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Introduction

We study mutually connected automorphisms and abelian ideals of nonfinitary nil-triangular
algebras.

Choose an arbitrary chain (or a linearly ordered set) Γ with the order relation 6. The matrix
product in the module M(Γ,K) of all Γ-matrices α = ||aij ||i,j∈Γ over K is not defined for an
infinite chain Γ. However, the submodule NT (Γ,K) of nil-triangular Γ-matrices is an algebra
exactly when Γ = N, Z or Z \ N. [1–3]. See Sec. 1.

The Chevalley algebra over a field K is characterized by a root system Φ and a Chevalley
basis consisting of elements er (r ∈ Φ) and a base of suitable Cartan subalgebra, [4, Sec. 4.4]. The
subalgebra NΦ(K) with the basis {er | r ∈ Φ+} is said to be a nil-triangular subalgebra. The root
automorphisms of the subalgebra NΦ(K) generate a unipotent subgroup UΦ(K) of the Chevalley
group of type Φ over K, [5]. For nil-triangular subalgebras of Chevalley algebras classical types
the nonfinitary generalizations NG(K) of types G = BN, CN and DN were constructed in [1].

R. Slowik [6] investigated the automorphisms of the limit unitriangular group UT (∞,K) over
a field K of order >2. By [2], this group was represented as the group UT (N,K) and also as
the adjoint group of radical ring NT (N,K). For any ring K which has no zero divisors, the
automorphism group of the associated Lie ring of NT (N,K) (i.e. type AN) were described in [2];
also, it coincides with the automorphism group of the adjoint group (≃ UT (N,K)).

Let K be an arbitrary domain. Our main Theorem 2.1 in Sec. 2 describes maximal abelian
ideals of algebras NG(K) of types G = BN, CN and DN. See also a reduction of automorphisms
in Sec. 3.
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1. Preliminaries

Unless otherwise specified, K denotes an associative commutative ring with a (nonzero) unity.
The Chevalley algebra over a field K is characterized by a root system Φ and a Chevalley

basis consisting of elements er (r ∈ Φ) and a base of suitable Cartan subalgebra, [4, Sec. 4.4].
The subalgebra NΦ(K) with the base {er | r ∈ Φ+} is said to be a nil-triangular subalgebra.

For the type An−1 it is represented by the Lie algebra NT (n,K) of all nil-triangular n × n-
matrices over K with the matrix units eiv (1 6 v < i 6 n).

In [5], the subalgebra NΦ(K) of other classical types Bn, Cn and Dn was represented by
special matrices with a base of ’matrix units’ eiv with restrictions, respectively,

−i < v < i 6 n, −i 6 v < i 6 n, v ̸= 0, 1 6 |v| < i 6 n.

After appropriate numbering of roots r = riv we obtain er = eiv and

eij ∗ euv = 0 (i ̸= v, j ̸= u, j ̸= −v). (1)

We represent any element α ∈ NΦ(K) by the sum α =
∑

aiveiv and by Φ+- matrix ||aiv||
which corresponds to the types. For example, the B+

n - matrix has the form

a10

a2,−1 a20 a21

. . . . . . . . .

an,−n+1 . . . an,−1 an0 an1 . . . an,n−1,

Removing the zero column, we obtain the D+
n - matrix.

The following lemma is proved in [5, Lemma 1.1].

Lemma 1.1. The signs of the structural constants of the Chevalley basis can be chosen so that
we have eij ∗ ejv = eiv and (1), and also

Φ = Bn, Dn : ejv ∗ ei,−v = ei,−j (i > j >| v |> 0);

Φ = Cn : ejm ∗ ei,−m = eim ∗ ej,−m = ei,−j (i > j > m > 1);

Φ = Bn : ei0 ∗ ej0 = 2ei,−j , Φ = Cn : eij ∗ ei,−j = 2ei,−i (i > j > 1).

Now we choose an arbitrary chain (a linearly ordered set) Γ with the order relation 6. All
Γ-matrices α = ||aij ||i,j∈Γ over K with the usual multiplication by scalars from K and matrix
addition form a K-module M(Γ,K). For an infinite chain Γ, matrix multiplication in the module
M(Γ,K) is not defined. Denote by N a chain of natural numbers, i.e. N = {1, 2, 3, · · · , n}
(or N = {0, 1, 2, 3, · · · , n}).

It is known ( [1–3]) that the submodule NT (Γ,K) of all nonfinitary (low) nil-triangular
Γ-matrices with the usual matrix multiplication is an algebra if and only if Γ = Z, N or Z \ N.
Algebras NG(K) for Lie type AΓ (i.e. NT (Γ,K)) were studied in [1].

Also, they had been constructed for classical types G = BN, CN, and DN in [1,7]. The matrix
units eim ∈ NG(K) (i,m ∈ Γ) is determined with restrictions, respectively,

−i < m < i, −i 6 m < i, m ̸= 0, 1 6 |m| < i.
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Note that each unit eim ∈ NG(K) is associated to the ideal

Tim = ⟨α = ||auv|| ∈ NG(K) | auv = 0 if u < i or v > m⟩.

For any ideal J of K the congruence subring NG(K,J) of all matrices over J from NG(K)

is determined, as usual.

2. Main Theorem

According to [1] and [2], the maximal abelian ideals and automorphisms of the Lie ring
NAΓ(K) were described at Γ = N. The aim of this section is to describe the maximal abelian
ideals of nonfinitary algebras NG(K) of other classical types G = BN, CN and DN.

By Lemma 1.1, Tim for m < 0 is always an abelian ideal. Another way of constructing abelian
ideals is known for type DN. Note that the centralizer of the ideal T21 in Lie ring NDN(K) is
C(T21) = T3,−2. Also, for any pair (a, b) ̸= (0, 0) over K and t ∈ K the elements

aei,−1 + bei1, t(aej,−1 + bej1) ∈ NDN(K)

commute when 2ab = 0. Thus, we obtain the abelian ideal

M(K, a, b) = T3,−2 +
∑
i∈N

K(aei,−1 + bei1).

For any domain K we denote its field of fractions by QK .

Theorem 2.1. Let M be a maximal abelian ideal of the Lie ring NG(K) over a domain K.
Then the following statements are fulfilled.

i) G = BN : M = T10 for 2K = 0 and M = T2,−1 for 2K ̸= 0.
ii) G = CN : M = T1,−1.
iii) G = DN : M = NDN(K) ∩M(QK , a, b) for (a, b) ̸= (0, 0).

Proof. Any matrix from M can be correctly represented as a sum (possibly infinite) of elementary
matrices. In this sense, we can assume that the ideal M is generated by elementary matrices.

Let α = ∥auv∥ ∈ NG(K). Denote by Tα, the principal ideal (α) of NG(K). We need

Lemma 2.1. Let auv be a nonzero element and either v > 1 or G = DN, v > 1. Let J be the
principal ideal Kauv of K. Then Tm,v ∩NG(K,J) ⊂ Tα for all m > u+ 2.

Proof. It is sufficiently to prove the case of the matrix α with zeros all coordinates which are
(u + 2, v)–coordinates above or to the right. The multiplications of α by Keu+1,u and then by
Keu+2,u+1 give matrices α1 having zeros all rows with numbers ̸= (u+ 2) and their (u+ 2, v)–
coordinates run ideal J = Kauv.

Further, multiplying the matrix α1 by the elements evm (m < v) in succession, we obtain
inclusion Jeu+2,p ⊂ Tα and hence Jem,p ⊂ Tα for all p < v and m > u + 2. Thus, we arrive at
the inclusion in Tα of the congruence subring Tmv ∩ NG(K,J) required in the lemma of each
ideal Tmv in NG(K) for m > u+ 2. Lemma 2.1 is proved. 2

By Lemma 1.1, all enumerated in i) – iii) ideals are abelian.
Let M be an arbitrary maximal abelian ideal in NG(K). Assume that there is a matrix

α = ∥auv∥ ∈ M with at least one non-zero coordinate auv for v > 1. By Lemma 2.1, the
principal ideal Tα = (α) contains intersections Tmv(J) := Tmv ∩NG(K,J) for m > u+ 2.
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For algebras NCN(K) the condition that the ideal Tmv(J) be abelian is obviously equivalent
to the condition a2uv = 0. When K is a domain, we obtain the equality amv = 0. The obtained
contradiction proves the inclusion M ⊂ T1,−1.

Consider the case G = BN. We prove the inclusion M ⊂ T10. Assume the opposite: M

contains a matrix α with nonzero coordinate auv for v > 0. By Lemma 2.1, by analogy with the
type of CN, we obtain the equality a2uv = 0, contradicting the choice of principal ring K.

Now suppose that M ⊂ T10 and α exists in M with nonzero (u,0)-coordinate a. By shifting
the u-th row of the matrix (as in the proof of Lemma 2.1), we find the matrices β, γ ∈ M with
conditions:

β = aei0 mod T2,−1, γ = aes0 mod T2,−1 (s > i > u+ 1).

From Lemma 1.1 it follows that equality γ∗β = 2a2es,−i and, since M is abelian, the equality
2a2 = 0. This is possible only for 2K = 0 in which case M = T10. For 2K ̸= 0, the centralizer
of the ideal T10 is equal to C(T10) = T2,−1, whence M = T2,−1.

For the type G = DN (by analogy with the type CN) by Lemma 2.1 we obtain inclusion
M ⊂ T21. By the equality C(T21) = T3,−2 from § 1, we obtain inclusion T3,−2 ⊂ M and we find
the matrix α = ∥auv∥ in M with the pair (ai,−1, ai1) ̸= (0, 0). Then the ideal M contains

K(aem,−1 + bem1) (a := ai,−1, b := ai1)

for all m > i. Since M is abelian, we immediately obtain the conditions 2ab = 0. When the
domain K is a field, i.e. coincides with the field of fractions QK , the proof is complete.

When K is a proper subring in its field of fractions QK , we construct abelian ideals
M(QK , a, b) for various a, b ∈ QK . Then the intersections

M = NDN(K) ∩M(QK , a, b)

give all maximal abelian ideals of the Lie ring NDN(K).
Therefore, Theorem 2.1 is completely proved. 2

Example 2.1 Suppose a ring K has a nonzero element x with x2 = 0. Choose a principal ideal
J = Kx. (For example, K = Zn is the residue ring of integers modulo n, where n is a multiple
of 4.) Then the congruence subring NG(K,J) in NG(K) is an abelian ideal that do not belong
to any of the ideals Tim (i > m).

3. Remark on the reduction of automorphisms

It is clear that an automorphism of a ring always induces an automorphism of a quotient ring
with respect to the characteristic ideal.

As a corollary of Theorem 2.1 we easily obtain

Proposition 3.1. When K is a domain, the ideal T10 is characteristic in the Lie ring NBN(K).
The ideals T1,−1 and T21 are characteristic in the Lie rings NCN(K) and NDN(K) respectively.

Proof. In the Lie ring NBN(K) the ideal T10 is characteristic for 2K = 0 as the only maximal
abelian ideal, and for 2K ̸= 0 as the centralizer C(T2,−1) = T10 of the characteristic ideal T2,−1.
The ideal T1,−1 is the only (and therefore characteristic) maximal abelian ideal in the Lie ring
NCN(K).
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By Theorem 2.1, the ideal T21 in the Lie ring NDN(K) generates all maximal abelian ideals;
the ideal T2,−1 and its image with respect to the graph automorphism are sufficient. Hence, the
ideal T21 and its centralizer C(T21) = T3,−2 are characteristic. This finishes the proof of the
proposition. 2

Note the following isomorphisms:

NBN(K)/T10 ≃ NBN(K)/T2,−1 ≃ NT (N,K),

NCN(K)/T1,−1 ≃ NT (N,K),

NDN(K)/T21 ≃ NT (N,K).

The automorphisms of nonfinitary Lie rings NG(K) of type G = AN, i.e., Lie rings NT (N,K),
were interconnectedly studied with maximal abelian ideals earlier in [1, 7]. Along with the
standard automorphisms, for Lie rings NT (Γ,K) single out hypercentral and other non-standard
automorphisms, [8–10].

In [2], standard automorphisms of Lie rings NT (N,K) are proved. On the other hand, for the
Lie algebra NDN(K) there are nonstandard automorphisms generalizing graph automorphisms.

In the group SL(2,K) we choose a subgroup

S = {A = ||auv|| ∈ SL(2,K) | 2a11a12 = 2a21a22 = 0}.

Obviously, S = SL(2,K) for 2K = 0. By analogy with [10, 11] for any matrix A = ||auv|| ∈ S,
we associate the automorphism Ã of the Lie algebra NDN(K) according to the rule

Ã : e2,−1 → a11e2,−1 + a12e2,1, e2,1 → a21e2,−1 + a22e2,1, ei+1,i → ei+1,i (i = 3, 4, · · · ). (2)

The reduction of automorphisms leads to the following theorem.

Theorem 3.1. Every automorphism of a nonfinitary algebra NG(K) over a domain K is a
standard automorphism of type G = AN, BN or CN, and for type G = DN there is a product of
the suitable automorphism Ã and the standard automorphism.

Remark 3.1 Theorem 2.1 and Theorem 3.1 transfer to Lie rings NG(K) of classical types
G = AΓ, BΓ, CΓ, DΓ for Γ = Z \ N; they are antiisomorphic to the Lie rings studied for Γ = N.
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Максимальные абелевы идеалы и автоморфизмы
нефинитарных нильтреугольных алгебр

Елена А. Сотникова
Сибирский федеральный университет

Красноярск, Российская Федерация

Аннотация. Для нефинитарных обобщений нильтреугольных подалгебр алгебр Шевалле в статье
взаимосвязано исследуются автоморфизмы и максимальные абелевы идеалы.

Ключевые слова: алгебра Шевалле, нильтреугольная подалгебра, унитреугольная группа, фи-
нитарные и нефинитарные обобщения, автоморфизмы, абелев идеал.
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