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Abstract. In this paper, we consider a mathematical model of a contact problem in thermo-electro-
viscoelasticity. The body is in contact with an obstacle. The contact is frictional and bilateral with a
moving rigid foundation which results in the wear of the contacting surface. We establish a variational
formulation for the model and we prove the existence of a unique weak solution to the problem. The proof
is based on a classical existence and uniqueness result on parabolic inequalities, differential equations and
fixed point arguments. We present a variational formulation of the problem, and we prove the existence
and uniqueness of the weak solution.
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1. Introduction

In the recent years, piezoelectric contact problems have been of great interest to modern
engineering. General models of electroelastic characteristics of piezoelectric materials can be
found in [2,7]. The problems of piezo- viscoelastic materials have been studied with different
contact conditions within linearized elasticity in [1, 4] and with in nonlinear viscoelasticity in [9].
The modeling of these problems does not take into account the thermic effect. Mindlin [8] was the
first to propose the thermo- piezoelectric model. The mathematical model which describes the
frictional contact between a thermo-piezo- electric body and a conductive foundation is already
addressed in the static case in [3]. Sofonea et al. considered in [6] the modeling of quasistatic
viscoelastic problem with normal compliance friction and damage, they proved the existence and
uniqueness of the weak solution,and they derived error estimates on the approximate solutions.
In this paper,we consider a dynamic contact problem between a thermo-electro viscoelastic body
and an electrically and thermally conductive rigid foundation which results in the wear of the
contacting surface.

2. Problem statement

Problem P: Find a displacement field u :  x [0.T] — R%, a stress field o : Q x [0.7] — S¢, the
an electric potentiel field o : Q x [0.T] — R, the an electric displacement field D : Qx [0.T] — R<,

*Aziza bechmar@yahoo.fr
(© Siberian Federal University. All rights reserved

- 239 -



Aziza Bachmar, Djamel Ouchenane A Problem with Wear Involving Thermo- Electro-viscoelastic. ..

a temperature field 6 : Q x [0.7] — R, and the wear w : T's x [0.T] — R such that

A (E(ult))) + () — € B (g) — 0.4 in O x [0.T), (2
D:ﬁE( )+ &e(u)—(0—6%)p in Qx[0.7], (2
pu=Divo+fo in Qx[0.T], (2
div D=g¢qo in Q x [0.T], (2
0 — div(KV0) = —#/ . Ni+q in Qx[0.7], (2
uw=0onTI7 x[0.7], (2
ov=honTy x[0.7], (2

Oy = —« |u1/| ) |JT| = —HOy,
. . (2.8)
or ==X —v*), A>0, w=—kv*o,, k>0 on T'yx[0.T],
¢=0onT, x[0.7], (2.9)
Dv =go on T, x [0.77, (2.10)
—kij g& = ke(0 — Or) — ho(|tr]) on T3 x [0.77, (2.11)
0 =0 inT; UT, x [0.7], (2.12)
u(0) = ug, v(0) = v, 6(0) =6y, w(0) =wp in Q. (2.13)

Where (2.1),(2.2) are represent the thermo- electro-viscoelastic constitutive law of the material
in which o = (0,;) denotes the stress tensor, we denote e(u) (respectively; E(p) = =V, &, 9, €,
&, B, M = (myj;), p = (pi) ) the linearized strain tensor (respectively; electric field, the elasticity
tensor, the viscosity nonlinear tensor, the third order piezoelectric tensor and its transpose, the
electric permittivity tensor thermal expansion, pyroelectric tensor),the constant #*represents
the reference temperature; (2.3) is represents the equation of motion where p represents the
mass density; (2.4) is represents the equilibrium equation, we mention that Divo, divD are
the divergence operators; (2.5) is represents the evolution equation of the heat field; (2.6) and
(2.7) are are the displacement and traction boundary conditions; (2.8) is describes the frictional
bilateral contact with wear described above on the potential contact surface I's; (2.9), (2.10) are
represent the electric boundary conditions; (2.11) is pointwise heat exchange condition on the
contact surface, where k;; are the components of the thermal conductivity tensor, v; are the
normal components of the outward unit normal v; k. is the heat exchange coefficient, 0 is the
known temperature of the foundation; (2.12) represents the temperature boundary conditions.
Finally, (2.13) is the initial data.

3. Variational formulation and preliminaries

For a weak formulation of the problem, first we itroduce some notation. The indices ¢, j,
k, I range from 1 to d and summation over repeated indices is implied. An index that follows
a comma represents the partial derivative with respect to the corresponding component of the

spatial variable, e.g: u; ; = We also use the following notations

%j'
H =12 = {u= (u;)/u; € L2 ()},
H = {J = (045)/0ij = 0ji € LQ(Q)}’
Hy = {u=(w)/e(u) € #} = H (),
4 ={o € H/Divec € H}.

The operators of deformation ¢ and divergence Div are defined by
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() = (e (W), ig(u) = (i +u30), Dive = (o5,

The spaces H, 77, H, and 7 are real Hilbert spaces endowed with the canonical inner products
given by
(u,v)g = / wivide Yu,v € H,
Q

(0,7 = / oiTijde Vo, € I,
Q

(u, )i, = (u,v)m + ((w), () Vu, v € Hiy,
(0,7) s, = (0,7) ¢ + (Divo, Divt) gy, o,7 € 6.
We denote by |-|g (respectively;| - |, | - |a, and |- |x1) the associated norm on the space H
(respectively; s, Hy and 427).
Let Hr = (HY2(I"))? and v : HY(T)¢ — Hp be the trace map. For every element v €

(H(T'))?, we also use the notation v to denote the trace map v of v on I, and we denote by v,
and v, the normal and tangential components of v on I' given by

Uy, = V.V, Uy =V — U, .

Similarly, for a regular (say €!) tensor field o : Q — S? we define its normal and tangential
components by
oy = (ov).w, o, =0v—0,.
We use standard notation for the L and the Sobolev spaces associated with 2 and I" and, for
a function ¢ € H' () we still write ¢ to denote it trace on I'. We recall that the summation
convention applies to a repeated index.
For the electric displacement field we use two Hilbert spaces

W =12Q)", #={Dew divDecl?Q)}.

Endowed with the inner products
(D,E),, = /QDiEid:c, (D, E)y. = (D, E)y + (div D, div E)]LQ(Q) .

And the associated norm |.|,,, (respectively; |.|,,, ). The electric potential field is to be found
in
W={ypeH (Q),¥v=00nT,}.

Since meas (T'y) > 0, the following Friedrichs—Poincaré’s inequality holds, thus

IVly 2 cr gV €W, (3.1)

where cp > 0 is a constant which depends only on 2 and I';. On W, we use the inner product
given by

(%d’)w = (VWavw)Wv
and let [.]y;, be the associated norm. It follows from (3.1) that |.|;1(q) and ||, are equivalent

norms on W and therefore (W, |.|;;,) is a real Hilbert space.
Moreover, by the Sobolev trace Theorem, there exists a constant ¢y, depending only on €,
I', and I's such that

Y]z ) < Co |y YV € W. (3.2)

We define the space
E={yec H(Q)/y=00onT; UTy}. (3.3)
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We recall that when D € 7] is a sufficiently regular function,the Green’s type formula holds

(D, V), + (div D, ¢h)p a0 = /F Dv.apda . (3.4)

When ¢ is a regular function, the following Green ’s type formula holds

(0,6 (v)) 40 + (Divo,v)y = / ov.wda Vv € Hj. (3.5)
r

Next, we define the space
V={ueH/u=0 onTy}.

Since meas (I'1) > 0, the following Korn’s inequality holds

le(u)lor = ck [vlg, Yo eV, (3.6)

where cx > 0 is a constant which depends only on £ and I';. On the space V' we use the inner
product

(uv U)V = (z—:(u), 6(”))%3 (37)

let |.[; be the associated norm. It follows by (3.6) that the norms |.|;; and |.|;, are equivalent
norms on V' and therefore, (V, |.|\,) is a real Hilbert space. Moreover, by the Sobolev trace
Theorem, there exists a constant ¢y depending only on the domain 2, I'y and I's such that

Vlp2(ry)e < co vl Vo € V. (3.8)

Finally, for a real Banach space (X, |.| ;) we use the usual notation for the space L. (0.7, X') and
WkP(0.T, X), where 1 <p < oo, k=1,2,...; we also denote by C (0.7, X) and C* (0.T, X) the
spaces of continuous and continuously differentiable function on [0.7] with values in X, with the
respective norms:

= t
|3C\C(0.T,X) tg%g%] |z ( )lX )

|z 0., x) = tfef[lgl_?é] |z ()| x + tg%g%i] |z (t)‘x .

In what follows,we assume the following assumptions on the problem P.
The elasticity operator &7 : Q x S — S¢

(a) 3 Lo > 0such that : |/ (x,61) — o (2,62)| < Loy |61 — €3] V1,62 €S9,
a.e. x €8,

(¢) the mapping x — & (x,¢) is lebesgue measurable in € for all € € S¢,

(d) the mapping z — 7 (x,0) € 7.

(3.9)

The viscosity operator ¢ : Q x S xS? — S? satisfies

a) 3 Ly >0:|9(x,e1) — 9 (z,62)| < Lyler — e1|,Ver,62 €S4, pp. x € Q,
b) Imy > 0: (4 (v,61) —Z (x,22), 61 — €2) > Mg |e1 — ea|”,Ver, 60 € SY,
c) the mapping x — ¢ (x,¢) is lebesgue measurable in §2 fo rall € € S¢,
d) the mapping = — 4(z,0) € .

(
(
( (3.10)
(

The thermal expansion tensor .#Z = (m;;) : @ x R — R, and the pyroelectric tensor p = (p;) :
Q — R satisfy,
(@)  mi = mgi € L>=(9Q), (3.11)
(0) pi € L®(Q).
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The piezoelectric tensor € = (e;;) : © x S¢ — R? satisfies

(a) € = (i) : @ x S — RY,
(b) € (z,7) = (eiji (x) Tjk) V7 = (135) € 8%, ae.x €, (3.12)
() eijr = eirj € L™ (Q).

The electric permittivity tensor 8 = (8;;) : @ x R? — R?

a) B=(Bi;) : 2 x R = RY,

(
(b) B(z,E) = (bij (z) E;) VE = (E;) € RY, a.e.x € Q, (3.13)
(¢) bij = bji € L™ (Q), '
(d) 3 mg > 0 such that : b;; (z) E;E; > mg |E|? = (E;) €eRY, z € Q.
The function h, : I's x Ry — R, satisfies
(@) 3 Ly >0: |h(x,r1) — he(z,r2)|] < Lplry —ro| Vry,re € Ry, pp.x €T3, (3.14)
(b) @ — h, (z,r) € L?(T'3) is lebesgue measurable inT'3 Vr € R . '
The mass density p satisfie
p € L*°(Q) there exists p* > 0 such that p(x) > p*, a.e.xz € . (3.15)

The body forces, surface tractions,the densities of electric charges, and the functions « and
u, satisfy

fo € L2(0.T, H), h € L2(0.T,L2(I'y)%),

g0 € L2(0.T,L2(Q)), g2 € L2(0.T,L2(T)), ¢ € L2(0.T,L2(Q)), k. € L=(Q, R, ).
K= (ki,j); kij = kji S LOO(Q)

(3.16)
Vey, > O,v(fz) € Rd U&z&j c&ib-
aelL>®Ts), a(z) =2 a* >0, a.e.on I,
p € L>®(Ts), p(x) >0, a.e.on Ts.
The initial data satisfy
ug € V,0p € L2(Q), wo € L>®(T3). (3.17)

We use a modified inner product on H = LL2(Q2)? given by
((u,v)) = (pu,v)2(q)ya Vu,v € H.
That is, it is weighted with p. We let H be the associated norm
[0l = (pv. )a(ya Yo € H.
We use the notation (.,.)yxy to represent the duality pairing between V' and V. Then, we have
(u,v)vixy = (u,v))Yu € HYv € V.

It follows from assumption (3.15) that||.|; and |.|;; are equivalent norms on H, and also the
inclusion mapping of (V,|.|;,) into (H,||.|| ;) is continuous and dense. We denote by V’ the dual
space of V. Identifying H with its own dual, we can write the Gelfand triple V.Cc H = H' C V.
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We define the function f(¢t) € V and ¢ : [0.7] — W by

(f@t),v)v = [ fo(t)vdx + h(t)vdaVv € V, t € [0.T).
Q Iy

(q(t), Y)w = - /Q qo(t)ypdz +/ @ (t)pdaVp € W, t € [0.T).

Ty

for all u, v € V, p € W and t € [0.T], and note that condition (3.14) imply that
fel?0.7,V"), qeL*0.T,W), (3.18)

We consider the wear functional j : V x V — R,

i(uyv) = /F ofuy| (4 [vr — v*[)da (3.19)

Finally, We consider ¢ : V x V — R,
d(u,v) = /F a|uy|v,daVo € V. (3.20)

3
We define for all € > 0
) = [ alad (/or = v T Fdavo < v
3

We define Q : [0,7] = E'; K:E—E and R:V — E by

QM)W g xp = / keOr(t)pds +/ qudx Y € E, (3.21)
Ty Q
¢ or ou
(KT, 1) 5 « = Z /Qkij(?xjaxi dx —|—/F keTuds Vp € E, (3.22)
i,j=1 3
(Rv, ) g v = / hr(Jor ) pdx — / (A Nv)udx Yo e VT, u € E. (3.23)
s Q

Using the above notation and Green’s formula, we derive the following variational formulation
of mechanical problem P.

Problem PV : Find a displacement field u : Q x [0.T] — V, a stress field o : Q x [0.T] — S¢, the
an electric potentiel field ¢ : Q x [0.7] — R, the an electric displacement field D : Q x [0.T]R,
a temperature field 6: Q x [0.T] — R, and the wear w : I's x [0.T] — R such that

(il(t), w— u(t))V’xV+(o(t)7 E(M_ﬂ(t)))ﬁf"f'j(u? w) —j(’ll, ’ll(t))—i—(b(m w) - ¢(u7 u(t)) >

> (f(t),w - U(t)) Yu,w eV, (3:24)
(D(t), VYp)p2(qye + (q(t), ¥)w =0V € W, (3.25)
O(t) + KO(t) = Ru(t) + Q(t) on E', (3.26)
w=—kv'o,. (3.27)
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4. Existence and uniqueness result

Our main result which states the unique solvability of Problem are the following.

Theorem 4.1. Let the assumptions (3.9)—(3.17) hold. Then, Problem PV has a unique solution
(u, 0, ¢, D,w) which satisfies

uwe CY0.T,H) N WL2(0.T,V) N W?22(0.T, V'), (4.1)
o € L%(0.T, 4), Divo € L*(0.T, V"), (4.2)
p e WL2(0.T, W), (4.3)
D € W'2(0.T, #4), (4.4)
6 € WH2(0.T, E") N1L2(0.T, E) N C(0.T,1L3(Q)), (4.5)
w e CH0.T,1L3(T3)). (4.6)

We conclude that under the assumptions (3.9)—(3.17), the mechanical problem (2.1)-(2.13)
has a unique weak solution with the regularity (4.1)—(4.6).

The proof of this theorem will be carried out in several steps. It is based on arguments of first
order evolution nonlinear inequalities, evolution equations, a parabolic variational inequality, and
fixed point arguments.

First step: Let g € L2(0.7;V) and € L?(0.7; V') are given, we deduce a variational formula-
tion of Problem PV.

Problem PV, : Find a displacement field ug, : [0.7] — V such that
(ugn(t)a w— ugn(t))lev"‘ (gg(ﬂgn(t))7 w = agn(t))lev‘f‘ (n(t), w — tign)vixvij(g, w)—
_j(gaug’r](t)) z (f(t)a w — ugr/(t))V’XV Ywe V, te [OTL (47)
tgn(0) = uo, tgy(0) = uy.
We define f,(t) € V for a.e.t € [0.T] by
(ot whvrxy = (F(8) = 0(t), w)yrer Y € V. (48)

From (3.18), we deduce that
fy € L2(0.T, V). (4.9)

Let now ugy, : [0.7] — V be the function defined by

g (1) = / Vg ()ds + o ¥t € [0.T. (4.10)
0

We define the operator G : V' — V by
(G, W)y oy = (Ge(v(t)), e(w)) e Vv,w e V. (4.11)
Lemma 4.2. For all g € L>(0.T,V) and n € L2(0.T,V'), PVy, has a unique solution with the
regularity

vgy € C(0.T,H)NL*(0.T,V) and v, € L*(0.T,V"). (4.12)

Proof. The proof from nonlinear first order evolution inequalities, given in Refs (see [5,10]). O
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In the second step, we use the displacement field uy, to consider the following variational
problem.

Second step: We use the displacement field g, to consider the following variational problem.
Problem Py, : Find 0, € E such that

Ogn(t) + KOy (t) = Ritgy(t) + Q(t) on E'. (4.13)
Lemma 4.3. Under the assumptions (3.9)~(3.17), the problem Pyq, has a unique solution
0,y € WH2(0.T, E') N L2(0.T, E) N C(0.T, L?(Q2)).

Proof. Since we have the Gelfand triple E ¢ L2(Q) ¢ E. We use a classical result on first
order evolution equations given in [11] to prove the unique solvability of (4.13). Now, we have
6o € L2(Q). The operator K is a linear and continuous, so a(7, 1) = (KT, 4t) g, is bilinear,
continuous and coercive, we use the continuity of a(.,.) and from (3.16), we deduce that

a(t,p) = (K7, W) gy p < Kl (Q)dxd V7l Vil g+ |k€|]L°°(F3) |T|]L2(I‘3) |N|L2(F3) <Clrlglulg -

We have

or Ot 9
a(t,7) = (KTTEXE—Z/ maxjaxld —|—/ ket ds.

i,7=1

By (3.16) there exists a constants C' > 0 such that
(KT, T) g v p = C’|7'|E
We have 0y € L?(€). Let
Ft)e E': (F(t),7)pyr = (Rugy(t) + Q(t),7) V7 € E.

Under the assumptions(3.14), (3.16) we have

/ |Ra|3, dt < oo, / (t)[3, dt < oo, / |F|2, dt < .

We find
F eL2(0.T,E).
By a classical result on first order evolution equations

310, € W2(0.T, E') N L2(0.T, E) N C(0.T,L2()).
O

Third step: We use the displacement field u,, and the temperature field 6y, to consider the
following variational problem.

Problem PV : Find an electric potential field ¢, : € x [0.7] — W such that

(BV@gy (1), Vih)ra(aya = (€e(ugn(t)), V)iz(ys = ((Ggn(t) = 05, ()01, V) 2y =
= (q(t), ¥)w Vip € W, t € [0.T].

We have the following result for PV#

(4.14)
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Lemma 4.4. There exists a unique solution g, € W12(0.T,W) satisfies (4.14), moreover if
prand o2 are two solutions to (4.14). Then, there exists a constants ¢ > 0 sach that

1) = @2(B)lyy < e (lu(®) = w2l +101() = 02(O)lay) W€ O.T] (4.15)

Proof. Let t € [0.T], we use the Riesz-fréchet representation theorem to define the operator
Agn : W =W by

(Agn (), V)w = (BV g (t), V)2 ()e — (§e(ugy(t)), V)L2(0)a—

) (4.16)
- ((egn(t) - ggn(t))piv vw)LQ(Q)d Vie [OT] .
For all ¢, ©p € W. Let ¢1, w2 € W, then assumptions (3.11)—(3.13) imply
(Ago ()01 = Agy (o1, 01 = @2)w > mg o1 = palyy (4.17)
In other hand, from (3.11)—(3.13), it results
(Agn(®)p1 — Agn ()1, V)w < cglpr — paly [ tw,
where cg is a positive constant which depends on /5.
Thus
|Agn(t)901 - Agn(t)@2|w <cplor — <»02|W . (4.18)

Inequalities (4.17) and (4.18) show that the operator Ay, (¢) is a strongly monotone, Lipschits
continuous operator on W and, therefore, there exists a unique element ¢, (t) € W such that

Agnegn(t) =q(t). (4.19)

We combine (4.16) and (4.17) and find that ¢, (t) € W is the unique solution of the nonlinear
variational equation (4.14).
We show that pg, € W2(0.T,W). To this end, let ¢1,t2 €[0.T] and, for the sake of simplicity,
we write @g, (8;) = @i, Ugy (6) = s, 0gn(ti) =0, q(t;) = ¢, fori=1.2.
From (4.14), (3.11)—(3.13) it results
2
mg |p1 — @2l <

(4.20)
< c(lur = u2ly [o1 = @2l + 101 = O2]12(q) o1 — 2l + a1 — a2ly [01 — @2ly)-
We find
lo1 (8) — @2 (D <
(4.21)
<c <|u1 (t) = u2 (O)]y + 101 (8) = 02 ()] 120 + a1 (1) — @2 (t)|w) vt € [0.77.

We also note that assumption (3.16), combined with definition imply that ¢ € W2 (0.7, W) .
Since u,, € C* (0.T,V), b,, € C* (0.T, E), inequality (4.21) implies that ¢4, € W2 (0.7, W).

Let: mi,m2 € C(0.T,V'), g1,92 € C(0.T,V) and let g, (t;) = @i, ugy (t;) = u;, we use
(4.20) and arguments similar to those used in the proof of (4.15) to obtain

mg 1 — 2|y < clur — ualy, + |01 — b2l 2(q))-

For all ¢ € [0.7]. This inequality leads to (4.15) which concludes the proof. O
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Consider the operator

AL2(0.T,V x V') = L2(0.T,V x V')

Alg,n) = (A1(g), A2(n)),¥g € L*(0.7, V), ¥n € L*(0.T, V'),

A1(g) = vgn,

(A2(n), w)vrxv = ((e(u(t))) = 0.4 — & E(p),e(w)) e + ¢(g,w),

A (g2, m2) = Ag1,m2) |2 o vy = [(A1(92), A2(12)) = (A1 (g1), Ao ()20 1oy =
= |A1(92) = M (91)F2 0.1y vy + A2 (2) = Ao () [F2 0.0 )

(4.22)

We have the following result.

Lemma 4.5. The mapping A : L2(0.T,V x V') — L2(0.T,V x V') has a unique element (g*,n*) €
L2(0.T,V x V'), such that

Alg™sn) = (g"m"). (4.23)
Proof. Let (gi,m;) € L2(0.T,V x V'). We use the notation (u;, ;). For (g,1) = (gs,m:), i = 1.2.
Let ¢ € [0.7].
We have
A1(g) = vgy. (4.24)
So
191(t) = g2(B)[ < [oa(t) = va(@)]5, (4.25)

It follows that
(01(t) = 02(t), v1(t) — v2(t)) + (Ge(v1(t)) — Ge(va(t)), e(v1(t)) — e(v2(t)))+
+ ()= m2(t), v1(t) = v2()) + (g1, v1(t)) — 5 (g1, v2()) = 5 (g2, v1(t)) + j (g2, v2(t)) < O

From the definition of the functional j given by (3.19), and using (3.8), (3.16) we have

(4.26)

3(g2,v2(t)) = j(g2,v1(t)) — j(g1,v2(t)) + 4 (g1, v1(t)) < Clgr — g2y [v1 — v2|y, (4.27)

Integrating the (4.26) inequality with respect to time, using the initial conditions vs(0) =
= v1(0) = v, using (3.8), (3.10), (4.26) using Cauchy—Schwartz’s inequality and the inequality

1
2ab < < a?+ o ZDp2 et 2ab < —a + mgb?, by Gronwall’s inequality we find

my

[v1(t) — va(t (/ 191(5) — g2(s)|% ds +/ Im(s) = ma(s)[3s ds>. (4.28)

So
l91 —92|3/ (/ lg1(s) — ga(s \Vds+/ | (s (s)ﬁ,, ds). (4.29)

And, we have
(A2(n)a w)V’XV = (,Q{(E(U(t))) — 0.4 — f*E(@)a E(’LU)) + ¢<gv ’LU) (430)
T
From the definition of the functional ¢ given by (3.20), and using (3.8), (3.16) we have

G(g1,v2(t)) = @91, v1(t)) — B(g2, v2(t)) + ¢(g2,v1(t)) < Clgr — galy [v1 — v2ly, - (4.31)

So

[ (t) = ma(8)[ < Cllua (6) = uz (O[5, + fy lua(s) — ua(s)[y, ds+

, , , (4.32)
+ le1(t) — w2y +101(8) = O2(8)[ 2 (0 + |91 () — g2(D)y)-
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2C 2
By (4.26), using the inequality 2ab < —a? + T;Cﬁ b? and 2ab < —a? + m; b2, we find

Mgy mg
2 (t) ~olt b+mg/hu )= va(s)[3 ds < —f/wn na(s)[2, ds+
/ [v1(s) — va(s |Vds+C X —/ lg1(s |Vds+ (4.33)
+ C x —= fo lv1 (s )|Vds

/hu ()} ds < (/m1 7Mﬂaw+AIMQ@@@m) (4.34)

By (3.26), we find

(61 (t) —0,(t),0,(t) — 0, (t)) o (K(0,)—K(0,),0,(t) —0,(t) ' v p = (435)
= (R(Ul) - R(Uz)v 01 (t) - 92 (t))E' xB

We integrate (4.35) over [0.T] we use the initial conditions 6; (0) = 62 (0) = 6y, and we use the
coercivety of K and the Lipschitz continuity of R to deduce that

1 t
31000 =02 Doy + C [ 101(5) = 02 (5) g s <

A|m@wwﬂmvm@rWA@UmwQ

<C

VS

using the inequality 2ab < =a? + 2b%, we find

DN | =

1 t
31000 =02 Oy + C [ 101(5) = 02 (5) g s <
C t
<G [ T = va o)l ds+ €101 ()~ 2 5) e .
0

Also .
00 =02 Oy < C [ Jor () =2 (9 . (4.30
0

By (4.34), we find

01 (6) — 02 ()2 < (/m1 7nﬂww+/ml m(fhds). ()

Also

a(®) = wa®F + [ () = o)l ds <

<o [ -u@l + [ ) -wst )as

Jur(8) = uz (1), > 0.

t prs
// |ur(r) — UQ('I")‘%/ drds >0
0J0o
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So
2 K 2
lup — ualy, +/ [ur — usly, ds <
0

t t prs
gc/ (|v1(s)—UQ(5)|2V+|u1(s)—uQ(s)|2’V)ds+// lu1 — us 3, drds,
0 0J0

t
Uy —u2|%/ +/ |ug — ug\?/ds <
0
t s
<C/Um®fw®ﬁAMM@fw®ﬁ+/hMﬂfwM@WMs
0 0

by Gronwall’s inequality, and using (4.34) we have

t
|u1—u2|2v+/ fur — s ds < (/ 1 (5) — 7a(s )\V,ds+/ 191 (s (s)|2vds> (4.39)
0

and using (4.29) and (4.32) we find

t
A1) = Moo i) orvvy <€ [ Hanm) = (gl ds. (440
0

Thus, for m sufficiently large, A™ is a contraction on L2(0.T,V x V') and so A has a unique
fixed point in this Banach space. U

We consider the operator . : C(0.T,L%(T'3)) — C(0.T,L*(T3)),
¢
Lult) = kv / o (5)ds Vit € 0.7, (4.41)
0

Lemma 4.6. The operator £ : C(0.T,1L2(I's)) — C(0.T,1L%(I'3)) has a unique element w* €
C(0.T,1L3('3)), such that

Lwt =w.
Proof. Using (4.41), we have

t
Lun(t) - Lun®)a iy, < kv° /0 l01(5) — 2 (s) %, ds. (4.42)

From (2.1),we have

Ifmw—iwﬁﬁm@<CAOmm—w@@+AMM$—W®@®+

(4.43)
() = @2(8) iy + 102(5) = O2(5) ()t
By (4.15) and (4.36), we find
t
Jur — sy, +/0 ur — ual, ds + [p1.(t) = a(t)[aqy + 101.(8) = O2(t)[F2 () < a0

t
< [ 1) - )l d.
0
So
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t
uy — usly +/ luy — ualy, ds + @1 (t) — a(t)[5y + 101(£) — Ba(t)[F2 (o <
0

< C(/O v1(s) —02(s)|2‘vds+|w1(t)—wQ(t)|§2(F3)>.

So, we have

t
lug — u2|%/ +/O lug — U2|‘2/d8 + |1 (t) — <P2(t)|%/v +161(t) — 92(t)|]12_2(9) <

< Clwn(t) = wa(®)F2ry) -

(4.45)

By (4.43), we find
t
| Lan () = Leos(t)yaqry) < C / w1(5) — wa(s) sy ds.

Thus, for m sufficiently large, £™ is a contraction on C(0.7,1L2(I'3)) and so £ has a unique
fixed point in this Banach space. O

Now, we have all the ingredients to prove Theorem 4.1.

Existence

Let (g*,n*) € L2(0.T, V x V") be the fixed point of A defined by (4.22), let w* € C(0.T,1L?(T'3))
be the fixed point of Zw* defined by (4.41), and let (u,0,¢) = (ugry+,0gen=, Pg=n+) be the
solutions of Problems PVy«,«, Py, and PV7, .. It results from (4.7),(4.13) and (4.16) that
(ugen=,Ogen+, Pgen+) is the solutions of Problems PV. Properties (4.1)—(4.6) follow from Lemmas
4.2, 4.3 and 4.4 .

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of the
operators A,.Z defined by (4.22), (4.41), and the unique solvability of the Problem PV, , Py,
and PV which completes the proof.
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ITpoGaema m3HOCA TEPMOIIEKTPOBAZKOYIIPYTUX MaTEPUAJIOB

A3zuza Baxmap

Hexkamenp Oinenan

QDaxynbTeT HAYK

Yuusepcurer Pepxara A6baca ne Ceruda (UFAS)
Cerud, Amxup

Awunoranusi. B gannoit pabore paccmarpuBaeTcs MaTeMaTHIeCcKasl MOJE/b KOHTAKTHOM 3aJadu Tep-
MO3JIEKTPOBSZKOYIIpyrocTu. Teso compukacaercst ¢ mpensitcrBueM. KOHTAKT (DpUKIMOHHBIN U JIBYCTO-
POHHUI € TOABUMKHBIM YKECTKUM OCHOBAHUEM, YTO MPUBOJUT K M3HOCY KOHTAKTUPYIOIIEH MOBEPXHOCTH.
VcranaBimBaeTcs BapualMoHHasl (POPMYIMPOBKA MOJIEIM U JIOKA3BbIBAETCS CYIECTBOBAHUE €JIMHCTBEH-
HOro cjaaboro pemreHus 3aja4du. Jloka3aTeabCTBO OCHOBAHO Ha KJIACCHYIECKOM (haKTe CYIECTBOBAHUS U
€IMHCTBEHHOCTH TAapabOIMIeCKUX HEPABEHCTB, UM OEPEHITNATHHBIX YPABHEHUN U apryMEHTOB C (DUK-
cupoBaHHON TOYKOi. [IpuBo/MTCH BapraoHHasi IOCTAHOBKA 3aJ1a4H, JOKA3bIBAETCsl CYIIECTBOBAHUE U
€IMHCTBEHHOCTH CJIAOOTO pEITeH s.

KuaroueBble cJjioBa: MHE30JIEKTPUK, TEMIEPATYPa, TEPMOIIEKTPOBI3ZKOYIPYTOCTh, BAPUAIMOHHOE

HEPABEHCTBO, M3HOC.
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