarev, D.R.Khismatulin,
A.D. Pakhomova and I. V. Salmina).

2. Centralizers of graph automorphisms
It is well-known that the number
p(®) := max{(r,r)/(s,s) | r,s € D}

is equal to 1 or 2 or @ of type G5 and p(P) = 3.

The root systems of the same length (i.e. with p(®)=1), having a non-trivial symmetry of
order 2, exhausted by the types A,, D, and Eg with Coxeter graphs, correspondingly,

Ap : O O O— — —— ——(O— 0 (nnodes,n}l)
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Dy : > O————-0— © (nnodes, n>4)

In this cases the graph automorphism 6 is defined for the Chevalley algebra and for its subalgebra
N®(K). In addition, either 6 is of order 2, or ® of type D, and 6 = 1.

By [2, Ch. V, Sec. 15|, a Coxeter graph gives Dynkin diagram, if we mark each node r by a
number (r,7) (we assume that short roots have a lengh 1).

The root systems of type B,, are C,, dual and they have the same Coxeter graph. However,
Dynkin diagrams for these types coinsides when n = 2. In this case the root systems are
equivalent and the Coxeter graph have a non-trivial symmetry of order 2, as for types Fy and Gs:

e — S S S S P )
Cn %:é—&,,,,{l)—é (n>2)
2 2 1 1

Fy: O O O ®)

G2t —=0

Note that Chevalley algebras (in contrast to Chevalley groups) of types Fy, G and By = Cy
doesn’t have a graph automorphism [10].

We study the centralizer C() of the graph automorphism 6 of the Lie algebra N®(K), i. e. the
subalgebra of all f-stationary elements. Note, that the root system of type Aa,, by [5, Lemma 7],
has a homomorphism to the unreduced root system of type BC,,.

The main result of the article is

Theorem 1. Let 0 be a graph automorphism of a Lie algebra N®(K). Then one of the following
statements is valid.
(a) 03 =1, ® of type Dy and C(0) ~ NG2(K);

(b) 6> =1, ® type D,, (n>4) and C(0) ~ NB,,_1(K);

(c) 02 =1, ® of type Aap—1 (n = 3) and C(0) ~ NC,,(K);

(d) 62 =1, ® of type Eg and C(0) ~ NF,(K);

(e) 02 = 1, ® of type Aa,, (n = 2) and the centralizer C(6) in NAs,(K) is a subalgebra,

associated with the unreduced root system of type BC,,.

A special case was considered in [9, Lemma 3.6].

Lemma 1. The algebra RB,,(K) is represented in the algebra RD,11(K) by a centralizre of the
graph automorphism 6 of order 2 of the Lie algebra RD,, 1 (K)(7).
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The authors showed that, using this lemma, an increasing sequence with uniquely defined
isomorphic embeddings of algebras

RB,,_1(K) C RD,(K) C RB,(K) CRD, 1 (K)C---, n=3,4,5,....
may be obtained.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement 075-02-2022-867).
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O nenrpasmsaropax rpadoBbIX aBTOMOP(MU3IMOB
HUWJIbTPEYTOJIbHBbIX noaaJiredop aaredop IllesaJiiie

Baaagumup M. JleBuyk

l'ammua C. CyneiimanoBa
Cubupckuii dejiepaibHblii YHUBEPCUTET
Kpacnosipck, Poccuiickas @eneparnus

Anvsorauusa. na rpynnsr [TleBasie rpagoBbie aBTOMOP(MU3MBI CBA3BIBAIOT C KaXKJIbIM THUIIOM acCo-
[IMUPOBAHHON TPUBEJIEHHON HepasjokuMoit cucrembl Kopueit @, rpad Kokcrepa KoTOpoii jomyckaer
HETPUBHAJIBHYIO cuMMeTpuio. 3BecTtHo, uro anrebpa llleBasme u, aHATOrMYHO, €6 HUIBTPEYTOJIBHAS
noganrebpa N obsagaer rpadosbiM aBroMopdusmoM O Touno korma @ — tuna A,, D, wm Eg. Mbr
OTMedaeM CBs3b C BBeJeHHBIMU B 1982 romay romomopdusMamMu CUCTEM KOPHEH.

OcHoBHasi Teopema O meHTpaau3aropax B N aBromopdusma 6 TpUBOIUT K HOBBIM IPEICTABICHUSIM
HUJIBTPEYTOJIBHBIX IOAAIre0p, UCIOIL3YIOIMUM U €JIMHCTBEHHYIO CEPHUIO HEIIPUBEIEHHBIX HEPA3JIOKUMBIX
cucreMm KopHeit tuna BC),.

KuaroueBrbie cioBa: anrebpa lllesasie, HUABTpEyroabHas cybanredpa, roMOMOPGMU3MBI CHCTEM KOP-
HeHn.
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