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Abstract. Non-classical problem with an integral condition for parabolic-hyperbolic equation of the
third order is formulated and studied in this paper. The unique solvability of the problem was proved
using the method integral equations. To do this the problem is equivalently reduced to a problem for
a parabolic-hyperbolic equation of the second order with an unknown right-hand side. To study the
obtained problem the formula of the Cauchy problem for hyperbolic equation with a singular coefficient
and a spectral parameter was used. The solution of the first boundary value problem for the Fourier
equation was also used.
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Recently, problems with integral conditions for partial differential equations attract consid-
erable interest. This is primarily due to the fact that problems with integral conditions have
numerous applications in science and technology. Integral conditions appear when boundary con-
ditions may not be available but the average value of the sought quantity is known. Conditions of
this kind can appear in the mathematical modelling of phenomena in plasma physics, heat prop-
agation, moisture transfer in capillary-porous media, demography processes and mathematical
biology.

A problem with an integral condition was first considered by Cannon [1] and Kamynin [2]
for the heat equation. Following these works, numerous problems with an integral condition for
partial differential equations of the second order of parabolic, hyperbolic, elliptic types on the
plane There are a number of works devoted to the study of problems with an integral condition
for second order partial differential equations of mixed type. For example, problems with an
integral condition for an elliptic-parabolic equation in a domain consisting of a rectangle and a
semicircle were formulated and studied [26]. Problems for an elliptic-hyperbolic equation in a
rectangular domain were considered [27].

Problems that are close to the subject of this work were considered in [3—14,28-34]. Problems
with an integral condition for a second order parabolic-hyperbolic equation with characteristic
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line of type changing were considered in a rectangular domain [28]. Problems with an inte-
gral condition for a second order parabolic-hyperbolic equation with non-characteristic line of
type changing were considered [29,30]. Parabolic-hyperbolic equations of the second order with
characteristic line of type changing in the domain consisting of a rectangle and a characteristic
triangle was considered and some problems with an integral condition in the domain of parabol-
icity of the equation were studied [31,32]. Problems similar to equations of parabolic-hyperbolic
type of the third order were studied [33,34] where a model equation [33] and an equation with
a spectral parameter [34] were considered.

A non-local problem with an integral condition for an equation of mixed parabolic-hyperbolic
type of the third order with a singular coefficient in the hyperbolic part is formulated and studied
in this paper.

1. Formulation of the problem

Let D be a finite simply connected domain bounded for y > 0 by linesx =0,z =1, y =1
and for y < 0 it is bounded by straight lines  +y = 0, zy = 1, Dy = DN {(z,y) : y > 0},
Dy =Dn{(z,y) :y <0}, Do =DN{(z,y) : y =0}.

Let us consider in domain D the following equation

(9/0z) Lu = 0, (1)

where
Ll = (82/81'2) _(6/8?/)_)‘%7 (x,y) EDl,

Ly= (0202 ) — (62104 %) — (2B/y) (9/0y) + 3, (v,9) € Dy,

B, A1 and Ay are given real numbers such that 0 < 8 < (1/2).

The equation Lu = 0 belongs to parabolic type in domain D; and it belongs to hyperbolic
type in domain Ds and segment Dy is the line of type changing of the equation. The following
problem with an integral condition for equation (1) is studied in domain D.

Problem 1. Find a function u(z,y) with the following properties: 1) u(z,y) € C (D),
Uy, Uy € C (DU D3); 2) u(z,y) satisfies equation (1) in D1 UDsy; 3) u (x,y) satisfies the following
conditions

u(0,y)=¢1(y), u(ly)=w2(y), 0<y<l (2)
/Olu<x,y>dx—so3<y>, 0<y<l; 3)
wElo, =@ G| =va@, 0<z</2); ()
ylggouy(x,y)=ylggo(—y)2"uy(x7y), 0<z<1, (5)

where D3 = {(z,y) 1y = —z, 0 <2 <1/2}, n is the inner normal to D3, and ¢; (y), ¥1 (z),
Yo () are given functions such that ¢; (y) € C1[0,1], j = 1,3; ¢1(z) € C1[0,1/2] N C?(0,1/2),
o (z) € C0,1/2) N CL(0,1/2), 1¥1(0) = 1 (0) and Y (x), ¥ (z) € L1 [0,1/2].
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2. Pleminaries

To study the considered problem the following operators are used [35], [36]:

1 x
(-0 F@dt, v <0,

D lf @) ={" ;—7) A
D3 f (@), e (0.1),

b
g3
>
<]
=)
—
8
=
Il

s@ - [ a0 (L) S0 [nlvaGa]an w01,

x

B @l =g @+ [ o0 (5) " s [PalVEE— )]t m=0T

O t

where J,(x) is the Bessel function of the first kind [37], I'(z) is the gamma function [38]. These
operators have the following properties

Lemma 1 ([35]). For all f (z) € C(0,1) N L[0,1] the following equality is valid:
Dy, Do, f () = f(z), v>0. (6)
Lemma 2 ([35]). If0<28 <1 and 27 Pf (z) € C(0,1) N L[0,1] then the equality
Dy, x* DG a0 f (a) = 2P D () (7)
is valid.

Lemma 3 ([36,39]). For all functions g(z) € C(0,1) N L[0, 1] the following equalities are hold:

agr B @) =g@, B {Ap el =g@, m=01  ®

Lemma 4 ([39,40]). If v(z) € C© (0,1), a > 8> 0, [# (1 — )] v (z) € L[0,1] then the
following equality

J}B_l * _9283 =
Aé;%z{xﬁ_ngf_lxﬂBé&h v (x)x_ﬁ]} = W/O v(t) (@ =) P T_g[Xo| (@ — )] dt  (9)

is valid.

In addition to the above lemmas the following statements are also used.

Lemma 5. Any solution of the equation (0/0x) Lou = 0 in domain Dy can be represented in
the form

u(z,y) =v(z,y)+wy), (10)
where v (x,y) is the general solution of the equation
2
Vg — Uyy — ?ﬁvy + )\Sv =0, (z,y)€ Da, (11)

and w (y) is an arbitrary function from the class C' [—1/2 ,0]NC? (=1/2,0).

- 469 -



Akhmadjon K. Urinov, Kobiljon S. Khalilov A Nonlocal Problem for a Third Order. ..

Proof. Let u(z,y) be a solution of the equation (9/0x) Lou = 0. Integrating this equation in
domain Dy with respect to x, we obtain

2
thgs — gy — fu Nu=w(y), (ny)€ D, (12)

where wq (y) is an arbitrary function from the class C' (—1/2,0) N L[-1/2,0]. It is easy to
verify that any function of the following form

(Y i) f2(n) = f1 () f2 ()
W= AT)

satisfies equation (12) and fi (y) = (=9)"* " *J1/0-s(=Iely), Fo(y) = (=9)"* T 1 /a(=Naly)
are linearly independent solutions of the homogeneous equation

W’ (y) + (2B/y) ' (y) — Nw (y) =0, y € (=1/2,0), (13)

A(y) = f1 () f'o (W) — f2(y) f'1 (y) # 0 is the Wronskian of functions f1(y) and f2(y).
Therefore, equality (10) is true.

wo (1) dn, a = const € [-1/2,0],

Now, let the function u(z,y) be representable in form (10). Then, substituting (10) into
(0/0x) Lou and taking into account that v(zx,y) is a solution of equation (11), we immediately
obtain the equality (0/0z) Lau = 0. Lemma 5 is proved. ad

The following lemma can be proved in a similar way.

Lemma 6. Any solution of the equation (0/0x) Lyu =0 in D; can be represented as
u(z,y) =w(z,y)+0(y), (14)
where w (z,y) s the general solution of the equation
Wy — wy — ANjw =0, (15)

and & (y) is an arbitrary function from the class C'[0,1] N C* (0,1).

3. Study of the problem

Let us prove the unique solvability of the problem 1. To do this representation (10) of the
solution of the equation (9/0x) Lou = 0 is used. Obviously, the function

wi(y) = (—y)*2 7 [AT1ja—s(—[Xely) + BJs_1/2(—|A2ly)]

is a solution of equations (11) and (13) where A and B are arbitrary constants. Taking this into
account when considering Problem 1, one can assume without loss of generality that arbitrary
function w(y) in representation (10) satisfies the following conditions

w(0) =0, lim (—y)*u (y) = 0. (16)

y—0

Otherwise, rewriting function (10) in the form u(z,y) = [v(z,y) + w1 (y)] + [w(y) — w1(y)], one
can distribute A and B so that the new function @ (y) = w (y) — w1 (y) satisfies conditions (16).
Let u (z,y) be a solution of Problem 1. Taking into account the conditions of the problem, the
following notation and assumptions are we introduced

| - B _
lim u(ay) = lim u(eg) =7 (), 0<o<L (17)
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yl_i>m+0 uy (z,y) = yl—i>H—lO (=) uy (z,y) =v(z), 0<z<I; (18)
7(x) € CH[0,1]NC?*(0,1), v(z) € C[0,1]NC*(0,1), v () € L[0,1]. (19)

If equalities (10), (16)—(19) are taken into account then function v (z,y) in domain Dy can
be treated as a solution of the modified Cauchy problem for equation (11) [39,41]:

v(x,y) = 71/0 Tle+y(1—20)] T 2T5 1 [=2|Xo|yT] dt—
1
()t / vty (1—20] T2 5 [-2\alyT]dt,  (20)

0

where T'= \/I{T=1), 11 =T(28)/T%(8), 1 =T(1~28)/T*(1—B), T5 () =T (1+5) (/)" I (x)
and I (z) is the modified Bessel function [37].
Substituting the function v(z,y) from (20) into (10), we find the function u(z,y) as

1
w(og) = [ Tl y(-20] 7% 2T [-2palyT) de
0
1 —
—a(-y)' / vie+y (=20l T T g[-2NlyT]dt +w(y).  (21)
0
After satisfying condition u (z,y)|p, = u (z, —z) = ¢1(z), z € [0,1/2], we obtain
1 p—
71/ 7 (20t) T?P 2T 5_1 [2| Mo |2T) dt—
0
1
— ypzt28 / v (22t) T~2T_g [2|Ao|aT) dt +w (—x) = Y1 (2), = €[0,1/2]. (22)
0

Differentiating equality (22) with respect to z and using the equality (d/dx)J, (z) =

= —(2/2(y+ 1)) Jy41 (z), we obtain
! - ! 2 No|zT
'yl/ 7' (2xt) T* 2T 51 (2| \2|2T) 2tdt—'yl/ T (22t) T2/HTI,§ (2| \2|2T) 2| Ao | Tdt—
0 0

1 1
—v2 (1 —25) 1’726/ v (22t) T~2PT_5 (2|Aa]2T) dtf'ygmlfw/ V' (2at) 20T ~2PT_ (2| Ag|2T) dt+
0 0

2283

1
+ ’)’2(51726/0 v (2zt) T I _p (2N\2|2T) dt — ' (—x) = i (x), x€[0,1/2]. (23)

Let us calculate now (0/0n ) ulp, . First, we find u, and u,:

1
Up =71 / 4y (1= 26)] T* 2T 51 [~2|\o|yT] —
0

1
() / V[ y (1 - 20)] T-2°T_ 5 (2| MfyT) dt,
0

1
wy = / e+ y (1= 20] (1= 20) T*P2T 5, (—2|AalyT) di—
0
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%m (=20X2lyT) (~2|A|T) di+

g (1-28) (—y) % / vl +y (1 20)] T~25T_y (~2 M|y T) di—

1
—m/ Tty (1 - 20) 7262
0

— (=) /01 Ve 4y (1 —2t)] (1 —2t) T~2PT_5 (2| \o|T) dt+

g ! —2[Aa|yT) =
()™ [ vty -2 2 GIRUET L Copaly) (2T e+ 1),
0
Then, according to the formula (0/0n ) ulp, = (ugcos(n,z)+uycos(n,y)) |p, =

= (v2/2) (ug + uy) |p, and the second of boundary conditions (4), we obtain

1
o0 /0 7 (2at) (2 — 2t) T* 2T 5y (2|\o|2T) dt+
2o |2T) ~
% T_5 (2)\a|2T) (210|T) dt+

1
+72(1—2B)x_25/ v (2at) T=2PT_g (2| \o|2T) dt—
0

1
+71 / 7 (22t) 7282
0

1
—ypxl28 / v (2xt) (2 — 26) T™2PT_5 (2| Ao|2T) dt—
0

! 2| M\o|2T) -
— ozt 2P guty 26 2A2lE D)5 -
Yo /0 v (2xt) 20 -75) 1-83

= V2iy(z), = €[0,1/2].

(2 A2} T) (2[A2|T) At + ' () =

Combining this relation term by term with relation (23), we obtain

1 1
27 / 7 (22t) T* 2151 (2| \2|2T) dt — 2o’ 2" / v (22t) T~2PT_45 (2| Mo|2T) dt =
0 0
=P() + V2o(z), z€[0,1/2].  (24)
Using the change of variable 2z = z € [0, 1] in the last relation, we obtain

z

1 _ 1-25 [l —
71/0 T'(zt)Tw_ng,l(\)\2|2T)dt—72<§) /0u’(zt)T‘”Lﬁ(IAz\zT)dt=

= 91(2/2) + V292 (2/2), 2 € [0,1].

If we replace zt by £ then € € [0,2], t =&/z, 1 —t = (2 —&)/z, dt = d§/z. Then, taking into

account T = /T (1 — 1) = (1/2)\/E(z =€), I, (Ne|2T) =T, [|/\2|«/£ = 5)}, we have
net [T 6 - 0 o [l VEG =0 de-
2t [ VOG-0 T MVEG O] de= (), 1], (25)
where @ (2) = ¢/, (2/2) + V22 (2/2) .
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Let us denote the first and second integrals in the right-hand side of equality (25) by I; and
l5 and transform them. By virtue of the equality

(z — €)% Iﬁl[w\/T] /zftﬁljo[P\g\\/ift]

which can be easily proved using the expansion of functions I5_1(z) and Jo(z) in power series,
we rewrite /1 as

h=[Cree {7 [0t Ve e

Integrating by parts the integral over ¢ and performing the external operation (9/0z), we

b= [T {e—or " [Te- 07 S el VERD) e pac

Hence, changing the order of integration in the integral and changing the specification of

have

variables, we find
z B I3 9
n=[Cemor e+ [ o o [alViT- o) d s
0 0
By virtue of notation Dj, and Bg;’)‘Z we obtain from the last relation

L =T(8) D By ' (2)2°71]. (26)

Similarly, we find
b =T(1 = B Byl * [V (2)2 7). (27)

Due to (26) and (27), relation (25) can be rewritten as

x

D (8) 2 2P Dyl By [1 () 2P~ — 7222870 (1 - B) Dy, "By [V (x) a™P] = @ (z). (28)

From here, applying the operator A(IJ;C’\z Dgxscw and taking into account (6)—(9), we have

T(2) =3 /0 V(1) (2= 8) T s (el (z = D] dt + F (2), (29)

where y3 = 222711 (8) /T (1 = B) T (28), F(z) =T (8)a' =P Ag* Dg, [¢*71 (2)] /T (28).
Integrating (29) with respect to z from 0 to x, we obtain

7(x) =7(0) + 3 /w V()M (z —t)dt + Fy (z), (30)
0
where F (z) = OfF (2)dz,

. 50 _ Y 2k r— 1+2k—28
Me-o= [ <z—t>-2BJmg|<z—t>}dz=;om(&) SR

Applying the integration by parts from relation (30), we find
(@) =1 (0) = 9ar (O M (@) + Fi (@) £ [ v (®) o= 07T gDl - 0]t (1)
0
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Multiplying both sides of (23) by x2# and then setting the limit as x — 0, we obtain

. 28,/ ! -2 ! -B
lim a3 ) = 1201 = 28)0(0) [ Tt = =3a(1 = 28000) [ e (1= )Pt == 0.

Taking the last relation into account, we obtain from (31) that
7(z) = 73/ v () (x = )" T [|he (x = )] dt + Fa(a), (32)
0

where Fy(z) =11 (0) +y3M () hi% 2 (2/2) + F ().
Introducing the notation F3(z) = 3 * [7(x) — Fa(x)], we obtain from (32) an integral equation
with respect to v(z):

[ vt =07 el o = ] de = Faga)

Solving this integral equation [39], we obtain the relation between unknown functions 7 (x)
and v (x) which is brought to Dy from domain Do

v(2) = 1Co* 7 (z) = Fa (2)], 0 <z <1, (33)

where 74 = 7571071 (1 — 28) = 21-2D(1 — B)D(28)/T(AT(L - 28),

LA 0 1 Jd ["Js[de|(x —1)] A5 ¥ Tpa1 [[o] (z — 1)]

Performing the same transformations that we do to obtain (28) from (24), we have from (22)
that

T (B)a' =2 D By [r () & ~1] = %2217 (1= B) DY, ' Bo* [v (2) 2] =
=1 (2/2) —w(—2/2), 0<z<L (34)

Further, taking into account (8) and z'=26 Dy 21D 2P g(x) = DS 'g(x) (which can be
verified by using the operator ngxw’l) and introducing the notation z°g(z) = f(x) (in this
case it takes form (7)), we have

1-28 =B pl,A 1Az B—17128—1 1\ _
T ﬂDOxﬂBOx : {AOzzx’H Dof xBBOmQ [’/ (z) B]} =

= xl_wDafxﬁ_ngf*1xﬁBé’$)‘2 [1/ (z) x_ﬁ] = Dg;lBég’E)‘z [V (z) x_ﬁ] . (35)

Then, substituting the function 7(z) from (32) into (34) and taking into account (9), (35)
and (26), we find the unknown function w (z) in the form

@(-3) = (3) -t /0 B (©) [6 (=) oo [MalVE@=9)]ds, 0<a <.

Setting the limit at y — +0 in equation (1) and in boundary conditions (2), (3) and taking
into account notations (17), (18), we obtain the second relation between unknown functions 7 (x)
and v (x), which is brought to Dy from domain D;, and conditions for the function 7 (x):

()= Nr(z)—v(x)=k 0<z<l, (36)
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r(0) =1 (0), 7(1)= 2 (0), jﬁ r(2)de = 3 (0). (37)

where k is an unknown number.
Substituting the expression for v (z) from (33) into (36), we obtain integro-differential equa-
tion for the unknown function 7 (z):

' (@) = Ai7 (2) = 71Cp3 [ (2)] = b = 1Coy* [Re ()], 0 <z <. (38)

Therefore, the unknown function 7 (z) is a solution of problem {(38), (37)}. From this problem
we find the function 7 (). First, we prove uniqueness of the solution of problem {(38), (37)}.
Let us consider the homogeneous problem

™ (@) = M7 (1) = 0o [r (@) = k. (39)

£(0)=0,7(1) =0, /0 (@) dz = 0. (40)

Multiplying (39) by the function 7 (x) and integrating the obtained relation over segment
[0, 1], we obtain

/OIT(m)T//(x)dx—)\%/017'2(z)das—w/olr(:c)Cé;f‘z [T(z)]dz_k/olf(x)dx,

Hence, integrating the first integral by parts and then taking into account (40) and 7/ (x) €
C'[0,1], we have

1 1 1
()12 dx 2 72 () dx LAz r = 0.
A[<nd+al (M+%A 7 (£) O™ [r (2)] dz = 0 (41)

Here, the notation
N1 28)C3™ [r (2)] = p (). (42)

is introduced. Hence, taking into account the conditions 7 (0) = 0 and 7/ (z) € C[0, 1], we find
the function 7 (z) as follows [39]:

7(2) = /Ow (2 =) T_g (e (& = )] u (1) dt. (43)

Substituting (42) and (43) into (41), we obtain

Lél{rﬂ<xﬂ2—%A%TQ@»}dx-%wgljf oo [ T 'AQ Lo % o )

— )%

It was proved that the last integral in (44) is non-negative [39]. Then, this relation implies
that 7' (z) = 0, i.e., 7(z) = const, x € (0,1). Taking into account that 7 (x) € C'[0,1] and
7(0) =7 (1) =0, we have 7 () = 0, z € [0, 1]. Therefore, the homogeneous problem {(39),(40)}
has only a trivial solution. It follows from this that if there exists solution of problem {(37),(38)}
then it is unique.

Now, we prove the existence of the solution of this problem. We rewrite (38) as 7"/ (z) = p (z),
where

p(x) =k + X7 (2) + 7Co; [1 (2) = Fa (). (45)
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The solution of this equation that satisfies the first two conditions of (37) is defined as
follows [44]

1
7(2) = @1 (0) (1 — ) + 2 () + / ()G (z.t) dt, (46)

where G (z,t) =z (t — 1) for < t, G (z,t) =t(x—1) for z > t.
Substituting (45) into (46) and then integrating the resulting relation over x by [0, 1] and

11
taking into account the last of conditions (37) and [ [ G (z,t)dxdt = —(1/12), we find the
00

unknown number k
1 1
k= —12035(0) + 601 (0) + 6192(0) + 12 / / Glar.t) {Mr(t) + uC2 (1) — Fa() ) de
0 0

Substituting k into (45) and (46), we obtain after some transformations that
' A
— [ Q0 {7 ®+nC* r @)} dt 4 (@), (47)
0
where Q (z,t) = G (z,t) + 3zt (x — 1) (t — 1),
p1(2) = 01(0) (1 — 4z + 32) — a(0)2(2 — 3x) + b3 (0)(1 — ) 74/ Qe 1)CL [Fy(t)) dt.
Taking into account the form of the operator C’ét’)‘Q and the equality
1 d t 28— 1
Q)7 | T(@) (=2 g [Ihe] (t = 2)] dedt =
0 0
1 B t 251 7
=— —Q(z,t)dt | 7(2)(t—2) Ja[|A2] (t = 2)]dz =
o Ot 0
1 1 B a
= —/ T(2) dz/ (t— z)zﬁ*lJB [|A2] (t — 2)] aQ (z,t) dt,
0 z

we obtain an integral equation for the unknown function 7 (x):

/Q1 2,2)7(2)dz=p1 (), z€(0,1), (48)

where

1
Q1 (z,2) = X2Q (2, 2) — - (7;5) / (t —2) g [|Ae] (8 — 2)] %Q (2,t) di+

YaA 28
+2(1+ﬁ) 21+2ﬁ/th (t —2)° Jg [ Xa] (t — 2)] dt.

It is easy to verify that Q1 (z,2) € C(0< 2,2 < 1)NC?(0<z,2< 1, x#2) and p; (z) €
C[0,1] N C?(0,1). Therefore, (48) is the Fredholm integral equation of the second kind [45].
It is equivalent to problem {(37),(38)}. The homogeneous integral equation corresponding to
equation (48) is equivalent to homogeneous problem {(39), (40)}. Since, the last problem has
only a trivial solution the homogeneous integral equation corresponding to (48) has also only a
trivial solution. Then, according to alternative of Fredholm [45], the solution of non-homogeneous
integral equation (48) exists and it is unique.
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Once the function 7 (z) is found from (48), the function v (x) can be found from (33). Sub-
stituting 7 (), v (z) and w (z) into (21), we find a solution of Problem 1 in domain Ds.

Now, we turn to the study of Problem 1 in domain D;. Here, we have the problem 1’: find
the function u (x,y) that satisfies equation (1) in domain Dy and conditions (2), (3), u (x,0) =
T(x), 0< <1, where 7(x) is the function defined in (48).

We will prove the existence and uniqueness of the solution of problem 1’. Let u(x,y) be
a solution of problem 1’. To study this problem we use representation (14) of the solution of
the equation (0/0x ) Liu = 0. In this case, without loss of generality, one can assume that
§(0) = 0. If we temporarily assume that ¢ (y) is a known function then problem 1’, due to (14)
and ¢ (0) = 0, is equivalent to the problem of finding a solution of equation (15) in domain D,
that satisfies the conditions

w(0,y) = o1 (1) =5 (), w(ly)=s(y)—6(y), 0<y<L (49)
w(xz,0)=7(x), 0<x<l, (50)

1
/Ow<x,y>dx:so3<y>fa<y>, 0<y<L (51)

Then function w (z,y) is a solution of the first boundary value problem for equation (15) in
domain D; with the boundary conditions (49) and (50), and it can be represented as [42]

Y

1
w (iC, y) = /0 T (5) eiAlyG (l’, Y 57 O) dé + A [901 (77) -0 (71)] eiAl(yin)Gf (1'7 Y; Oa 77) d77_

- /Oy 2 () — & ()] e MG (w,y;1,m) diy, (52)

where G (x, y; £, n) is the Green’s function of the first boundary value problem [43] for the equation
Wee — Wy = 0:

(x — &+ 2n)?
G(z,y:&m) = 5 %ngoo{exr)l TOED

Substituting w (z,y) from (52) into condition (51), we obtain after some transformations that

4(y —mn)

_WW] } (53

1 y 2
—/ / 8 (n) e MW [Ge (2, y;0,m) — Ge (z,y;1,m)] dnda = g(y), 0<y<1, (54)

where
1 1
90 = pan) - [ { | @6 g0y de

Y

Y 2
+/0 o1 () e MG (w,y;O,n)dn—/O

Using (53), it is easy to verify that

o () e MG (2,951, 7) dn} dz.

/Gé x,y;0,m)d /G£ z,y;1,n)dr = K (y,n), (55)

where

B 1 2 = N I (@2n-1)°
K(y’n)_\/w(y—n)+\/7r(y—n>z{ p[ yn} pl 4(;,@”'

n=1
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After changing the order of integration over variables x and 7, and then taking into account
(55), we obtain from (54) the Volterra integral equation of the second kind with respect to 6 (y):

8(y) — /Oy e M=K (y,0) 8 () dn = g1 (y), (56)

where K1 (y,n) = 2K (y,n),

91(y) =<p3(y)—/0y [1(n) + w2(n)] e_Af(y_")K(y,n)dn—/o /O 7(€)e MYG (x, y; €, 0)déda.

Obviously, the kernel K (y,n) has a weak singularity. Using the properties of functions 7(x),
©01(y), p2(y) and o3 (y), it is easy to show that g1(y) € C'[0,1] N C*(0,1). Therefore, equation
(56) has a unique solution in this class [45]. Solving it, we find function 6(y). Thus, function
w(x,y) is defined by (52) in domain D;. Then solution of Problem 1 (Problem 1’) in domain Dy
is determined by expression (14). The study of Problem 1 is completed.
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HenokanbHas 3amada JIJisi OJHOTO
nmapaboJIo-ruIepooJIMIecKoro ypaBHeHUs
TPEThEro NopsiIKa C CUHTYJISPHBIM Ko3d durmeHTom

Axmanxxkon K. YpunoB

Kobumkon C. Xannion
PepraHcKuil TOCYIAPCTBEHHBIN YHUBEPCUTET
®Deprana, Y30ekucrtan

AnnoTtamua. B nacrosmeit pabore copMmymnpoBaHa U HCCIEI0OBAHA HEKJIACCUYECKas 3ajada ¢ WHTe-
rpajbHBIM YCJIOBHEM JIJIsI TTApabOJIO-TUIIEPOOJIMIECKOTO YPABHEHNSI TPEThero mopsijika. MerogoMm uHTe-
rpaJbHBIX yPABHEHHUN JOKa3aHA OMHO3HAYHAS PA3PEIINMOCTDb TOCTABICHHOM 3aMa4u. [Ipu sToM mocTas-
JIeHHas 33/1a9a SKBUBAJEHTHO CBeJeHA K 3ajade Mg 1apabosIo-runepboIndecKoro ypaBHeHHs BTOPOTO
opsiJIKa C HEM3BECTHOMN IpaBoii yacTbio. [Ipn ncciietoBanny mocsiesHei 3a/1a4u UCIIOIH30BaHbl (DOPMYJIbI
pemenust 3agaun Komm 1j1si rumepbOIMIecKOro ypaBHEHUsI, IMEIOIIEro CUHTYISPHBIN KodbduiuenT un
CIIEKTPAJIHHBIN TapaMeTp, & TaKKe PeIeHus [IepBOil KPaeBoil 3314 /1J1st 1apaboInIeCKOr0 YpaBHEHU
Dypre.

KuroueBrbie cioBa: mapabosio-runepboInIecKoe ypaBHEHNe, HHTErPAIbHOE YCIOBUE, €IMHCTBEHHOCTH
pelenusi, CyIeCTBOBAHIE PEIIeHUsI, CHHTYJISIPHBIN KO3 MUIIHEHT.
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