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1. The problem

Recently the paper [1] gave some interesting results for fixed point theorems of a self mapping
obeying some rational type contractions. However even if their results are correct, their proofs
suffered a fundamental flaw that we will address here.

The condition for the self mapping f : X x X — X found in [1] formula (1) has the following
form:

d(z, f(z,y) [ +d(p, f(p,v)] | d@, f(z,y)dp, f(u,v))
d(f(z,y), f(n,v)) < @ 1+ d(z. ) + 8 (o, )

+yld(z, f(x,y)) +d(p, [, v))] + 0ld(z, f(p, v) + d(p, f(2,y)] + Ad(z, p) (1)

+

for all x,y,u,v € X with x > p and y < v. Observing the term proportional to 3 in (1) one
sees that whenever x = p we have a division by zero, which has no meaning. This fact spoils the
proofs of theorems present in [1].

In order to correct the problem, instead of the term of (1) proportional to 8 we will use

d(z, f(z,y))d(p, f(p,v))
1 +d(z, f(z,y))

in analogy to the work [2] that among other results corrects a similar problem. The inequality
written in this new manner avoids divisions by zero when = = pu.

We will now proceed rewriting parts of [1] in order to give correct proofs of theorems present
in there.

B (2)
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2. Main results

Let us rewrite Theorem 1 of [1]. We have

ﬂ%f@ﬂﬂﬂ+ﬂ%f@#%]+6ﬂ%f@wﬂﬂmewD+

d(f(x7y)af(,u7y)) <« 1+d($,u) 1+d(x,f(x,y))
+ld(, f(z,y)) +d(p, f(p, V)] + 0ld(z, f(p,v)) + d(p, f(@,y))] + Ad(@, 1) (3)

for all z,y, u,v € X with x > p and y < v with «, 8,7,9, A € [0,1) with

B+y+05+A
— < 1. 4
l—a—-0—7 @
The sequences are

Tnt1 = f(Tn,yn) and Y1 = f(Yn,zn) forall n>0. (5)

Following [1] we know that z,, < 2,11 and y,, > ynt1, and we get

d(xn-‘rlv 17") = d(f(xmyn)a f(xn—la yn—l)) <
d(.’En, f(il’n, yn))[l + d(lL’n,h f(xnflv ynfl))]
sa 1+d(zn, n-1) +
(-Tna f(xna yn))d(l’nfla f(mnflv ynfl))
L+ d(@n, f(Tn,yn))
+ ’y[d((ET“ f(xnv yn)) + d(xnflv f(xnfly ynfl))} +

+ 5[d(xna f(xn—la yn—l)) + d(zn—ly f(xna yn))] + Ad(xna In—l) ) (6)

d
+5 +

it implies that

d({L‘n, ‘rn+1)[1 + d(l‘n,h xn)] + 6d(xn7 anrl)d(xnfla mn)
1+ d(zn, Tn-1) L+ d(zn, Tnt1)

+yld(@n, Trg1) + d(@n—1, 20)] + 0[d(2n, T0) + d(Tn—1, Tpi1)] + Ad(Tp, 201) . (7)

d(Tpi1,2,) < +

Using the triangular inequality, d(z,—1,%ns1) < d(Tp_1,dn) + d(xp,Tne1), and solving for
d(xpt1,Tn) we obtain

BHy+6+2A

<
d(xn—i-lamn) B (1—&—’7—(5

) d(zp_1,zy) . (8)

Observe the difference with equation (9) of [1], in our case the § is at the numerator. Imposing
the condition (4) we end up with a contraction, see [1] page 495.

For the last part of the proof, we have

A(@ns1s 2ns1) = A(F @ yn). (o)) < a2 @9 DA A, [nryn)) |

1+ d(xp, 2n)
(@, F(@n, Yn))d(Zn, (20, Yn))
L+ d(@n, f(@n,yn)) +Y[d(@n, f(@n,yn)) + d(zn, [ (Zn, yn))]+

+ (5[d($n, I (Zn, yn)) + d(zn, f(xna yn))] + /\d(xn, Zn) (9)

+ 68

In the limit n — +o00 we get
d(z,z) < (20 + Nd(z, 2) , (10)
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in complete analogy to [1], as in the above limit the term of (3) proportional to 3 goes to zero
anyway. This completes the proof of Theorem 1.

Theorem 2. According to the bound given in (3), the inequality of Theorem 2 of [1] becomes

d(ib, f(.’E, y))[l + d(unv f(un7 Un))]
14+ d(z,up)

d(xaun+1) = d(f(xvy)vf(unavn)) <o

d(z, f(z,y))d(un, f(un, vn))
1+ d(x, f(x,y))

+

+ 8 +ld(z, f(z,y)) + d(un, f(un,vn))]+

+6ld(z, f(un,vn)) + d(un, f(2,y))] + Ad(z,un) . (11)

leading to

+46+ A

in complete analogy to [1], as d(z, f(z,y)) = d(z,z) = 0 independently from the vaules of «
and 8. The rest of the proof is the same.

Theorem 3. Like for Theorem 2, from (3) we have

d(xn’ f(xnv yn))[l + d<yna f(yn; xn))] +

d(xn+1ayn+1) = d(f(xnayn)v f(ynwrn)) S gye’

1+ d(xn, yn)
d(l‘n’ f(m"’ y”))d(yna f(ym xn))
1+ d(q;n’ f(xm yn)) + 'Y[d(xna f(J?m yn)) + d(yn, f(yn, -rn))] +

+0[d(@n, f(yn, Tn)) + dYn, [ (@0, yn))] + Ad(n, yn) , (13)

thus obtaining in the limit n — 400
d(z,y) < (2A+6)d(z,y) , (14)

ending with a contradiction as 26 + A < 1. The rest of the proof is the same.

+8

Remarks

1. a =+ =0 =0 Ciri¢ et. al [3]: inapplicable, same problem of division by 0 of (1).
a = 0 Chandok et al. [4]: inapplicable, same problem of division by 0 of (1).

a = f =~ =4 =0 Banach [5]: no variations, remains the same for A < 1.

a = =40 =X=0Kannan [6]: no variations, remains the same for 2y < 1.

a = =~ =X =0 Chatterjee [7]: no variations, remains the same for 26 < 1 .

A I

« =~ = 0 Singh and Chatterjee [8]: inapplicable, same problem of division by 0 of (1).

3. Applications

Theorem 4. The condition of [1] becomes:

d(z, f(x,y)) [14+d(p, f(p,v))] d(z, f(z,y))d(p, f(p1,v))

1+d(z,p) 1+d(z, f(z,y)
p(t)dt < a / p(t)dt + B / (1)t +
0 0

d(z, f(z,y))+d(p, f(p,v)) d(z, f(p,v))+d(w, f(2,y))
+y / o(1)dt + 6 / o(t)dt +
0 0

/d(f(w,y)vf(uﬂ/))

0

d(z,p)
+ )\/ p(t)dt. (15)
0
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Theorem 5. The condition of [1] becomes:

d(f(@,y).f(1,v))
/ p(t)dt < a
0

d(@, f(x,y))[1+d(p, f(p,v))] d(x, f(x,y))d(p, f(p,v))
14d(z,p) 1+d(z, f(z,y))

; p(t)dt + ,6’/0 o(t)dt +

d(w,p)
+ /\/ pt)dt.  (16)
0

Theorem 6, Theorem 7 and Theorem 8: as the conditions of those theorems do not
depend on the parameter 3, there are no variations.
For further references, consult [1] and references therein.
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3ameuanus 1o crarbe: "(Q000IIIeHHbIE CXKATHS TEeOpeM
O CBSI3aHHBIX HEMOJIBMXKHBIX TOYKaX B YACTHUYHO

YIIOPSI0O9YE€HHBIX METPUIECKIX MPOCTPaHCTBaX"

Hukona ®abuano

WNucruryT sinepubix Hayk "Bunbna'
Harmonassaernit nacturyt Pecriybiinkn Cepbust
Benrpaackwuit ynusepcurer

Benrpaj, Cepbusi

AnHoranus. [{aHbl IpuMedaHusi K cTaTbe [1] u npuBeseHbI nCIpaBIeHHBIE [0KAa3aTeNbCTBA. Fe pesyiib-
TATbl OCTAIOTCSI BEPHBIMHU.

KuroueBrbie cjioBa: 9acTUYHO yIOPSAOYEHHBIE METPHYECKIE MPOCTPAHCTBA, PAIMOHAIbHBIE CTATHBA-
HU¢, CBA3aHHAA HEIIOJIBMKHAS TOYKA, MOHOTOHHOCTb.
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