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Introduction

We study mutually connected automorphisms and abelian ideals of nonfinitary nil-triangular
algebras.

Choose an arbitrary chain (or a linearly ordered set) I with the order relation <. The matrix
product in the module M (T, K) of all I-matrices o = ||a;;||s,jer over K is not defined for an
infinite chain I". However, the submodule NT'(I', K') of nil-triangular I'-matrices is an algebra
exactly when I' = N, Z or Z \ N. [1-3]. See Sec. 1.

The Chevalley algebra over a field K is characterized by a root system ® and a Chevalley
basis consisting of elements e, (r € ®) and a base of suitable Cartan subalgebra, [4, Sec. 4.4]. The
subalgebra N®(K) with the basis {e, | r € ®*} is said to be a nil-triangular subalgebra. The root
automorphisms of the subalgebra N®(K) generate a unipotent subgroup U®(K) of the Chevalley
group of type ® over K, [5]. For nil-triangular subalgebras of Chevalley algebras classical types
the nonfinitary generalizations NG(K) of types G = By, Cy and Dy were constructed in [1].

R. Slowik [6] investigated the automorphisms of the limit unitriangular group UT (oo, K) over
a field K of order >2. By [2|, this group was represented as the group UT(N, K) and also as
the adjoint group of radical ring NT(N, K). For any ring K which has no zero divisors, the
automorphism group of the associated Lie ring of NT(N, K) (i.e. type Ay) were described in [2];
also, it coincides with the automorphism group of the adjoint group (~ UT(N, K)).

Let K be an arbitrary domain. Our main Theorem 2.1 in Sec. 2 describes maximal abelian
ideals of algebras NG(K) of types G = By, Cy and Dy. See also a reduction of automorphisms
in Sec. 3.
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1. Preliminaries

Unless otherwise specified, K denotes an associative commutative ring with a (nonzero) unity.

The Chevalley algebra over a field K is characterized by a root system ® and a Chevalley
basis consisting of elements e, (r € ®) and a base of suitable Cartan subalgebra, [4, Sec. 4.4].

The subalgebra N®(K) with the base {e, | 7 € T} is said to be a nil-triangular subalgebra.
For the type A,_; it is represented by the Lie algebra NT'(n, K) of all nil-triangular n x n-
matrices over K with the matrix units e;, (1< v <i<n).

In [5], the subalgebra N®(K) of other classical types B, C, and D, was represented by
special matrices with a base of 'matrix units’ e;, with restrictions, respectively,

—i<v<i<n, —i<v<i<n, v#£0, 1< |v]<i<n.
After appropriate numbering of roots r = r;, we obtain e, = ¢;, and

€ij * Euv =0 (Z #U7 j# U,j # 7”)' (1)

We represent any element o € N®(K) by the sum a = Y a;y€, and by - matrix [|a;y|]
which corresponds to the types. For example, the B;'- matrix has the form

aio

a2, —1 G20 21

Qp,—n+1 -++ Ap —1 AQpo Apl - Ann—1,
Removing the zero column, we obtain the D;f- matrix.
The following lemma is proved in [5, Lemma 1.1].

Lemma 1.1. The signs of the structural constants of the Chevalley basis can be chosen so that
we have e;; * €j, = €;, and (1), and also

®=1B,,D,: ejxe,_y=¢_; (i>j>v|>0);

O=Ch: ejm*€i—m=Cm*€j_m==¢€;_; (1>75>m2=1);
®=B,: epx* €0 = 261'7_3', ¢ =0,: €ij ¥ €5 _j = 261‘7_1' (Z > 5= 1)

Now we choose an arbitrary chain (a linearly ordered set) I' with the order relation <. All
I'-matrices a = [|ai;||i jer over K with the usual multiplication by scalars from K and matrix
addition form a K-module M (T", K). For an infinite chain ", matrix multiplication in the module
M(T,K) is not defined. Denote by N a chain of natural numbers, i.e. N = {1,2,3,--- n}
(or N=1{0,1,2,3,--- ,n}).

It is known ( [1-3]) that the submodule NT(T', K) of all nonfinitary (low) nil-triangular
C-matrices with the usual matrix multiplication is an algebra if and only if I' = Z, N or Z \ N.
Algebras NG(K) for Lie type Ar (i.e. NT(T', K)) were studied in [1].

Also, they had been constructed for classical types G = By, Cy, and Dy in [1,7]. The matrix
units e;,, € NG(K) (i,m € T') is determined with restrictions, respectively,

—i<m<i, —i<m<i m#0, 1<|m|<i.
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Note that each unit e;, € NG(K) is associated to the ideal
Tim = (@ = ||aw|| € NG(K) | ayy =0 if u<i or v>m).

For any ideal J of K the congruence subring NG(K, J) of all matrices over J from NG(K)
is determined, as usual.

2. Main Theorem

According to [1] and [2], the maximal abelian ideals and automorphisms of the Lie ring
NAr(K) were described at I' = N. The aim of this section is to describe the maximal abelian
ideals of nonfinitary algebras NG(K) of other classical types G = By, Cy and Dy.

By Lemma 1.1, T}, for m < 0 is always an abelian ideal. Another way of constructing abelian
ideals is known for type Dy. Note that the centralizer of the ideal T5; in Lie ring N Dn(K) is
C(T21) = T3,—2. Also, for any pair (a,b) # (0,0) over K and ¢t € K the elements

ae;,—1 + be;q, t(aej,,l + bejl) S NDN(K)
commute when 2ab = 0. Thus, we obtain the abelian ideal

M(K, a, b) = Tg’,g + Z K(aei’,l + beﬂ).
i€EN

For any domain K we denote its field of fractions by Q.

Theorem 2.1. Let M be a mazimal abelian ideal of the Lie ring NG(K) over a domain K.
Then the following statements are fulfilled.

i) G=By: M="Ty for2K =0 and M =Ty _1 for 2K # 0.

i) G=Cy: M=T_;.

iti) G=Dyn: M= NDynK)NM(Qxk,a,b) for (a,b) # (0,0).

Proof. Any matrix from M can be correctly represented as a sum (possibly infinite) of elementary
matrices. In this sense, we can assume that the ideal M is generated by elementary matrices.

Let a = |Jaw|| € NG(K). Denote by T,, the principal ideal («) of NG(K). We need

Lemma 2.1. Let ay, be a nonzero element and either v > 1 or G = Dy, v > 1. Let J be the
principal ideal Kay, of K. Then T,, , "NG(K,J) C Ty for allm > u + 2.

Proof. Tt is sufficiently to prove the case of the matrix o with zeros all coordinates which are
(u + 2, v)—coordinates above or to the right. The multiplications of o by Key 11, and then by
Keyt2,u+1 give matrices oy having zeros all rows with numbers # (v + 2) and their (v + 2,v)—
coordinates run ideal J = Kaq..

Further, multiplying the matrix «; by the elements e, (m < v) in succession, we obtain
inclusion Jey 42, C Ty and hence Je,, , C Ty, for all p < v and m > u + 2. Thus, we arrive at
the inclusion in T, of the congruence subring T,,, N NG(K, J) required in the lemma of each
ideal T}, in NG(K) for m > u + 2. Lemma 2.1 is proved. O

By Lemma 1.1, all enumerated in i) — iii) ideals are abelian.

Let M be an arbitrary maximal abelian ideal in NG(K). Assume that there is a matrix
a = |lay| € M with at least one non-zero coordinate a,, for v > 1. By Lemma 2.1, the
principal ideal T,, = («) contains intersections Ty, (J) := Tinp N NG(K, J) for m > u + 2.
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For algebras NC(K) the condition that the ideal T;,,(J) be abelian is obviously equivalent
to the condition a2, = 0. When K is a domain, we obtain the equality @,,, = 0. The obtained
contradiction proves the inclusion M C T ;.

Consider the case G = By. We prove the inclusion M C Tjo. Assume the opposite: M
contains a matrix « with nonzero coordinate a,, for v > 0. By Lemma 2.1, by analogy with the
type of Cy, we obtain the equality a2, = 0, contradicting the choice of principal ring K.

Now suppose that M C Tj¢ and « exists in M with nonzero (u,0)-coordinate a. By shifting
the u-th row of the matrix (as in the proof of Lemma 2.1), we find the matrices §, v € M with
conditions:

B =aeip mod Ta 1, ~v=aeso modTe_1 (s>i>u+1).

From Lemma 1.1 it follows that equality v*/3 = 2aes _; and, since M is abelian, the equality
2a? = 0. This is possible only for 2K = 0 in which case M = T}y. For 2K # 0, the centralizer
of the ideal Thg is equal to C'(Tho) = T>,—1, whence M =T, _;.

For the type G = Dy (by analogy with the type Cy) by Lemma 2.1 we obtain inclusion
M C T5;. By the equality C(T51) = T3, 5 from § 1, we obtain inclusion T3 _5 C M and we find
the matrix o = ||ay, || in M with the pair (a;,_1,a;1) # (0,0). Then the ideal M contains

K(aem,—1+bem1) (a:=ai_1, b:=a;)

for all m > 4. Since M is abelian, we immediately obtain the conditions 2ab = 0. When the
domain K is a field, i.e. coincides with the field of fractions ()i, the proof is complete.

When K is a proper subring in its field of fractions @, we construct abelian ideals
M(Qk,a,b) for various a,b € Q. Then the intersections

M = NDy(K) N M(Qk,a,b)

give all maximal abelian ideals of the Lie ring N Dy(K).
Therefore, Theorem 2.1 is completely proved. O

Example 2.1 Suppose a ring K has a nonzero element  with 22 = 0. Choose a principal ideal
J = Kz. (For example, K = Z, is the residue ring of integers modulo n, where n is a multiple
of 4.) Then the congruence subring NG(K,J) in NG(K) is an abelian ideal that do not belong
to any of the ideals Tj,, (i > m).

3. Remark on the reduction of automorphisms

It is clear that an automorphism of a ring always induces an automorphism of a quotient ring
with respect to the characteristic ideal.
As a corollary of Theorem 2.1 we easily obtain

Proposition 3.1. When K is a domain, the ideal Ty is characteristic in the Lie ring N By(K).
The ideals Ty, —1 and Tp1 are characteristic in the Lie rings NCn(K) and NDy(K) respectively.

Proof. In the Lie ring NBy(K) the ideal Ty is characteristic for 2K = 0 as the only maximal
abelian ideal, and for 2K # 0 as the centralizer C(T» _1) = T of the characteristic ideal T5 _;.

The ideal T3 _ is the only (and therefore characteristic) maximal abelian ideal in the Lie ring
NCy(K).
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By Theorem 2.1, the ideal T5; in the Lie ring N Dy(K) generates all maximal abelian ideals;
the ideal 75 _; and its image with respect to the graph automorphism are sufficient. Hence, the
ideal T5; and its centralizer C'(T51) = T5,_2 are characteristic. This finishes the proof of the
proposition. O

Note the following isomorphisms:
NBn(K)/Tio ~ NBy(K)/Ty,—1 ~ NT(N, K),
NCy(K)/Ty, -1 ~ NT(N, K),
NDy(K)/Te1 ~ NT(N, K).

The automorphisms of nonfinitary Lie rings NG(K) of type G = Ay, i.e., Lie rings NT'(N, K),
were interconnectedly studied with maximal abelian ideals earlier in [1,7]. Along with the
standard automorphisms, for Lie rings NT(T', K) single out hypercentral and other non-standard
automorphisms, [8-10].

In [2], standard automorphisms of Lie rings NT(N, K) are proved. On the other hand, for the
Lie algebra N Dy(K) there are nonstandard automorphisms generalizing graph automorphisms.

In the group SL(2, K) we choose a subgroup

S ={A = lawl|| € SL(2,K) | 2a11a12 = 2az1a22 = 0}.

Obviously, S = SL(2, K) for 2K = 0. By analogy with [10,11] for any matrix A = [|ay|| € S,
we associate the automorphism A of the Lie algebra N Dy(K) according to the rule

Aiey | —anes_1+agesr, €1 — aziez 1+ aznea1, €iy1i — €ip1i (0=3,4,---). (2)
The reduction of automorphisms leads to the following theorem.

Theorem 3.1. Every automorphism of a nonfinitary algebra NG(K) over a domain K is a
standard automorphism of type G = An, By or Cy, and for type G = Dy there is a product of
the suitable automorphism A and the standard automorphism.

Remark 3.1 Theorem 2.1 and Theorem 3.1 transfer to Lie rings NG(K) of classical types
G = Ar, Br,Cr, Dr for T' = Z \ N; they are antiisomorphic to the Lie rings studied for I' = N.
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MaxkcumaJjibHble abeJieBbl U/1eaJibl 1 aBTOMOP(PU3MbI
He(pMHUTAPHBIX HUJIBTPEYTOJIBHBIX AJredp

Enena A.CoraHukoBa
Cubupckuii derepaabHbI YHUBEPCUTET
Kpacnosipck, Poccuiickass @eneparius

Awnnorauusi. /st HedpuHUTAPHBIX 0000IEHNIT HUIBTPEYTOIBHBIX ofaredp anredbp IlleBaste B ctarhe
B3aUMOCBA3aHO UCCIIEYIOTCS aBTOMOPMU3MBI M1 MAKCUMAJIbHbIE a0eJIeBbl UIEaJIbl.

KuaroueBrie cioBa: anrebpa IlleBasie, HUIBTPEYroabHas Momaaredpa, yHUTPEYrojabHas rpynmna, ¢u-
HATapHBIE U HepUHUTAPHBIE 0600IIEHNsT, aBTOMOPMU3MBI, abesIeB nIeall.
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