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Abstract. This paper is devoted to the study of the direction of the deformation localization lines in

a slow gravity flow of a granular medium in convergent channels with various geometric characteristics.
Variational principles of the theory of limiting equilibrium, established within the framework of a special
mathematical model of a material that resist tension and compression differently, are used. Assuming a
linear deformation localization zone we obtain safety factors and carry out their comparative analysis.
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Introduction

The theory of materials with different strengths is one of the most interesting and actively
developing branch of mechanics. The field of application of this theory is the problems of mechan-
ics of geomaterials. Such materials have significantly different tensile and compressive strength
properties. The range of problems related to the mechanics of geomaterials is diverse. In engi-
neering practice, the analysis of the behavior of geomaterials is important in connection with the
issues of mechanical treatment of soils, as well as in relation to the issues of mining, construction
of engineering structures etc.

The study of the process of localization of deformations in samples made of a material with
different strengths is of constant interest. The importance of solving of such problems is dictated
by the fact that in practice in narrow zones of localization of tensile deformations where mal-
leability of the material is significantly higher than in the rest of the sample micro-destructions
occur. Therefore, when analyzing the structural design for strength, such zones must be deter-
mined. At the same time, the possibilities of constructing exact solutions in such problems are
limited, thus the development of computational methods is very relevant.

In the branch of geomechanics related to the study of the behavior of granular media, there
is an important problem of analyzing movement of granular media in converging channels. Prob-
lems of this kind arise when emptying granular media or geomaterials from storage chambers
and bunkers, as well as in many mining technologies. The approximate (engineering) solution of
the problem and the results of field experiments are presented in works [1,2]. In the work [3] the
problem of a flat slow gravity flow of a granular medium in a converging channel was considered.
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For granular sample the safety factor was computed and formulas were obtained for calculating
the inclination angle of a narrow linear zone of deformation localization of simple shear defor-
mation with dilatancy. A numerical experiment was also carried out using the finite element
method that showed results close to the solution.

The purpose of this work is to construct an approximate solution to the problem of slow
gravity flow of a granular medium in converging channels with various geometric structures.
During the transition from the static stress-strain state to the movement of a granular medium,
the deformation is localized along some surfaces, followed by the movement of the formed blocks.
Under assumption of a linear deformation localization zone, it is necessary to calculate the safety
factors for various channel samples and conduct the comparative analysis. The solution of the
problem will be based on a model that takes into account different strengths of the material [4].

1. Mathematical model

For the description of the stress-strain state of a granular medium as a different strengths
material having different tensile and compressive strength limits, we will use a model of a medium
with plastic bonds. This model has been developed by V.P. Myasnikov and V.M. Sadovskii in
the work [4]. Under compressive or tensile strain lower than the adhesion coefficient (the limit
bond strength) such a medium does not deform. As the limit bond strength is approached,
the deformation develops according to the theory of linear strain hardening. The rheological
scheme of the model is given on Fig. 1 [5]. According to this scheme we have the following

0
T |
o)

Fig. 1. The rheological scheme

additive representation o;; = of; + cr?j + o7;, where oy; is the total strain tensor, o7; is the rigid

0 . . e _ . . _ .
contact component, o;; is the cohesion tensor, o5; = Eijricp is the elastic tensor, € = (¢;;) is the

deformation tensor, Fjjx; is the symmetric positively defined elastic modulus tensor (we assume
summing in repeating indices). The tensor of; satisfies the variational inequality

O',icj . (gij — Eij) <0, gé€e(, (1)

where C' is the cone of admissible deformations of the form C' = {e | ky(e) < 0(¢)}, & is the
dilatancy parameter, 7 (¢) is the intensity of shear, 6 () is the volume deformation [5].
In this notation, the inequality (1) takes the form

(Eijklskl — 0y + 0?]-) . (fij — Eij) >0, géeC.
By definition of a projection, this means that
~1 0
€ij = Tij |:Eijkl (03 = %‘)}’
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here E;il are the components of the inverse tensor, 7;; the components of the projection of C'
with respect to the norm |e| = /e;; Eijri€hi-

Consider [3] an element of a construction from a material with different strengths filling a
planar domain 2 with the boundary 92 = I" that consists of two non-intersecting parts I', and
I';. On the first part displacements are absent and on the second part the distributed load p is
given. There hold equilibrium equations in variational form and boundary conditions

995 4 £,) (@ — ug) A2 = 0, 2)
[

uj=1u;=0 on I'y, oy -nj=p; on I',. (3)

The problem (2)—(3) reduces to the problem of finding the minimum mqul J(a) = J(u),

ot ot o ou 5 -
// (Gt (Gt + G2 ) ot Gt oo (i + o) ) v

_/(pﬂh + patiz) dI',

r's

where

Uc = {u; € H (Q) |uilp =0, e (u) € C},

for the components of the deformation tensor we have kinematic equations

e — 1 auz + 8’U,j
N 2 6a:j 63:1» '
A load (f,p) is called safe if u = 0.
Let p; =0, f; = m- f?, where m is the loading parameter. A load is safe for m varying from

zero to the limit value (safety factor)

onu onu o onu
ff ( 1 O (axl + a i) Oio —+ a z 82> dxldxz
min .

(d1,U2) €V, Jf (frin + fatiz) dayday
(ti1,12)#0 Q

f—

(4)

S

This statement is a formulation of a kinematic theorem on limiting equilibrium from plasticity
theory [6].

2. Linear deformation localization zone

In the paper [3] we considered a problem of planar gravity flow of a granular medium in a
convergent asymmetric channel with sides inclined at angles o and 8 with the base a, assuming
a>f, ae (0; g) (Fig. 2). The convergent channel fills a planar domain Q with the boundary
0 =T =T,UT,. On the boundary I', displacements are absent. The vector p of the
distributed load on T, is equal to zero.

The condition (i1, 42) € Uc takes the form

Yo < VEo, (5)

- 588 —



Olga I. Kuzovatova Study of a Deformation Localization Direction. ..

Fig. 2. Direction of a narrow linear localization zone

where v = \/1/k2 —4/3, 0 < K < /3/2.

By (4) the safety factor is my:

21y 1 1
my = N " 5 (6)
kpga sin v (vsina — cos «)

here 75 is the yield point.
In paper [3] we obtained that deformation for a simple shear with dilatancy is localized in a
narrow linear zone of thickness h inclined at an angle ¢:

. 1 1
¢ =a—arcsin ———=or ¢ =a —arctg—. (7)
v

ViZ+1
In this case for the angle ¢ we compute

vsina — cos o vsina — cos (8)
——, oS = ———.

N 4 21

In this paper we shall consider two problems of planar gravity flow of a granular medium in a
convergent asymmetric channel. The geometry of a channel in each case will differ from the one

siny =

on Fig. 2. Under assumption of linearity of the deformation localization zone we compute the
safety factors m* for such channels and compare them. The boundary conditions for the domain
() are analogous to the conditions of the problem (Fig. 2) considered in [3].

Consider a planar deformed state of a homogeneous sample (Fig. 3). Its geometry differs from
that of the one considered in [3] (Fig. 2): the base of the channel is inclined at an angle ¢ (7).

Fig. 3. Cross-section of the sample (a > 3)

Problem 1. Compute the safety factor m* for the sample (Fig. 3) according to (4).

- 589 —



Olga I. Kuzovatova Study of a Deformation Localization Direction. ..
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Fig. 4. Geometric constructions

Let @ = (@1, u2) be the admissible displacement field describing the deformation localization
of simple shear with dilatancy in a narrow linear zone of thickness h inclined at an angle v
(Fig. 4).

Let us compute some angles. Consider

AABH : /BAH = ¢+, AABH:g—(w—H/)),
ANCBH : 4CBH:w—(5+<p+4ABH)=g—(ﬁ—w),

4301{:%—4031{:5—1/).

In the Cartesian coordinates related to the narrow linear zone

_ U _
{711:%0005(5—1/})» = cos(f =), (9)
S . _ ug .
U Up S1 (B ¢) s €0 = ﬁo sin (ﬁ — ¢) .
Then we get
o o onu o
JJ (Gt (Gt + 52) o+ o2 oy ) dordoa =200 S0, (10)
Q
where
=" Sg=hl
K

The ‘separating’ triangle domain ABC moves as a solid body, therefore

// (friin + foiiz) dzydas = f0- Sa, (11)
o

where

1
f'=pguosing,  Sa=gHIl,  H=Lisin(p+),

Li=AB=a(cosp+sinp-ctg(a—¢)) =a(cosp + vsingp),

substituting values from (8) we get
Li=av1+v2sine. (12)
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Having in mind that (10) and (11), the safety factor m* is equal to

* Ts . uTO Sin(ﬁ - ’(/J) hl 2 Ts . Sin(ﬂ B 7/’)
m* = min _ T = min - . .
Kpg (i1,i2)€l. ug sinfB -5 Hl Kpg (in,iz)eU, sin B - Ly sin(p + 9)
(t1,2)#0 (@1,62)#0

Taking into account (5) and (9), we obtain the relation

cos(B — 1) < wsin(B — 1),

fo _ — 1 i — 1
. tg(8 — ) = > or sin(8—v) = =1
Then

1
P < f—arctg— or <[ — arcsin
v

In this case

o 2nsin(B—u)
= kpgLy sin 8 HED sin(p + ) (13)

Let us find the minimum of the expression from (13) with respect to

d(mMB—w>:—me—wan+w%wmw—wme+w>

dp \sin(p + 1) sin®(ip + ¢)
_ sin(p + ) cos(8 — ¢) + cos(p + ) sin(8 — ) _
sin?(p + 1)
_ sin(p+9+B-19)  sin(p+h)
= sin2(<p —l—iﬁ) = sin2(<p I w) <0 Vp,

since sin (p + 8) > 0 for 8, ¢ € (O; g)
Thus, the minimum of the function (13) in v is attained at

1 1
= —arctg— or = [ — arcsin ———. 14

Then formula (13) for the safety factor m* assumes the form

27T 1
my = - . 15
*7 kpgLisin B Vo2 +1 sin(yp + ) (15)

From (14) we obtain

vsin B — cos 8 vcos S+ sin g3

siny = , cos Y =
v v2+1 4 v2+1

(16)
Using geometric constructions (Fig. 4) we find the value of | = Ly, which is needed further

below.
We have Ly = AC =11 + I5. Consider AABC = AABH + ACBH. Then

H
NABH = tg(p+v) = = H = Lysin(¢ + ),
1
H 1
ACBH = tg(8—v) =1 =1
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We get,
N __H  u i [ cosle +9)
Le=htla =gy TH v =Losine+0) (sin<w+w>+”)
or
Ly = Ly (cos(p + ) + vsin(p + ), (17)

here L; is given by (12).

Consider now a planar deformed state of a homogeneous sample (Fig. 5) assuming that
o c (O; g) and o > . The geometry in Problem 2 differs from the geometry in Problem 1: the
base of the channel is inclined at an angle 1. The values of the angles ¢ and i are computed by

formulas (7) and (14), respectively, ¢ < a, 1 < . The boundary conditions are the same as in
Problem 1.

T',: p=0

[

\\ ’_,: I
o a
ﬁzf_‘“'_‘l?___:h._ -
a
Fig. 5. Cross-section of the sample (o > )

Problem 2. Compute the safety factor m* for the sample (Fig. 5) according to (4).
Let @ = (U1, 1) be the admissible displacement field describing the deformation localization

of simple shear with dilatancy in a narrow linear zone of thickness h inclined at an angle ¢
(Fig. 6).

Fig. 6. Geometric constructions

In the Cartesian coordinates related to this zone

{al _ upcos(a—9), 0= cos (o — @), (18)
azz—uosin(a—(b), 50:%Sin(a_¢)'
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Then we get

% 0 % % 0 % 0 o 0
// <8x1 o1+ <8x2 + 6m1> 019 + B Ogy | dx1dze = €00 - SO, (19)
Q

=T So=hl
K

where

The ‘separating’ triangle domain ABC moves as a solid body, hence,

// (friin + faliz) dwydas = O Sa, (20)
Q
where
% =pgug sina, SA:%HI, H = Losin(y + ¢),

here Lo is computed by formula (17).
With (19) and (20), the safety factor m* is

. Te . Gsin(a—¢)hl 27, ) sin(a — @)
=—— mn ——7 3 — = _mi - - .
Kpg (a1,d2)eUe ug sina - 5 H Kpg (@1,u2)€U, Sin - Ly - sin(y) + @)
(t1,82)#0 (@1,82)#0

Taking into account (5) and (18), we get the relation

cos(a — ¢) < vsin(a — @),

€o 1 . 1
— =tg(a — > —  or sin(a — > —.
~ gla—¢) >~ (a=9)> — —
Then
¢ < arct, L o) ¢ < arcsin !
<a-— - T <a-— in ————.
&y Viz 41
In this case 5 .
m* = TS, min S,m(a —9) . (21)
kpgLosina ¢ sin(y + @)
Let us find the minimum of the expression from (21) with respect to ¢
d (sin(a - ¢)) __cos(a —¢)sin(y + ) +sin(a — @) cos(¢ +¢)
d¢ \sin() + @) sin® (¢ + ¢)
_ _sin(q;¢>+¢+¢>) _ _s}nz(a+w) <0 Vo
sin”(¢ + ) sin”(¢ + )
since sin(a 4+ 1) > 0 for a, ¢ € (O; g) Hence, the minimum is attained at
tala—¢)=— or sinfa—g)=
a—¢)=— r o sin(a— @) = ——,
& v vZ+1
which means that 1 1
= o —arctg— or = o — arcsin ——. 22

Comparing the expressions (7) and (22) we deduce that the deformation localization zone is

inclined at the angle ¢ = . Thus, the safety factor (21) takes the form
2T 1
ms = - 23
8 kpgLasina \/v2 + 1sin (p + 1)) (23)

for the values of Lo from (17).
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3. Safety factors comparison

Let us compare the safety factors my, mq, and ms of the form (6), (15), and (23), respectively.
For that we consider the quotients ms/my and ms/ma.
By conditions, we know the angles

a>p aBe(0:3), e<a v<p
Let us carry out auxiliary computations. Using (8) and (16), we find
sin (¢ + 1) = sinp cos + cos psiny =

(vsina — cosa) (v cos B + sin B) + (v cos a + sin ) (v sin 5 — cos 3)
241 '

Modify the numerator of this expression

v?sinacos B+ vsinasin B — v cos a cos B — cos asin S+
+ v?cosasin B — vcosacos B+ vsinasin 3 — sinacos 3 =
= (v? — 1)(sina cos § + cos asin 3) — 2v(cos avcos B — sin asin B) =

= (v* = 1)sin(a + ) — 2v cos(a + ).

e (2 ~ 1)sin(a + ) ~ 2w cos(a + )
. v — 1)sin(a+ 8) — 2vcos(a +
= . 24
sin (¢ +9) Iy (24
Analogously,
cos (p + 1) = cos pcosth — singsiny =
(vsina + cosa) (v cos B + sin B) — (v cosa — sin ) (v sin 5 — cos 3)
N v2+1 '
After rearranging the numerator
v? sina cos B 4 vsin asin 3 4 v cos a cos 3 4 cos asin f—
— v2cosasin B+ veosacos B+ vsinasin 3 — sina cos 3 =
= (v* —1)(sinacos B — cos asin B) 4 2v(cos arcos B + sin asin 3) =
= (v* —1)cos(a + B) + 2vsin(a + ),
we obtain )
ve —1)cos(a+ B) + 2vsin(a +
cos (o + 1) = ( ) cos(a + ) (a+p) (25)

v2+1
Problem 3. Find the condition for v for which

m
=2 1.
mi

Taking into account (24), we consider the quotient

27T 1
my  kpgLisinf /12 +1sin(p+¢)  asina(vsina—cosa)
mi 275 1 V2 + 1L, smﬂsm(tp—ﬁ—w)

Kpga sin o (v sin o — cos a)

sin « 1 vsin o — cos « 1 vsina — cos «

sinf (12 +1) sinasin(p+v¢) sinf (2 — 1) sin(a+ B8) — 2vcos(a+ 8)
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Then

vsino — cos «
sin 3

i.e., we get a quadratic inequality in v:

< (v® = 1)sin(a + B) — 2vcos(a + B)

sin «

sin 8

Cos &

sin 8

> 0.

visin(a+ B) — v <2 cos(a+ B) + ) —sin(a + 8) +
Solving it, we find

sin o

sin 8

9 .
D— (2 cos(a + B) + > — 4sin(a + B) (— sin(a + 3) + Z?;g) =
sina  sin®a

— Jco(ar + ) + dcos(ar + ) - e + 4sin®*(o + B) — 4sin(a + ) - Zig =
.2
4
=44 2372;  sing (sin(a + B) cosa — cos(a + fB)sina) =
-2 in” i’
sin” « 4 sin® « sin® «
=4+ - ——sinfa+f-a)=4+ 5 4= ’
sin® 3 sinf sinfa+ 5~ a) sin® 3 sin® 3
and
2cos(a+ B) + S%HOK S%na
o sinf8~ sinf
12 = 2sin(a + f) '
Let vy < vy, namely,
sinoe  sino
5 cos _
o cos(a + B) + sinf  sinf _ cos(a+fB) ctg(a+ B) (26)
1= 2sin(a + B) ~sin(a+f) ) |
2cos(a+ ) + s%na + s?noz cos(a+ f) + S%na
o sin3  sinf sin 3 (27)
2= 2sin(a + B) - sin(a+5) |

m
Thus, the inequality ~2 <1 holds for v < vy and v > . If v < v < vy then moy > my and
m

the second fragment does not move.

Problem 4. Find the condition for v for which

% <1
ma
Consider the relation
27T, 1
mg _ kpglosina u2 +1sin(p +¢) _ Lisinf _ 1 sin 3
my 27, 1 ~ Lysina  cos(p + 1) 4+ vsin(p +¢) sina’

kpgLy sin B \/v2 4+ 1sin(p + )
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Using (24) and (25), we obtain the value of the expression

cos (¢ + 1) +vsin (¢ +1) =
_ (¥*—1)cos(a+ B) + 2vsin(a + ) . (v?* = 1) sin(a + B) — 2vcos(a + B)
V241 V241
(12 =1 —=2v%) cos(a+ B) + (2v + v® — v) sin(a + f3)
B v2+1 -
— (V*+1)cos(a+ B) +v (v? + 1) sin(a + B)

= T = —cos(a+ ) + vsin(a + f).

Then )
sin 8

sin o

< vsin(a + ) — cos(a + 3)
or .
cos(a + B) + s¥nﬁ
: sina (28)
sin(a + )

V> =

m
Thus, the inequality —2 <1 holds for v > vy, if v < vy then ms3 > mo, and the third fragment
ma

does not move.
Let us compare the obtaine_zd values v1 < 2 and vy from (26), (27), and (28).

sin a T
We have sina > sin 3, or smj > 1, since « > f and «, § € (0; 5) Therefore 11 < vy < vs.
sin

Consequently, for v > vy of the form (27) the inequalities 2 < 1 and M < 1 hold
mq mo
simultaneously.

Thus, depending on the value of the coefficient v that characterize the dilatancy of the medium
the deformation zones are localized differently.

Conclusion

In this paper we use the model of a granular medium with different strengths by
V. P. Myasnikov and V.M. Sadovskii to study a slow gravity flow of a granular medium in con-
vergent channels. Assuming a linear deformation localization zone we obtain an approximate
value of the safety factor and formulas for the slope of a narrow linear zone of the deformation
localization for a simple shear with dilatancy. A comparative analysis of the obtained factors is
carried out.

This work is supported by Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation in the framework of the establish-
ment and development of regional Centers for Mathematics Research and Education (Agreement

no. 075-02-2022-873).
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WNccnenoBanme HalrpaBJieHUs JIOKaJan3anum JedopMaliun
Npu MeAJIEHHOM JABUXKEHUU ChIILyveil cpeibl

Oabra U. Ky3oBaToBa
Cubupckuii deiepajbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas Peeparimst

Amnnoranus. B crarbe uccieyercs HanpapiieHue JIMHUA JOKaJn3annn nedOpMaliiy IPpU MeJIEeHHOM
JIBUZKEHUU CBIMTy9Ieil Cpebl O JeICTBUEM COOCTBEHHOTO BECA B CXOSIIEMCS KaHAJIe C PA3HON reoMeTpu-
9eCKOi CTPYKTYypoii. Vcnosb3yoTcs BapuannoHHble IPUHITAIIBI TEOPUU IPEIeIbHOIO PABHOBECHUS, yCTa-
HOBJIEHHBIE Ha OCHOBE CIIEIIUAJIbHOM MaTeMaTUYeCcKO! MOJe/In MaTepuaJla, II0-Pa3HOMY COIIPOTUBJIAIOIIE-
TOCsT PACTSIPKEHHIO U CXKATHUIO. B paMKax IpeIoIoKeHrsT O JIMHEWHON 30He JIOKAJIU3aIuu 1edopMaIium
BBIYUCJIEHBI KO3(DDUIMEHTHI 6€30IIaCHOCTH U IPOBEJEH UX CPABHUTEHHBIN aHAIU3.

KiroueBblie ciioBa: BapUallMOHHOE HEPAaBEHCTBO, PA3HOIIPOYHAaA Cpela, JIOKaJIUu3alnud ,H‘e(bOpMaLLI/II/I.
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