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Abstract. Spectral problems for stationary unidirectional convective flows in vertical heat exchangers
at various boundary temperature conditions are considered. The constant temperature gradient on the
vertical walls is used as a spectral parameter. The heat exchanger cross-section can be of an arbitrary
shape. The general properties of the spectral problem solutions are established. Solutions are obtained
in an analytical form for rectangular and a circular cross sections. The critical values of temperature
gradient at which convective flow arises are found. The corresponding vertical velocity profiles are
constructed. The properties of solutions of a new transcendental equation for the spectral values are
studied.
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1. Problem formulation

The system of equations for convective motion in the Oberbeck—Boussinesq approximation
has the form [1]

1
ut+(u-V)U+;VP= vAu + gffe, (1.1)
diva = 0, (1.2)
0, +u- 70 = YAW. (1.3)

Here u=(u1(z,y, 2,t), uz(x,y, 2, t), us(x, y, z,t)) is the velocity vector, p(z,y, z,t) is the mod-
ified pressure, 6(z,y,z,t) is temperature; p,v,g,3,x are density, kinematic viscosity, gravity
acceleration, the coefficients of thermal expansion and thermal diffusivity of the medium, respec-
tively. e = (0,0, —1) is unit vector. Thus the gravity acceleration is directed in the opposite
direction to the z axis.
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System (1.1)—(1.3) admits operator 0, — A(Jg + pgBz9,) with the constant A. This operator
has invariants z,y, t, u1, uz, uz, p+pgB22/2, 6+ Az. Then invariant solutions of rank three should
be sought in the form [1]

u = (u(z,y,t),v(x,y,t),w(x,y,t)),

2

z
p = —pgBAS +q(zy.1), (1.4)
0 = —-Az+ T(I,’y,t).

Substitution of (1.4) into (1.1)—(1.3) results in the system that contains only the invariants

1
Up + Uty + vuy + ;qz =V(Ugy + Uyy),

1
vy + uvg + vvy + ;qy =V(Vzq + Vyy), (1.5)
Uy + vy =0;
Wy + UWy + YWy =V (Wey + Wyy) + pgBT, (16)

Ty +uTy + vy =Aw + X(Toz + Tyy)-

Equations (1.5) are Navier—Stokes system for plane motion of purely viscous fluid. The exact
solutions for the system were found [2,3]. Therefore, our attention is focussed on system (1.6)
(so far without considering the problems with interfaces).

Suppose that u =v =0, g = ¢(t), then (1.6) is converted into the system of linear parabolic
equations. Its stationary solution satisfies the following equations

vAw + pgpT = 0, (1.7)
XAT + Aw = 0,

where A = 92 /0z2 + 0% /9y? is the Laplace operator. Equations (1.7) are satisfied in a certain
region €2 on the plane x,y with boundary I". Here we consider two boundary conditions on T,
namely, the boundary condition of the first kind

w=0 T=0 (1.8)

and the boundary condition of the third kind

oT
= k— +bT = 1.9
w 0, on + 07 ( )

where k£ > 0 is the constant thermal conductivity coefficient of fluid, b > 0 is the constant heat
transfer coefficient.

Boundary value problems (1.7), (1.8) or (1.7), (1.9) are spectral problems. Here the temper-
ature gradient A is the spectral parameter. For all A the trivial solution satisfies these problems.
The question arises: at what values of A there is a nontrivial solution of spectral problems (1.7),
(1.8) or (1.7), (1.9)7 We are also interested in the minimum value of spectral parameter A.

2. Some general properties of spectral problems

We note that for both problems A # 0, otherwise w = 0 and T'= 0. Let us consider spectral
problem (1.7), (1.8). The following lemma holds
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Lemma 1. The eigenfunctions of spectral problem (1.7), (1.8) are real functions, and the eigen-
values are always positive. The eigenfunctions corresponding to different eigenvalues are orthog-
onal functions in the sense of space La(2).

Proof. Let us show that the parameter A can take only real values. Let w(z,y) = wi(z,y)+
+iwa(z,y), T(z,y) = Ti(z,y) + iT2(x,y). We multiply the first equation of system (1.7) by

w(x,y) and the second equation by T'(x,y) (here the bar denotes the complex conjugate), inte-
grate them over {2 and combine the results. Then we obtain

I v 2 X 2
Tw + Tw)dzd z—/ w|” dzd —i——/ T|" dzd 2.1
X iy = = [ gul? dedy + % [ 1977 dody (21)

Relation (2.1) was obtained with the use of the vector analysis formula adivb = div(ab) —
va-b, a,b € C1(Q), the Gauss—Ostrogradsky theorem and the fact that A # 0. It is clear that
Tw + Tw is a real function. It follows from (2.1) that A € R'. Further, if wo(z,y), To(z,y) are
eigenfunctions corresponding to the eigenvalue Ay € R! then separating the real and imaginary
parts in (1.7), (1.8), we obtain that they are eigenfunctions of the same spectral problem. In
other words, one can assume that w =w, T =T.

Similar reasoning results in the following relation

v 2 X 2
— w|” dxd ——/ T|” dedy = 0.
| il dedy = X [ 97 daay

[IvT[ dzdy

A=pghxv e >0
[ Ivw]? dzdy
Q

Then we have

(2.2)

Let us turn to the proof of the orthogonality of eigenfunctions. Let us reduce system (1.7) to

one equation for w(z,y)
AAw = w, (z,y) € Q (2.3)

with boundary conditions of the first kind (1.8). It means that w =0, Aw =0, (z,y) € I'. The
following notation was introduced

A= P98y (2.4)
VX

Let us assume that Ay # Ag (A1 # As) are eigenvalues and wq(x,y), wa(z,y) corresponding
eigenfunctions. Then AAw; 3 = A\ 2w 2, (2,y) € Q and wy2 =0, Aw; s = 0 on the bound-
ary I'. We have woAAw; —wi AAws = div(ws 7 Awy —wy V Aws) + Jw1 - VAwg — Jws - VAW .
Then we have

/ (waAAw; — wi AAws)dady =
Q
= /[le CA(Vws2) = Vws - A(vwr)]dedy = (A — /\2)/ wywadzrdy  (2.5)
Q Q

because wy 2 = 0 on I' and 7(Au) = A(syu) for any u € C%(€). Let us write the expression in
square brackets under the integral in the form

8w1 81112 8w2 awl 8w1 8’11)2
o ° (m«) T (ax) oy 8 (ay) -

5‘w2 6w1 81111 a’wg 8w2 (9101
~ Ty 2 (ay> T A (a) A <a> - (26)
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Using the vector analysis formula
0 0
06 —vagae = [ (652 - v} ar.
Q T 871 a’I’L

where n is the outer normal to the boundary I', for the first two terms in (2.6) we have

8w1 87112 B’UJQ (9’(1)1
A (=22 ) - Z22A (22 =
/Q[ax <8zv> Ox (Bx )} dudy

8w1 0 8’(1)2 8’(1)2 0 awl

_/p{ax 6n(6x> oz 8n<5‘:1: )]dF. 27)

Let us show that the integral over I' in (2.7) is equal to zero if wq 2(z,y) =0 onI'. Let (o, o)

be an arbitrary point on the line I'. Let us choose the local rectangular coordinate system &,n

with the origin at the point (¢, yo), directing the n axis along the normal n [4]. In the vicinity

of the origin £ = 0, n = 0 (point (x¢,yo)) the line T is defined by the equation n = f(&) € C?

and f(0) =0, f/(0) = 0. The latter is because f(£) is tangent to I" at the point (0,0). Then we
have

R 9 9 0

9 L 2 _9
ar e 9% an T oy
Therefore, the integrand on the right-hand side of (2.7) takes the form

8101 ’ 811)1 8211}2 , 8211)2 8’&12 / 8102 8211)1 , 82101 o

(e +10%;) (e + 1055 ) - (5 +r0%7) (e + 1055 ) -
- 3w1 8211)2 8w2 82w1 =7

= 9¢ onoc 0 omoe = L @oro)

at the point £ = 0, n = 0 or xo,yo. Since near the point (xg,yo) € I' we have wy 2(&, f(§)) =0
then Ow; 2/0¢ = 0 at this point and I(xg, yo) = 0. One can prove in a similar way that integrals
over  of the remaining two terms in (2.6) are equal to zero. Then it follows from (2.5) that
eigenfunctions w; and wy are orthogonal functions in the sense of Lo(€2). Orthogonality of
T (z,y), To(x,y) is beyond doubt. Lemma 1 is proved. O

(2.8)

Remark 1. To prove the orthogonality the boundary condition wlr = 0 (or T|r = 0) is only
needed.

Lemma 2. The eigenfunctions of spectral problem (1.7), (1.9) are real, and eigenvalues are al-
ways positive. The eigenfunctions corresponding to different eigenvalues are orthogonal functions
in the sense of the space Lo(2).

Proof is similar to the proof of Lemma 1. Here, instead of (2.2) we obtain the following
formula for the spectral parameter

[|7T|? dedy + bk~ [ T2dzdy
A= pgBxv"- 2 -

> 0. (2.9)
[ Ivw|* dzdy
Q

So eigenvalues are positive functionals of w and T defined by expressions (2.2), (2.9): A =
A(w,T). One needs to find minimum values of A, that is, one needs to find Ay = ;g)li%l;éo A(w, T).

In the following paragraphs, this problem is solved for two practically important cross sections,
when (2 is a rectangle or a circle.
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3. The solution of spectral problem in the case of a rectan-
gular cross-section

Let us consider a rectangular domain €2 with boundary I':

Q {0<$<11,0<y<12}, (31)
I = {z=0}u{z=04L}U{y=0}U{y =1}

Let us solve system (1.7) in the region Q with boundary condition (1.8). Expressing w from
the second equation in (1.7) and substituting it into the first equation in (1.7), we obtain

_ Apgp
vx

AT T =M. (3.2)

Let us use the separation of variables. We seek a solution of equation (3.2) in the form
T(x,y) = P(x)F(y). Substituting the form into (3.2), we obtain

P”(ﬂ?) = HlP(JU)a

. ; ) (3.3)
FO(y) +2mF"(y) = (A = p)F(y).
The original boundary conditions of the problem are reduced to
P(0)=P(l1) =0, F(0)=F(ly) =0. (3.4)
Solving system (3.3) with the boundary conditions (3.4), we find
P, (x) = sin 7;—nx, F,.(y) = sin 7Té—my; n,m=1,2... (3.5)
1 2
Hence, taking into account the orthonormalization, we obtain the following solutions
Tom :Anm sin @‘T sin m% Wnm = Bpm sin @.’E sin m?ﬁ
ll l2 ll 12
(3.6)

—1
et et () ()
VL " Wi \\ L ly ’

In this case, the eigenvalue is A\p, = m/n2/l1? +m?2/l5. Then the smallest eigenvalue is
A1 = wlflx/ 1+ 12, where I =11 /l5. From here we determine the minimum value of the spectral
parameter Ag = vy (pgBli)~1V1 + 2.

Fig. 1 shows the vertical velocity profile wq; as a function of dimensionless coordinates (£,7),
where &€ = z/l1, n = y/l2. The fluid flow rate is not equal to zero, so fluid moves in one direction.

If boundary conditions (1.8) are replaced by conditions (1.9) and b = 0 (that is, the wall is
thermally insulated), we have the following problem

vAw + pgBT = 0,
XAT +Aw = 0, (z,y) € (3.7
oT
= — = I.
w=0, = 0, (z,y) €
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Fig. 1. The velocity profile wq; for problem (1.7), (1.8)

Solving this problem, one can obtain the eigenfunctions

Trm = Anm CcOS @m cos my, Wym = Bpm cos @x cos my,
l1 lo l1 lo
W 9 b 94 n 2 <7rm 2 (3.8)
e lllg7 e XV 1112 ll l2

The eigenvalues of the problem are \,,, = m\/n?/l1? + m?/l3. The smallest eigenvalue is
attained at n = m = 1. The minimum value of spectral parameter is Ag = 7vx(pgBl1) V1 + 2.
Note that the minimum value of spectral parameters of both problems coincide.

Fig. 2 shows the vertical velocity profile wq; as a function of dimensionless coordinates (£, ),
where &€ = x/ly, n = y/ls. In this case fluid moves in different directions since the flow rate is
equal to zero.

4. The solution of spectral problem in the case of a circular
cross-section

Let us consider domain 2 in the form of a circle with boundary I

Q = {2*+4*<d?}, (4.1)
I = {z22+9*=d%}.

Using the change of variables x = rcos¢, y = rsing, 0 < ¢ < 27, 0 < r < a, domain 2 and
boundary I' take the form

Q={r¢|r<a¢ecl02x]}

(4.2)
P ={r¢|r=a.¢e0,2n]}.

— 93 —



Victor K. Andreev, Alyona I. Uporova On a Spectral Problem for Convection Equations

Fig. 2. The velocity profile wy; for problem (1.7), (1.9)

Problem (1.7) in domain €2 with boundary condition (1.8) have the form

1 1
v (w” +owr A+ T2w¢¢) +pgBT =0,
1 1

w=0, T=0, (r,¢)el.

To solve problem (4.3) approach used to solve the problem for a rectangular cross-section
is followed. Expressing w from the second equation in (4.3) and substituting it into the first

equation in (4.3), we obtain

A
AT = ATy A= 2295 (4.4)
VX
Let us use the separation of variables. The solution of equation (4.4) is sought in the form

T(r,¢) = P(r)F(¢). Substituting this solution into (4.4), we obtain

F" +d*F =0, (4.5)

r P 4 28 P — (14 2d*)P" + (1 + 2d°) P — (A" — d*(d® — 4))P = 0.

Because F' must be a single-valued function (F'(0) = F(27)) coefficient d must be an integer,
that is, d = n. The solution of the first equation in (4.5) is F},(¢) = D; cosng¢ + D sinn¢. The
solution of the second equation in (4.5) is P, (r) = A1Jp(kr) + A2Y, (kr) 4+ Agly (kr) + As Ky, (kr),
where k = (A)3 [5]. Thus, the solution of problem (4.4) has the form T, (r, ¢) = (AyJ, (kr)+
+AY, (kr) + AsI, (kr) + Ay K, (kr)) (D1 cosng + Dy sinng).

Let us find the unknown constants A;,i = 1,4. The natural requirement is |T(0, ¢)| < oc.
Functions Y,,, K, are not bounded at the point 0 so we obtain A5 = A4 = 0. Further, the
boundary condition "= 0 on I" of the original problem is written as

AlJn(k‘a) + Agln(ka) =0. (46)
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The boundary condition w = 0 on I results in the relation AT = 0, r = a. The last expression
can be represented as P"F 4+ r~'P'F 4+ r—2PF" = 0. Because F = D; cosn¢ + Dy sinng we

have the following condition
1

n2
P'+-P ——=P=0, r=a.

r r

Substituting P(r) into the previous relation, we arrive at the equality

1 1 / n2 1 1 !/ n2
Ar(Jy (k) + I (kr) = —5 Ju(kr)) + As(L(kr) + — 1, (k1) = 5 In(kr)) =0, 7 =a.

Using recurrent formulas for the Bessel functions, the last condition is reduced to the following
equality
—AyJy,(ka) + Asl,(ka) = 0. (4.7)

To find two unknown constants A; u Az one should solve the system of two homogeneous
equations (4.6) and (4.7) so A3 = 0 and J,(ka) = 0. Then k = fﬁf)/a, where Efﬁ— is the i-th
zero of the Bessel function of order n. In our notation we obtain k* = \ = pgﬁAsf)z/_lx_l. It

: N4
means that A = vyY (f,@) (pgﬁa‘l)fl.

The spectral parameter takes the minimum value at the minimum value of §£f). It is achieved

at ¢ = 1, n = 1. This follows from the property of zeros of the Bessel functions 57(11) << 57(3_21 <

4 _
@ < 57(12+)1 < ... [6]. Therefore Ag = vy (551)) (pgﬂa4) ! , §1) = 3.83171.
Finally, the solutions of problem (4.3) are

_ ‘ fr(f)T cos ng
T = BmJn< . ) { sinn }, (4.8)
D X a 2J ,(f)r cos ng

A el "\ a { sinng }

Fig. 3 shows the profile of vertical velocity wy;. Fluid flow rate is equal to zero so it moves
in different directions .

Wy

Normalization of functions (4.8) gives the constants
2 24

Bpi=——7-—5, ni = NETE
@ [Jusa(6)] xat [T (68)]

In our case, it is necessary to take n, i = 1.
Let us consider system (4.3) in region (4.2) with boundary conditions (1.9) with b =0

1 1
14 (wrr + ;w,- + 70211)475(75) + pg,@T = 0,
1 1
X (TM + ;TT + 7"2T¢¢) +Aw = 0, r€][0,a], ¢ €][0,2n]; (4.10)
oT
w =0, 5 = 0, r=a, ¢ €[0,27]

Solving this problem in the same manner as for problem (4.3), we obtain that the eigenfunction
cosng

T, has the form T,(r,¢) = (C1J,(kr) + CgIn(kr)){ sinn

}. The conditions for finding
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Fig. 3. The profile of velocity wy; for problem (4.3)

unknown constants Cy,C3 are

—ChJn(ka) + Csly(ka) = 0, (4.11)
C1J)(ka) + CsI)(ka) = 0.
The solvability condition for system (4.11) is
Jn(ka)I} (ka) + J), (ka)I,(ka) = 0. (4.12)
Equation (4.12) is reduced to an expression without derivatives
In(ka)Iny1(ka) — Jpy1(ka)l,(ka) + %Jn(ka)fn(ka) =0. (4.13)

The properties of solutions of this equation are presented in the next subsection. In particular,
solutions are real and positive. Let us denote the i-th root of equation (4.13) by fy,(f) = ka. There
are infinitely many roots. Hence, the spectral parameter A is

A= P;/ﬁxa‘* ( ’(‘i))4' (4.14)

Returning to system (4.11), we find that C3 = A;J, (77(11‘)) /In (%(,i)). Finally, we obtain

that eigenfunctions of problem (4.10) are

(4)

= sl G () e Gy () { e}
() () () ()| e}

2
_ p. X[} G
Wni = DnzA < (7)> )
,96,

~
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To find the minimum value of spectral parameter Ag, one need to choose the smallest root
of equation (4.13). Unfortunately, in the well-known reference books [6, 7, 8] there is no solution
of this equation so the roots were determined numerically. It was obtained that the magnitude
of roots increases with their number and with an increase of the order of the Bessel function.
Also the numerical results show that the equation has no complex roots, which is consistent with
Lemma 2.

Thus, the root 'yél) = 4.6109 should be chosen since it is the smallest root of equation (4.13).

So we have Ay = vy (7(()1))4 (pgﬁa‘l)fl.

As shown in Section 5, one can obtain asymptotic values of the roots of equation (4.13).
Comparison of the asymptotic values of the roots with the numerically obtained roots for n = 0
is presented in Tab. 1. One can see that the difference between two adjacent roots tends to w
when the number of the root increases.

Table 1. The approximate values of roots of equation (4.13). First row presents results of
numerical solution of equation (4.13). Second row presents asymptotic values (5.6)

Numerical 4.6109 | 7.7993 | 10.9518 | 14.1087 | 17.2557 | 20.401 | 23.5354 | 26.6889 | 29.8321

calculation

Calculation by | 4.7124 | 7.854 10.9956 | 14.1372 | 17.2788 | 20.4204 | 23.5619 | 26.7035 | 29.8451

the formula

(5.6)

The profile of vertical velocity wp; is shown in Fig. 4. The fluid moves in one direction since
the flow rate is not equal to zero in this case.

Fig. 4. The profile of velocity wq; for problem (4.10)

5. Some properties of the roots of equation (4.13)

Let us assume that z = ka is the complex root of equation (4.13).
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Lemma 3. The roots of equation (4.138) are real and isolated except for zero. Roots are sym-
metrically located with respect to the point 0 and they have no finite limit points.

Proof. Using representation [6, 7]

N el
26 = (3) D
2\ 1
In(z) = (5) ];)k!(kz—l—n)!m;;z%’

we rewrite equation (4.13) as
2 2\ o (-1)* 2k N 1 2k

(5) {(2) LZ_;) k(% + n)122k kz::()k:!(k—f—n—&—l)!?kz N

S (=D* %\ 1 ok
kzzo Kk +n + 1)122k° kZ:O k(% + n)122k

= (=D* 2 o 1 7
+"};k!(k+n)!2%z kZ:Ok!(k:+n)!22kZ =0

It is clear that the root z = 0 has at least multiplicity 2n. We transform the expressmn in

+ (5.1)

curly brackets of equation (5.1). If there are two converging power series Z ap 22", Z by 22k
k=0

00 k

then their product is the power series > ¢,2%* with coefficients ¢, = >_ a;by—; (by induction).
k=0 3=0

Designating the coefficients for the products c}, c3, 3, sequentially, we find

k 1 j
= - (-1
* 3G )k = )Nk —j+n+1)1220
k ,
2 (=1)7
- 2
o z:(:) G +n+ DIk — )l (k—j +n)i22F (5:2)
k .
3 _ (—1)1
L ;) G+ )k — )ik — j + n)l22k
Then we have
k 1 j 1 )
cp —ci = Z (=1 _
e G+ k=D =G+ 02 [k —j+n+1 jHn+l
_ (5.3)
_Z (=1)’(2j — k) — 4
G+n+D)i(k—)(k—j+n+1)22k —
Now we obtain from (5.1) the following equation
dk 5 2k+2
ch z (5.4)

k=1
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because dy = 0. The last equation is transformed into (the replacement k 4+ 1 <> k replacement

for the first row)
o0
dp—
—ncy —nciz? + Z ( k4 L_ nci) 22k =0,
k=2

or

o0 d _ .
Zd}ﬂz% =0, dj=-nc, di=-nc}, d)= k4 L néd, k=2 (5.5)
k=0

Thus dj = —n/(n!)? # 0 when n # 0, di = 0 then multiplicity of the root z = 0 is 2n. For
n = 0 it follows from (5.4) that multiplicity of the root z = 0 is two, that is, d; # 0, according
to (5.3).

In (5.5) all the numbers d},k = 0,1,2,... are real, therefore z and z are solutions. Let
z = |z|e’® and z = |z|e”® are roots. Then we obtain from (5.5)

o0

Z d}|z|?* (cos 2k¢ + i sin 2k¢) = 0.
k=0

Then sin2k¢ =0 at ¢ = 0,7; cos2k¢ =1, k=0,1,2,... and the imaginary part of the root
z is zero.
So, the non-zero roots of equation (4.13) are real, z = v € R!. If 7 is a root, —7 is also a root.

oo
So it is sufficient to find positive roots. Further, function f(y) = 3 di+?* is a whole function.
k=0

Zeros of the function are isolated and they cannot have finite limit points [9]. The Lemma is
proved. O

Remark 2. For v > 1 [§]

&
=~
Il
7]
—_
3 =2
o
2
1
—
+
)
N
| —
N———
| IS |

and the roots of equation (4.13) have asymptotic representation

1
A M)~ w +mm, m> 1. (5.6)
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Awnnoraiusi. PaccMarpuBaroTcst ClieKTpaJjibHbIE 33,1891, BOSHUKAIOIIUE IIPU MOJIEINPOBAHUYN CTAIIMOHAD-
HBIX OJHOHAIIPABJIEHHBIX KOHBEKTHUBHBIX TE€UEHUI B BEPTUKAJIBHBIX TEIJIOOOMEHHWKAX TPU PASTMIHBIX
TeMIIepaTyPHBIX PeXKUMaX Ha UX IPaHuIaX. PoJib ClIEKTPaIbLHOrO [IapaMEeTPa UI'PAET HOCTOSHHBIA TeMIIe-
paTypHBIN IPAJIMEHT HA BEPTUKAJIBHBIX CTeHKaX. [Ipu 3TOM momepevHoe ceveHne TerI000MEHHUKA MOYKET
OBITH TPOM3BOJIBLHON (DOPMBI. YCTaHOBJIEHBI OOIIE CBOMCTBA PEIIEHUI CIIeKTPAJIBHBIX 3aaad. s mpak-
TUYECKU BaXKHBIX CEYEHUI — IPAMOYTOJIbHUKA M KPyra — PEIIeHUsl IIOJYyUeHbl B AHAJIUTHIECKOM BH/IE.
HaiiieHbl KpuTHYeCKe 3HAUYEHNST IPAJUEHTa TEMIIEPATYPhI, TPU KOTOPBIX BOZHUKAET KOHBEKTUBHOE Te-
YeHre, U MOCTPOEHBI COOTBETCTBYIOININE TPOMUIN BEPTUKATIBLHON cKopocTu. V3ydeHbl CBOCTBa pelreHuit
HOBOI'O TPAHCIEHJEHTHOI'O YPaBHEHUSsI, OIIPEIEJISIONIEr0 CIIEKTPAIbHbIE 3HAYCHMUSI.

Kirouyesbie cioBa: KOHBEKIU, CIIEKTpaJibHad 3ajiava, COOCTBEHHEIE (i)yHKLLI/II/I, COOCTBEHHBIE 3HAYEC-

HUA.
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