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Abstract. We consider the problem of power series analytic continuation by coefficients interpolation by
entire or meromorphic functions. We prove uniqueness of an interpolating function with some properties.
Also, under assumptions of Polya‘s theorem about extendability of the sum of power series to the whole
complex plane, except, possibly, some boundary arc, we find at least one singular point location.
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Consider a power series
F2) =) faz" (1)
n=0

whose domain of convergence is the unit disk D; := {z € C: |2| < 1}. One possible approach to
treat analytic continuation problem is to interpolate the coefficients of this power series.
The function ¢ interpolates the coefficients f,, of the power series (1), if

o(n) = f, forall neN. (2)

Following this approach many results were obtained in the case when the coefficients of the series
are interpolated by an analytic function (see for example [1, 2]).

In particular, Lindeldf and Le Roy gave the conditions for which the series extends analytically
into a sectorial domain:

Theorem 1 (Le Roy, Lindelof [3, 4]). The sum of the series (1) extends analytically to the open
sector C\ A, if there is an entire function ¢(C) of exponential type interpolating the coefficients
fn whose indicator function hy(0) satisfies the condition

ho(0) < o|sin6] for 0] < g
The indicator function h, () for an entire function ¢ is defined as the upper limit [5]

| i0
ho(0) = T LDl g
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A, is the sector {z =re?? € C: 0| <o}, 0 € [0, 7).
Pélya found conditions for analytic continuability of a series to the whole complex plane
except for some boundary arc :

Theorem 2 (Polya [6]). The series (1) extends analytically to C, except possibly the arc dD1 N
A,, if and only if there exists an entire function of exponential type p(() interpolating the
coefficients f, such that

hy(0) < o|sinf| for |6] < 7.

Note that despite the fact that an entire function interpolating the coefficients always exists, it
is sometimes easier to construct and work with meromorphic interpolating functions of a special
form than with entire functions (see [7]).

Let v P(a;C +b))
o j=11 a6 + b;

where ¢(() is an entire function, a; >0, j=1,...,p, and

p
E G,j —
j=1

(3)

q
Cr = 0. (4)
1

q p
=3kl >
k=1 j=1

Theorem 3. The series (1) extends analytically to the open sector C\ A, if there exists a mero-
morphic function ¥(C) of the form (3) interpolating the coefficients f,, such that the indicator
of the associated with ¥(() entire function

P

0(C) = ¢(¢) ==

HZ-H |Ck‘6kC

ajajc

1) he(0) =0, 2) max {h,( - g) + gz,%(g) + gz} <o.

Also note that all these results do not say anything about uniqueness of the interpolating
function. We can see that if the function ¢(z) is of exponential type and interpolates the
coefficients of a power series, then any function of the form ¢(z) + Asinnz is also of exponential
type and also interpolates the same coefficients. We will show that the properties of the indicator
of interpolating functions in these theorems ensure uniqueness of the interpolating functions.

Proposition 1. In each of Theorems 1, 2, 8 above, the interpolating function with the corre-
sponding property is unique.

Proof. We shall treat here the case of Theorem 2. (proofs for Theorems 1 and 3 are similar).
Let ¢(z) and g(z) be two entire functions of exponential type that interpolate the coefficients f,,
and both satisfing the condition

hg(0) < o|sinb| for |0] <,

Consider the function F(z) = ¢(z) — g(z), which is an analytic function of exponential type for
Rez>0and F(n) =0,n=0,1,... according to the Carlson theorem [§]:
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Theorem (Carlson). If the function is analytic and of finite exponential type o for Re z > 0
and F(n) =0,n=0,1,..., then either F(n) =0, or its exponential type o > m for Re z > 0.

So either F'(z) = 0 from which it follows that g(z) = ¢(z), or of exponential type o > 7 for
Re z > 0, that is, there is 6 € [-7, §] such that hp() > 7. According to the property of the
indicator

hi(0) < max{hy(6), he(0)}

and we obtain
max{hy(0),hy(0)} > m,

which contradicts the hypothesis of Theorem 2. Therefore, our assumption about the existence
of another interpolating function with properties that satisfy the conditions of the theorem is
not true. O

Proposition 2. Under the assumptions of Theorem 2, at least one of the boundary points
ethe(3) e=the(=3) js a singular point.

Proof. Note that Theorem 2 is satisfied when o > max{h,(%),ho(—%)}. The arc 9D1 N A,,
where the series may not continue, is minimal for o = max{hy (%), hy(—%)}. Assume that both
—iho(=3) are not singular for the sum of the series. This means that, there
is an open arc on the boundary 9D; \ A,,, where the sum of the series is regular and which

points e?*(3) and e

includes the arc 9D \ A,. Therefore, according to Theorem 2, there must exist an interpolating
function ¢ of exponential type for which the condition

hg(0) < o1|sinf| for |8 <=

is satisfied and, therefore, for which

™

T T T
max {ho(5)ho(—3) } < max{ho(5),ho(=3)
that is, another interpolating function must exist, which contradicts Proposition 1. O
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EaunncTBeHHOCTh MHTEPHOJIMPYIOMIE 11es10i pyHKITUun
C omnpe/ieJIeHHbIMHI CBONCTBAMU

Anexkcanap . MKpTusH

Cubupckuii demepasbHbIi YHUBEPCUTET

Kpacnosipck, Poccuiickas @eneparnus

WNucruryT MareMaTuku

HanponasibHast akageMust HayK PecnyOyimkun ApmeHunst
Epesan, Apmenus

Awnnoranusi. PaccmaTpuBaeTcss BOIpOC aHAJIMTHYECKONH MPOJOIZKIMOCTH CTEIIEHHBIX PSIIOB IIyTEM WH-
TEPIOJIANUN KOIDDUIMEHTOB HEeJbIMU Wan MepoMopdHbIMU (yHKIUIMEA. JloKa3biBaeTcst eInHCTBEeH-
HOCTH MHTepHoJupymoomeil GyHKuun ¢ onpezeseHHbIMu cBoiicrBamu. Takke B Teopeme [losma o mpo-
JOJIZKIMOCTH CYMMBI Psijia Ha BCIO KOMILIEKCHYIO IIJIOCKOCTB KpOM€ OBITH MOYXKET HEKOTOPOU TpaHUIHOMN
JIYTH HAXOJIUTCsI MECTOIOJIOXKEHHE 110 KpaiHeill Mepe O/HOM 0c000i TOYKH.

KirodyeBble ciioBa: cTeneHHbIE PAAbl, aHAJIATUIUCKOE IIPOJIOJI2KEHNE, THIUKATOD (byHKLU/ISL
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