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Abstract. An initial-value problem for an integro-differential equation of convolution type with a finite
index operator for the higher order derivative in Banach spaces is considered. The equations under
consideration model the evolution of the processes with "memory" when the current state of the system
is influenced not only by the entire history of observations but also by the factors that have formed it
and that remain relevant to the current moment of observation. Solutions are constructed in the class
of generalized functions with a left bounded support with the use of the theory of fundamental operator
functions of degenerate integro-differential operators in Banach spaces. A fundamental operator function
that corresponds to the equation under consideration is constructed. Using this function the generalized
solution is restored. The relationship between the generalized solution and the classical solution of
the original initial-value problem is studied. Two examples of initial-boundary value problems for the
integro-differential equations with partial derivatives are considered.
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Introduction

Let us consider the following initial-value problem
t
Bu™M(t) = Au(t) + / (a(t — s)A+ B(t — s)B)u(s)ds + f(t), (1)
0

u(0) = ug, u'(0) =uq, ... ,u"D(0) = un_1, (2)

where A, B are closed linear operators with compact domains of definition which act from the
Banach space E; into the Banach space Fs, operator B is Noetherian operator [1,2], a(t), 8(t)
are sufficiently smooth numerical functions, f(t) is a sufficiently smooth function with the values
in EQ.

Some initial-boundary value problems of mathematical physics can be reduced to problem
(1)=(2), for example, vibration of plates in visco-elastic media [3]. It is known that in the
class of functions CN (¢ > 0; E1) the initial-value problem (1)-(2) can be solved only if initial
conditions (2) and function f(t)arecompatible. Meanwhile, in the case of constructing solutions
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in K! (E), in a space of distributions with a left bounded support, there are no requirements
of such compatibility. Some results of corresponding studies in the case of differential equations,
i.e., when a(t) = B(t) = 0, can be found in [4] and [5] for the space C™ (¢t > 0; E;) and in [6] for
K’ (E,). Below integro-differential equations of form (1) are studied.

1. Auxiliary data and designations

1.1. Jordan sets of Noetherian operators

Let us assume that the following condition is satisfied for operators A and B:
(A) D(B) € D(A), D(A) = D(B) = F;, dim N(B) = n, dim N(B*) = m, n # m, operator B
is normally solvable, i.e., R(B) = R(B).

The following designations are used: {p;}? , € Fj is the core basis N(B) of operator

B, {¢;}jL, € E3 is the core basis N(B*) of the conjugate operator B*, {z;}7; € Ep and

{7}, € Ef are the systems of elements and functionals that are bi-orthogonal to these bases,
e, (@i, k) =0k, i,k =1,...,n and (25, ;) = O, k,j=1,...,m (see [2], p. 168, Lemma 4).
Let us now construct the projectors with the use of these systems of elements and functionals

n m

P=>"P=) ()i B1—E, Q=Y Qi=Y (¢;)z: 2 — Ey.
i=1

i=1 j=1 j=1

It has been proved [7] that there is only one bounded pseudo-inverse operator Bt € L(FEs, E1)
which has the following properties

D(BT)=R(B)®{z,...,2m} = Es, R(B")=N(P)nD(B),

BBt =1—Qon D(BY), BtB=1I—PonD(B).

Furthermore, N(B*) = {21,...,2m,}, the following operator equalities are valid BBTB = B,
BTBBT = B*, and operator AB™ is bounded due to condition (A).
The conjugate operator BY* € L(E}, E3) has similar set of properties, i.e.,

N(B+*) = {")/1,. .. ,"}/n}7 B*BT*B* = B*’ BT*B*Bt* = B+>i<7 Bt* — B*+,
D(B™) = R(B*)® {m,...,7} = Ef, R(B™)=N(Q*)N D(B*),
B*B*" =1—P*on D(B*"), B*'B*=1-Q" on D(B"),

here
n n m m
PSP =S e B Bl Q=30 = S (5065 B o B,
i=1 i=1 j=1 =1

Following [5, 8], let us introduce the systems of adjoined elements and functionals:

P = (BTN =1 22 oY =,

o9 = (Bt A1 i=1,...m, §22, Y =g
The following inclusions <p§j JenN (P) and ¢7(;j JeN (Q*) are valid for the adjoined elements and

functionals. Due to their constructions and properties of operators Bt and BT* the following
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equalities are satisfied ((pgj),'yk) =0,1,k=1,...,n, j > 2and (zk,qﬁgj)) =0,5,k=1,....,m,j >
2.

Next, let us introduce condition [5, 8]
(B) Elements gogj ) satisfy the system of equations and inequalities

B(pgj) :A(pgj_l), i=1,...,n, j=1,...,p

B(p(-piJrl) * A(pgpi), i=1,...,n,

2

rang H <A80§pi), ,(f)> = min(n,m) = I.

i=1,....,n, k=1,....m

Condition (B) means that the system of elements {<p£j), i=1,....,n,5=1,... ,pi} forms a
complete A-Jordan set of operator B [1,4]. It has been shown in [5,8] that bases {¢; };_, {¢;}72;
and the corresponding to them systems {z;}], {7:}{_; can be chosen such that the following
equalities are satisfied

- 0, i=1....,n,j=1,....p;—1, k=1,...,m,
(A, 00) = { it

6ik7 j:pia 7;71{::15"'717

j k=1,... i=1,... -1,i=1,...
<SO7,7A* ECJ)>: 07 o ) 7m_7.7 ) y Dk y 1 ) ,y 1,
6ik7 J = Dk, Zak_17"'7l'

Therefore, if condition (B) is satisfied, then (without any restriction of the generality) one can
state that z; = A(pl(-p"'), Vi = A*¢,(€pk), i,k =1,...,1. In this case, matrices H<A<pl(-pi), ,(Cl)>H and
H<(‘0§1)’A*¢’(€pk)>)” where i = 1,...,n, k = 1,...,m, have the same full rank /. Both matrices
are equivalent to a rectangular matrix with the unit main rank minor of order | and with zeros
at the rest of the places. Next, let us suppose that all such transformations of the bases are
fulfilled. Along with projector @ of space Es, we introduce another projector

n - pi
Q=33 (~o?) ag 1, ®
i=1 j=1
Furthermore, if n > m, then we assume that d)z(-l) = 0 when ¢ = m+1,...,n, and other functionals
q{)gj) eEs,i=m+1,...,n,j=2,...,p; are arbitrary ("free parameters"). Hence, for n > m
QQ=Q, QU—-Q)=0 and QAB")*(I-Q)=0,Vke N. (4)

Respectively, when n < m , we have the following relations Vk € N

{ QjQ:Qja Q](I_Q):Oa QJ(AB+)k(I_Q):Ov j:]-,"'anv (5)
QiQ=0, QI -Q =Q; QiABNFI-Q)=Q;(AB)*, j=n+1,... m.

Hence, the following auxiliary lemma is valid.

Lemma 1. If n < m then

Mﬁp-@B-P-@AEQ (6)
B+ [1-q] B+§nji<~7A*¢§”>so§““‘” =1 (7)
i=1 j=1
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Proof. Actually we have
AB* [J—Q] B— [I-Q]A:AB+B—AB+QB—A+QA=
=A(I—P)—AB*QB - A+ QA= —AP — ABtTQB+ QA =0.

Due to the choice of the bases we have

AP+AB+QB Z< A*qb(pl >A¢(1)+ZZ< B*¢ J)>AB+ALp(p“L1 3 _

=1 j=2
_ zn: <_7A*¢1(Pi)> ASOED + Z IZ: <"A*¢z('j)> AB+A@§P1+1—j) _ QA
i=1 i=1 j=1

Then equality (6) is proved.
Another relation is proved similarly:

BT {I _ Q} B iﬁ: <',A*¢§j)> PP

i=1 =1
i=1 j=2 =15=1
N n ; -1 n 7
=13 (g o Zp (Aol Pt ZPZ (o)l = 1.
i=1 =1 j=1 st

O

1.2. Generalized functions in Banach spaces

Let FE be a Banach space and E* be the conjugate Banach space. A set of finite infinitely
differentiable functions s(t) with the values in E* will be called the main space K(E*). Set
K(E™) is provided with some topology by introducing the concept of convergence.

Definition. Sequence s, (t) € K(E*) converges to zero in K(E*) when
a) 3R > 0 such that Vn € N inclusion supps,(t) C [—R; Rlisvalid;

b) Vk € N the sequence of functions |\s£{“) ()| = 0 for n — oo uniformly in [—R; R).

Let any linear continuous functional in K (E*) be called the generalized function. The set of
generalized functions K'(F) is a linear space, and it is provided with some topology by intro-
ducing weak ("pointwise") convergence. The concepts of support, derivative, linear replacement
of the variables in space K'(FE) are introduced as in the classical Sobolev-Schwarz theory [9,10].
The Sobolev-Schwarz space distributions is traditionally denoted by D’(R!) [9,10]. The space of
main functions is denoted by D(R'). The space of generalized functions (distributions) with the
left bounded support will be denoted by K’ (E), similarly to D/, (R') (see [9,10]).

Assume that Ey, Es are Banach spaces, K(t) € L(E, Es) are strongly continuous operator
function of bounded operators, g(t) € D'(R'). Hence the expression of the form K(t)g(t) will
be called the generalized operator function. The operation of convolution and the fundamental
operator function are the key concepts for further consideration.

Definition. Ifv(t) € K', (E1) then the generalized function of class K' (E2) which acts according
to the rule

(K(t)g(t) = v(t),s(t)) = (9(1), (v(y), K" ()s(t +y))) . Ys(t) € K(En),
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under the assumption that K*(t) € L(E3,E}) exists almost everywhere in R, is called the
convolution of the generalized operator function K(t)g(t) and the distribution v(t) € K'\ (E).

Due to restrictions imposed on the supports, the operation of convolution introduced above
always exists. Furthermore, it has the property of transitivity. In particular, the equality

ASD () % K(t)g(t) * v(t) = (AlC(t)g(t))(i) *v(t),

is valid, where A € L(Es, E3), §(t) is the Dirac delta-function, R(K(t)) € D(A)Vt € R'. This
equality is satisfied by definition for the closed operator A.

For t < 0 we set @(t) = u(t)0(t), where 6(¢t) is the Heaviside function. Then solution of
initial-value problem (1)—(2) u(t) € CN (¢t > 0, E;) satisfies the convolution equation

(B6W () — As(t) — (a(t)A+ B(t)B)O(t)) = u(t) =
(8)
= f(t)e(t) + BUN_15(t) + BUN_Q(S/(t) + ...+ Bulé(N_Q)(t) + BUoé(N_l)(t).
Then relation (8) is initial-value problem (1)—(2) written in terms of generalized functions.

Definition. The fundamental operator function for the integro-differential operator

Ln(6(t)) = BSWM(t) — Ad(t) — (a(t)A+ B(t)B)O(t) =

= (™) = BOM) B - (5(t) + a(t)o(1)) A

defined in class K'\ (E2) is a generalized operator function En(t) which satisfies the following
relations

Ly(8(t)) * En(t) = v(t) = v(t), Yo(t) € K, (Ey), 9)
En(t) * Ly (5()) = ut) = u(t), Yu(t) € K (E). (10)

Relation (9) implies that the following function of class K/, (E1)
(1) = Ex(t) * ( F(OO(t) + Bun_16(t) + Bun_20'(t) + ...+ Bu05<N—1>(t)) (11)

is a solution of equation (8). Accordingly, equality (10) guarantees uniqueness of solution (11) in
class K (E1). Indeed, if function h(t) € K/ (E,) is a solution of equation (8) then due to (10)
we have

h(t) = En(t) x Ln(6(8)) * h(t) = En(t) * (L (5(2)) * h(t)) =

= En () + (F(OO(1) + Bun18(t) + Bun28'(t) + .. + Burd™=2 () + Bugd ™D (1)) = i(1).

Therefore, fundamental operator function allows one to solve the problem of existence and unique-
ness of the solution of original initial-value problem (1)-(2), firstly, in class K’ (E). Then using
analysis of representation (11) for the generalized solution, we obtain theorems on solvability
of initial-value problem (1)—(2) in the class of functions C™ (¢ > 0, Ey), i.e., we obtain classical
solutions and conditions of their existence in the form of simple corollaries.
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1.3. Auxiliary convolution-operator equalities

Let us introduce the following designations:
A(t) is the resolvent of core (—a(t)8(t));

: Nt
R(t) is the resolvent of core k(t)6(t) = m@(t) x S(t)0(t);
(4B = kaVN_ll ) (3() + R®O(1))" = (5(1) + a(®)o(®))" (AB)Y - (12)
k:l
Vn(t) =
pi—1l | pi—k 1
= Z [Z { > (o) @Ep"_k“_j)} (5™ ) - 5(t)0(t))k* () + A(t)@(t))k+ . (13)

here degree k of the generalized function is understood as its k-tuple convolution with itself, zero
degree of the generalized function is the Dirac delta-function 4(¢).
The following two statements are valid.

Lemma 2.

Ly(6(t) * BYUN(ABYt) = (I — Q)d(t) — QUN(ABTt) * (8(t) + a(t)0(t))ABT,  (14)

Ln(0(t)) * Vn(t) = —Qd(t). (15)
Proof. Since
Ln(5(t)) * B*Un(AB*Ht) = (5<N> (1) — 5(75)9(7:)) B B Uy (AB™t)—
- (6(t) n a(t)e(t))A « BYUN(AB™),
we can sequentially find each of the terms. We have

(5(N) (t) — /3(:5)9@)) B+ BYUN(AB*) = (I — Q) (5<N>(t) - B(t)&(t)) «Un(AB*),

but Vk € N N1
(5™) - B1)6)) « G0 (60 + R(6)8()" =
fk=1)N—1 .
= (6(t) — k(1)0(t)) * me(t) « (3(t) + R(1)O(t))" =
Hk=1)N—1 1
Therefore,
(6M)(t) — B(t)0(t)) B x BYUy(AB*t) =
(16)
=TI -Q)(I6(t) +UNn(ABTt) = (6(t) + a(t)f(t)) ABT) .
One can similarly obtain
(5(75) + a(t)e(t))A * BYUN(ABTt) = Un(ABTt) x (6(t) + a(t)0(t)) ABT. (17)
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Subtracting equality (17) from equation (16), we obtain desired equality (14).
Equality (15) is proved in a similar way

L£x(6(0) V() = (5N (1) = B1)0()) B+ V(1) = (5() + a(®)0()) A+ Vn (),

1)

and because By, ' = 0 we have
(6™ @) = BWO)) B+ V(1) = (18)
_ Z": r"’_Q {’”_H (169) B%(pi-kﬂ-j)} (6%) - 5(t)0(t))k+1 « (50) + A(t)&(t))kH] .
i=1 | k=0 j=1
Since
(56 +ao(m)) = (5(1) + M@)o ) S (56 + Ao -
we obtain

(80 + a()p(t) ) A Vv (t) = Qo(t)+

+Zn: {Z { Zk< ) aplr1 L (50 B(t)&(t))k « (60 + A(t)e(t))k]

i=1 7j=1

Then we obtain the following relation

(501 + (o) A= V(1) = Qo(t) + (19)

[Z{ by <’¢§j)>A@§pi_k_j)} (30 - sww) " » <5(t)+A(t)0(t))k+1]

7j=1

Subtracting equation (19) from equation (18) and taking equality ng&pi*kﬂ*j) = A@Epi*k*j)

into account, we obtain relation (15). a

Lemma 3. When n < m the following equalities are satisfied:

B*Ux(AB*) [1 - Q} « Ln(8()) = BY [I - Q} Bé(t), (20)
V() 5 L (8 Z O ) (21)

Proof. Now we can sequentially find

B*Uy(AB*t) [I - Q] * (5(N)(t) - ﬂ(t)@(t)) B=B* [1 - Q] Bo(t)+
Hk=1)N—1

+B+Z —)9@)* (5(6)+R(1)O))" % (5(t)+ a(t)o(t)) " (ABT)F [1 - Q} B—

- B+ [1 Q] BO(t) + B Uy (AB™t) = (3(t) + a(t)0(t)) AB* [1 - Q} B
BtUn(AB™) [I - Q] « (5(t> + a(t)@(t))A — B UN(AB™t) * (6(t) + a(t)e(t)) [1 - Q] A
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Subtracting the second equality from the first one and taking into account (6) from Lemma 1,
we obtain (20).
The second equality of this Lemma is proved similarly:

Vn(t) * Ly (6(t)) =

_ z": rzz {plk (2B <pi_k+1—j>}<5<m(f) _ ﬁ(t)&(t))k+1 (st +A(t)0(t)>k+1] _
= - ) i) Pi

i=1

_zn: < ¢(J)> (Pr&-l—j)(;(t) _

<.’ B*¢§j+1) . A*¢§])> spgpi—k—j)} )

(6™ @)~ o)« () + Aty )k“] iz<.7A*¢§j>>¢§pi+1_j>5(t).

1=1 j=1

Because B*(/)Ejﬂ) = A*(bz(-j), we obtain equality (21). m|

2. Theorems on fundamental operator functions and their
applications

Theorem 1. Assume that conditions (A) and (B), n > m are satisfied. Hence the integro-
differential operator Ln(6(t)) has the fundamental operator function

En(t) = BYUy(AB™) [I - Q} —Vn(t), (22)

in class K! (E3) (components Q, Un(AB*t), Vn(t) are defined in (3), (12), (13)).

Proof. Let us demonstrate the validity of identity (9) from the definition of the fundamental
operator function. Taking into account relations (14), (15) and (4), we have

La(8()*En(t) = (IfQ) [I - Q] 5(t)— QU (AB*) % (5(t)+a(t)9(t))AB+ [1 - Q] +Qo(t) =
= I5(t) - Q [I - Q} 5(t) — QUN(AB™t) % (5(t) + a(t)ﬁ(t))AB+ [I - Q} = 15(1),

QUn (AB*1) (5(t) + a(t)e(t))AB+ [I _ Q} _

= 3~ Gt = (60 + R0W)" = (5(0) + (o) QUABH* [1- Q] =0.

Therefore, it has been proved that function (11) is a solution of convolution equation (8). The
existence of free functionals in the projector Q (see (3)) shows that solution (11) is represented
by a multi-parametric function, therefore, the solution is not unique. So, in the given case, there
is no sense to verify identity (10) from the definition of the fundamental operator function, the
identity is not satisfied. ]
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Theorem 2. Assume that conditions (A) and (B), n < m are satisfied. Hence operator function
(22) is fundamental operator function for the integro-differential operator Ly (d(t)) in the subclass
of generalized functions from K', (E3) such that

QUN(ABTt) xv(t) =0, j=n+1,...,m. (23)

Proof. Repeating the process of reasoning in the proof of Theorem 1 and using relations (5), we
obtain

La(8(8) * En(t) = 15(t) — > Q6(t) * (I(S(t)  Un(ABT) % (5(t) +a(t)9(t))AB+) -
j=n+1
dN

Jj=n-+1

= I5(t) — (8(t) — k(1)0(t))

According to condition (23), we obtain that relation (9) is satisfied.
On the other hand, taking into account relations (20) and (21), we have

n  Pi

Ex(t) * La(5(1)) = BF [I - Q] EOESSY < A*¢>§j>> P D51y,

i=1 j=1
Now, using equality (7), we obtain En(t) x Ly(4(t)) = I(t), i.e., from the definition of the
fundamental operator function equality (10) is satisfied under given conditions. O

If n = m in condition (A), i.e., operator B is a Fredholm operator [1,2] then Theorem 1
assumes the following form.

Theorem 3. If n = m in conditions (A) and (B) then integro-differential operator Ln(5(t))
has the fundamental operator function of the form

En(t) = TUy (AT [1 - Q] —Vn(b), (24)

n

-1
in class K', (E2), where I' = (B + > (-,w)zi) € L(Es, Ey) is the Trenogin-Schmidt operator
i=1
(see in [1,2]).

Relation (24) assumes the most compact form when p; = ... =p, = 1. In this case
En(t) = TUn (ATE) [T =37 ( o) A | = 37 oMol (8(1) + A)6(D) ).
i=1 i=1

Generalized solution (11) of initial-value problem (1)—(2) turns out to be a regular generalized
function which transforms equation (1) into an identity. Conditions wherein a regular function
satisfies initial conditions (2) are the conditions of solvability for initial-value problem (1)—(2) in
the classical sense. So, we can postulate the following statement.

Theorem 4. If the lengths of all the A-Jordan chains (see in [1,2]) are equal to 1 under the
conditions of Theorem 3 then initial-value problem (1)-(2) has unique solution (11) in class
CN(t = 0, Ey) if and only if the following conditions are satisfied

(A + FO0) + AOFIU7I(0) + -+ + AT72(0)1'(0) + ATV()£(0), v ) =0,

j=0,1,....N—1, i=1,...,n.
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Let us use Theorem 4 in order to study the following two initial-boundary value problems
from the theory of vibrations in visco-elastic media [3].

Example 1. Consider the following equation

(A= A)ur— (4 — A)u— / ot — 1) (v — A)u(r, )dr = f(1,7), (25)

where ¢(t), f(t,Z) are given functions, u = u(t, Z) is the required function, z € Q@ C R™ is the
bounded domain with an infinitely smooth boundary 02, A is the Laplace operator, u = u(t, z)
is defined on a cylinder Ry x €2 and satisfies the following initial and boundary conditions

=ug(Z), T€N; u
=0

u =0, t>0. (26)

€00

Cauchy-Dirichlet problem (25)—(26) is reduced to initial-value problem (1)-(2) when the Banach
spaces F;1 and Fy are Sobolev spaces, i.e.,

FE = {U(l‘) S W22(Q) ) = 0}, FEy = WQ(Q), (27)
a0
and operators A and B are defined as follows
B=X-A, A=u—-A, Mea(A), u#A\ (28)

In this case,

o) = J=att). 5le) = T=Lalo)
operator B is a Fredholm operator, the dimension n of the core of operator B is equal to the
multiplicity of the eigenvalue A € o(A) of the Laplace operator; lengths of all A—Jordan chains
of the elements of core p; € B, i = 1,...,n are equal to 1, here Ap; = Ap;, ©; =0. All
conditions of Theorem 4 are satisfied. Hence, the following statement is true. reon

Theorem 5. Assume that for Cauchy-Dirichlet problem (25)—(26) spaces E1 and Es are defined
in (27), operators A and B are defined in (28) and A € o(A). Cauchy-Dirichlet problem (25)-
(26) is unequivocally solvable in class C(t > 0, Ey) if and only if initial-boundary value conditions
(26) and function f(t,Z) satisfy the following relations

<(u — Nuo(z) + f(O,f),(pi(:E)> =0, i=1,...,n.

Example 2. Consider the following equation

t
(A= A) g — (4 — A)u— / ot — 7) (v — A)u(r, 2)dr = f(1,2), (29)
0
with initial and boundary conditions
ul  =wug(Z), u| =w(T), T€Q; wu =0, t>0. (30)
t=0 t=0 z€oQ

Spaces F; and FE5 are defined in (27), operators A and B are defined in (28). Then the following
statement is valid.
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Theorem 6. Assume that for Cauchy-Dirichlet problem (29)-(30) spaces E1 and Es are defined
in (27), operators A and B are defined in (28) and X € o(A). Hence Cauchy-Dirichlet problem
(29)-(30) is unequivocally solvable in clsss C%(t > 0, Ey) if and only if initial-boundary value
conditions (30) and function f(t,Z) satisfy the following relations

(1= N2us(@) + (= N F0,2) + (v = g (0)£(0, ), ¢:(2) ) = 0,
(1= Nuo(@) + J(0,2),04(2)) =0, i=1,....n.
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CepTouHble nHTErpo-and depeHnuaibHble ypaBHEHUSA
B 0aHAXOBBIX ITPOCTPAHCTBAX C HETEPOBBIM OIIEPATOPOM
B IJIABHOI YacTH

Muxanna B. @anaseen
Vpkyrckuil rocyiapcTBEHHBII yHUBEPCUTET
Npkyrck, Poccnitckas @eneparus

Amnnoranus. B pabore uccnenyercs 3amada Komn jyis marerpo-guddepennuaibsHOro ypaBHeHus: CBEp-
TOYHOI'O THIIA C OIEPATOPOM KOHEYHOTO HHJIEKCA MPU CTaplliell TPOU3BOIHON B GAHAXOBBIX MPOCTPAH-
crBax. PaccMaTpuBaeMble ypaBHEHUS MOJIEIUPYIOT IBOJIIOIHIO MIPOIECCOB € 'maMaThio", KOrjga Ha TEKy-
1[ee COCTOSIHUE CUCTEMBI BJIMSIET HE TOJIBKO BCsl NCTOPHs HaOJIIOIeHuil, HO U dhopMupoBasiiue ee hakTo-
PBI, OCTAIOIIMECs aKTyaJbHBIMU HA TEKYIUi MOMeHT Habsromenuil. Pemenus crposites B Kiacce 0606-
MIEHHBIX (DYHKIMI ¢ OrPAaHUYIEHHBIM CJIEBa HOCUTEJIEM METOJaMU TeOpuu (PYHIaMEHTAJIbHBIX OIepaTop-
GbYHKIUN BBIPOXKIEHHBIX MHTErpo-1uddepeHIualbHbIX OllepaTopoB B 6aHAXOBBIX IpocTpaHcTBax. 1lo-
crpoena yHIaMEHTAJIbHAS ONMepaTop-MYHKIMs, COOTBETCTBYIONAs PACCMATPUBAEMOMY YPABHEHUIO, C
IIOMOIIBIO KOTOPOM BOCCTAHOBJIEHO OOOOIIEHHOE peIleHne, MCCJE0OBaHa CBS3b MEXKJy OOOOIIEHHBIM K
KJIACCUYECKUM PEIEHUsIMUA MUCXOAHON 3agaun Komm. AGCTpakTHBIE PE3yIbTaThl MPOUJIIIOCTPUPOBAHBI
Ha IpHUMepaxX HAYAJIBHO-KPAEBBIX 3aJ1a4 JJIsi HHTErpo-1uddepeHaabHbIX YPABHEHWH B 9aCTHBIX MPO-
M3BOJIHBIX NIPUKJIAJIHOTO XapaKTepa.

KiroueBbie cioBa: 6aHaxoBO IIPOCTPAHCTBO, 00001eHHAasT DYHKIMS, }KOPAAHOB HAbOP, HETEPOB Olle-
paTop, dyHIaMeHTaAJIbHAS OIepaTOpP-(QyHKIHSI.
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