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Abstract. In this paper we consider the problem of dynamic loading of a deformable solid medium con-
taining slip planes with nonlinear slip conditions on them. An explicit-implicit scheme was constructed
for the numerical solution of the constitutive system of equations, which exactly reduces to correcting
the stress tensor values after performing the elastic step. An implicit approximation of the constitutive
relations containing a small parameter in the denominator of the nonlinear free term was used with
the second order of the approximation. The correction procedure is applicable for those cases when
the viscosity parameter of interlayers providing the sliding mode of the contact boundaries is not small.
The solution of the problem of the seismic waves propagation in an inhomogeneous fractured geological
massif in a two-dimensional case was obtained numerically.
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Seismic exploration is a standard method of prospecting for hydrocarbon deposits and is
actively used by many service companies in the oil and gas complex. It is based on the prop-
agation of seismic waves in heterogeneous media, their reflection from contrasting boundaries,
during the registration of which the internal structure of the subsurface space can be restored.
Computational methods that allow calculating wavefields in a given geological model is a cru-
cially important. With the development of modern computer systems, they are being actively
improved and developed.

Various mathematical models are used to describe dynamic processes in geological media:
acoustic, isotropic elastic, anisotropic elastic, elastic-viscoplastic. Unfortunately, the vast ma-
jority of applied problems cannot be solved analytically, in view of which various numerical
methods are actively used [1-4]. Well prepared reviews are presented in [5,6]. Among recent
works, one can highlight the work [7], devoted to the construction of a hybrid numerical method;
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and [8, 9], in which a numerical method was constructed for calculating wave processes in a block
medium with interacting structural elements. In paper [10], the grid-characteristic method was
successfully generalized for inverse migration problems.

Fractured media are of the practical interest, since they either contain oil or are confined
to the places of occurrence of its large reserves. Earlier in works [11, 12], continuous models of
deformable solid media with a discrete set of slip planes (layered, block media) and with nonlinear
slip conditions at contact boundaries of structural elements were constructed. In all these cases,
the constitutive relations of the system include equations with a nonlinear free term, the form
of which is determined by the selected contact condition at the interlayer boundary.

For a stable numerical solution of the system of differential equations, explicit-implicit schemes
were developed with an explicit approximation of motion equations and an implicit approxima-
tion of constitutive relations containing a small parameter in the denominator of the nonlinear
free term [13,14]. Various effective formulas for correcting stress components after an "elastic"
time step were analytically derived from implicit nonlinear finite-difference approximations. To
calculate the "elastic" step, the grid-characteristic method on structured grids was used. For
monotonization, a grid-characteristic criterion of the monotonicity was used, which is based on
the characteristic property of the exact solution of the linear transport equation.

However, while an explicit elastic step allows the construction of schemes of a higher order of
approximation [15,16], the correction of stresses in previously published works was carried out
by means of an implicit first-order approximation [13,14]. In this paper, to match the orders
of approximation of the explicit elastic and implicit correction steps, an implicit second-order
approximation was constructed for the constitutive equations of a layered medium with friction
at contact boundaries and refined correction formulas were obtained after the elastic calculation
step. The use of this method with the consistent approximation for explicit elastic and implicit
correction steps made it possible to increase the accuracy of calculations and to carry out a
numerical simulation of non-stationary problems of scattering of elastic waves and generation of
a response from fractured clusters, both in a homogeneous and in an inhomogeneous geological
massif.

1. Mathematical model and numerical method

Let us formulate nonlinear conditions for the interaction of contact boundaries of structural
elements. In a Cartesian rectangular coordinate system z; (i = 1,2,3), we consider an infinite
elastic medium with an oriented system of periodically repeating parallel slip planes. The orien-
tation of this system is set by the unit normal n. The distance between sliding planes is constant
and equal €. The density of the material p, as well as Lame moduli of elasticity A\ and p are
assumed to be given constants. The stress state is described by the stress tensor o. The vector
of the shear stress on the slip plane is 7 = o -n — (n - o - n), the normal stress is 0, = n-o - n.
We assume that layers are in a compressed state and o, < 0.

Let us introduce the vector of the shear velocity -y, determined by the jump of the tangential

V.
velocity [V;] at the contact boundary: v = M

It is assumed that physically between elasécic layers there are thin layers with the thickness
d < €, however, we neglect the thickness of these layers and replace them with sliding conditions
at compressed boundaries of layers. The conditions of the contact interaction, depending on
physicomechanical properties of interlayers, are taken in the form the of local slip condition for
Coulomb friction with a small viscous additive.
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At 0,, < 0 (compressed contact boundaries):

™ = glon| (v/ |7+ 1), (1)

or expressing the slip velocity « in terms of shear stresses T

1T |T] >
v=—io (1), 2
n|r|<qon| @)

where 7 is the viscosity coefficient, ¢ is the Coulomb friction coefficient, (F(y)) = F(y)H (y),
H(y) is the Heaviside function, H(y) = 0if y < 0 and H(y) = 1 if y > 0. The contact plane
with indicated interaction conditions is called the slip plane.

In order to deal with the continuous model of a medium containing a system of such slip
planes, we will consider « as a continuous function of coordinates and time, which has the meaning
of distributed slip velocities. These relations allow us to take into account the contribution of
slip velocities to the tensor of velocities of an inelastic deformation e”:

e€=Mmey+y®n)/2, v n=0. (3)

The total strain velocity tensor e is obtained by summing all elastic and inelastic components
and is equal to
e=e‘+e’, e=(Vv+Vol)/2 (4)
Here v is the "macroscopic" velocity of medium particles, e is the elastic strain velocity
tensor, which is related to the stress tensor by Hooke’s law:

=X :I)I+ 2ue°. (5)
The system is closed by motion equations:
pv=V.o. (6)

The system of equations for the model of a layered medium.

In a layered medium consisting of elastic layers, there is a single system of slip-delamination
planes with a normal n. If the normal n to interlayer boundaries is oriented along the z3
coordinate axis, then its components satisfy the relation n; = 5?.

The conditions for =, corresponding to the local contact condition, have the form:

1os,; T
/yj:?)j< | ‘ —1>, |7'|: Za’gkdgk. (7)
n |7l \qloss] parrd

Taking into account the choice of the orientation of the normal in a component wise form,
the system of equations of the model will take the form:

PV = Tij 5,04 ot Ak g+ 20054, 033 = Ak + 2pv3 3, (8)

Gij = pmvij+ve), i#J, 03 = p(vs;+vj3)— - (9)
1,j7#3 J#3
The system of equations for the model of a block medium.
The block medium is formed by uniformly stacked elastic cubes (parallelepipeds) with
three possible slip-delamination planes oriented by mutually perpendicular unit normals n(®),

s =1,2,3. In this case, the tensor of the velocity of an inelastic deformation will take the form:

3
e =Y <n<s> 2~ + 40 @ n(s)) /2, 4. = . (10)

s=1
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If we orient three normals to slip-delamination planes along coordinate axes of the Cartesian
coordinate system, then the following relation will be true for normals: n;s) = 07, where 07 is
the Kronecker symbol.

The through conditions for 4, corresponding to the local contact conditions, have the form:

0 _ 1 oy [T . (%)
2= — ? -1 — O 11
7 n|T®] <(I|0¢i| s i FE g T k%éi OikOik (11)

As in the case of a layered medium, we can write the system of equations for a block medium

in a component wise form:
p’UZ = 0ij,5, djj = )\’Uk’k + 2,U/Uj7j7 (12)
Gij = p(vij +v54) — ﬂ’Y]@ - lu“’)/i(j)? i F J (13)

1.1. Implicit approximation of constitutive relations

The obtained system belongs to the class of semilinear hyperbolic systems; their numerical
solution can be constructed using various explicit schemes. However, in the slip mode, a nonlinear
free term with a small viscosity parameter in the denominator is included in the governing
equations for shear stresses. The system becomes rigid and common explicit schemes will be
unstable. To overcome these difficulties, we propose to use an explicit-implicit method. Implicit
approximation is used only for those equations that contain a small parameter in the denominator
of the free term, the rest of equations are approximated explicitly.

Let us describe this method using the example of the equation for ¢3; in the compressed
contact boundary mode o33 < 0 for a layered medium:

03 =, (Vs g +vjs) = posi ([Tl (gloss) = 1) /(i) || = Voisois, i =1,2. (14)

Earlier, as a result of the analytical solution of an algebraic equation for an implicit first-order
approximation, the following correction formulas were obtained after an elastic step for the case
of compressed layers [13, 14]:

When |7+ > glogs;'|

ot = qloftt| (o /1) (L4 6172 T) /(1 + 6qlotst]) (15)
vi= (ot — ot/ (uAt),  ofy = o+ pAt (VP 40Tt i =12 (16)

When |77+ | < glog;t"|

€

017?'1 = Jggl, fyi"'H =0,6 =n/(uAt), |7 = U%tla%tl, 1=1,2. (17)
Here, indices n + 1 and n correspond to the values on the upper and lower time layers, At

is the time step, the subscript e marks values of the stress tensor after the elastic time step.
n+1

It is assumed that the values of v;'"" and U?J-H have already been determined from an explicit
approximation of motion equations and equations for the normal component of the stress tensor
that do not contain small viscosity parameters in the denominator of the free term. To agree
approximation orders of the elastic step and the corrective numerical procedure, we construct
an implicit second-order scheme for governing equations of a layered medium with nonlinear

contact conditions at interlayer boundaries. We do not write out further the terms related to
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the approximation of spatial derivatives, since it can be carried out by various schemes.

A

specific implementation based on the use of the inverse method of characteristics, which has a

second order of approximation in 2D and 3D cases, is given in the next section. An implicit

approximation in time of the second order for the equation for tangential stresses is:

+1 +1
ol — o _ (vlngl _~_vg7+1) K |7'n+11| _1 ol + el _1 ais ,
At s )T Wl ~ e Nalogl ) i
ot 1 n+1 n+1 n n
O_?H-l — O'(-E = |T | -1 UiS + |T | -1 O"LS
i3 i3 25 q|o_§gi-1| |Tn+1‘ q|U§L3 |7-n| .

This nonlinear system of algebraic equations for U%H can be rewritten as:

1 Eakand ot [T ol
50n+1+{< -1 B4 -1 B4 — 5o,
2 W\ glogg™ [ Nalogsl /1] .

Let us collapse this equation sequentially with Ji’?'l, o5, 053 and introduce notations:

for unknown convolutions at the calculation step

XZ=ot ot Y2 =0l ot 2% =05 okt
for known quantities
T? =0l -0%%, S2=00% 05, Y2=0% 05
We get three algebraic equations for X, Y and Z:
1 X X2 T &
6X2+{<—1>+<—1>}:5227
2 L\ qlozs™| X qlogs| T

—
Il
(=]
[95)
e

1 X Y2 T
2
qlozs qlots

1 X 7Z* T
2
0Z +2{<71+11>X+< n 1>
qlog; qloks

We will also denote for brevity:

st 3 (T s b (S
2 \ qloks| 2 \qlos;

SR SR

—
Il
=%
\g|
N

In this case, the algebraic system can be written in the form:
X?2AX +Y2AT =622,
Y2AX + T?AT = 552,
ZPAX + SPAT = 532,
From second and third equations, we can obtain:

§8% —T?AT

§%% — S2AT
AX '

2 __
YT = AX

72 =
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From the first equation we obtain:

§%% — S2AT 652 — T2AT
2 — — _
XPAX =0——~ AT~ (31)
or
X?AX? = AP?, AP?=§(6%% — S?AT) — AT (65° — T°AT) . (32)

The system for defining the convolution X will take the form:

XAX = AP, (33)
X
o33
From this system
X
33
and when X > |05 | we get
1+ 2AP
! (36)

T 2%+1/ (gloss™ )

So, for this convolution we have the expression:

1+ 2AP AP
X =q| 3+1|+7+1 AX = —. (37)
1+ 20q|as ™| X
The difference equation for U%H can be written in the form
oM AX + o AT = do; (38)
o 5 AT 6 AT
nJrl 0—7;63 — 0-:75’) =X 053 — UZ’) 39
03 AX AP . ( )
The final correction formula of the second order of approximation will take the form:
o = glon! 1+2AP {053 — ATol (40)
1+ 20q|oss™ AP ’
AP = /5 (052 — S2AT) — AT (652 — AT - T?), (41)
1/ +/okoly 1
AT:* Z ! _1 ) Z’: Jieo-ie’ 42
2< glot] >\/ozz~,o?3 o )
oholy, T =\/okol, i=12. (43)
The correction formula for shear stresses can be written in a different, more convenient form.
For this purpose, we introduce the notation &7 ! for additional components with corrections to
the elastic calculated values containing, at ﬁrst glance, a "bad" small parameter in the denomi-
nator: AT T
1 o
~n+1 e n e i3
Gl =05 — ——0/% =053 — — ——1)==, T=.\/o}oh. (44)
° oo m 25<Q|033| > T o

We also introduce a notation for the convolution:
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in-&-l — ~n+laré+1 (45)
3 (2
It is easy to show that AP = §£"*1. So, in the square root expression in the formula for AP
the value is always positive. In these notations, the correction formula for shear stresses on the
n + 1 time layer will take the form:

ot = qlopst 1425t Gt

46
1+ 25g|os™| 2n+1 (46)

Let us show that the small parameter in the denominator of the expression for 5:%“ is canceled

after some transformations:

1+ 26%n+! 1+ 265"
X:\/W p| T2 7= Joto = glofy|— 47
R = gy T VR = R e D
2 (S —qlotyl)\ (5"~ dlotl)
) 1 T 1 41033 11933
St = /G157, o —1)=3 B W
m 25 <q|05z3| > 25< 1+ 24q|o%s| > 1+ 20q|o%s| (48)
and, finally, -
<E"—Q|U§L3|> n
5?;_1 ot - - Jis (49)
L+ 20q|ogs| /olholy

51 differs from the elastic stress on the upper time

n+1

It can be seen from this formula that &5
layer by a relatively small value, and the formula for 03" does not contain a small viscosity
parameter in the denominator.

Note that the obtained nonlinear algebraic system from the implicit approximation was solved
exactly, without taking into account the smallness of the parameter 6. Therefore, the proposed
correction procedure is also applicable for those cases when the viscosity parameter of interlayers

providing the sliding mode of contact boundaries is not small.

1.2. Explicit approximation of motion equations

Let us consider in more details the numerical method used to solve the elastic part of the
problem. In the three-dimensional case, the vector of unknowns contains nine components

T
u = (Ul,'U27'U370'11,012,0137022,023,033) . (50)

Note that the original system of equations can be written in the canonical form

ou 8+A28+A6u

— — 1
ot~ T lom Oy 3 925 (51)

where Aq, As, Az are 9 X 9 matrices and (z1,22,23) is an orthonormal coordinate system.
After splitting in coordinate directions, the original system splits into three independent one-
dimensional systems

ou ou
— =A,—, j=12,3. 52
8t J 6%‘]’ ] )~ ( )
Each of them is a hyperbolic system of equations, which means that its matrix can be diagonalized
ou 1 ou
= =2 T A;Q; =1,2,3 53
6t 8 ? j P YD ( )
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where 25 is composed of eigenvectors and Aj is a diagonal matrix composed of eigenvalues

A = diag (c1,—c1,c2, —C2,¢2,—2,0,0,0), j=1,2,3, (54)

IA+2
and ¢ = K and cp = | / . After passing to the Riemann invariants v = £;u, each of

the systems sphts into a set of hnear transport equations

Ov ov

=0, j=1,2,3. (55)

The transport equation is solved using an one-dimensional interpolation procedure with a given
order of approximation. Then the solution is restored on a new time layer. Note that to cal-
culate the dynamic behavior of a layered (or block) medium with nonlinear slip at the contact
boundaries, it is enough to apply the correcting relations given above after each elastic time step.

2. Simulation results

On the basis of the proposed computational algorithm consistent in the order of approxima-
tion, the numerical simulation of multidimensional problems of reflection and scattering of elastic
waves from a near-surface source on fractured buried geostructures was carried out.

At the first stage, a comparison was made of the calculation results obtained using the first and
the second order of approximation. For this, a two-dimensional problem of isotropic geological
massif loading with sizes of 2500 x 3000 m, a velocity of propagation of longitudinal waves of 4500
m/s, velocity of propagation of transverse waves of 2250 m/s, and density of 2500 kg/m? was
considered. At a depth of 2000 m, a fractured cluster with a length of 1500 x 100 m was located
in it. The dynamic behavior of the medium in this region was described within the framework
of a continual model with parameters ¢ = 0.1, § = 0.3, n = (%, %) It was illuminated by
a longitudinal plane wave with a harmonic time dependence with a frequency of 30 Hz and an
amplitude of 1 cm/s. A rectangular computational grid was built with a spatial step of 5 m,
covering the computational domain and containing 300 000 nodes. The time step was chosen
from the Courant condition and was 1 ms. In total, 1 s of the loading process was simulated.
For the numerical solution of one-dimensional linear transport equations, the Rusanov scheme
of the third order of accuracy was used. In this 2D case, due to the use of coordinate splitting
technique, the total order of the elastic step is reduced to the second.

Fig. 1 shows the difference in seismic signals obtained using both computational algorithms.
In general, when the P-wave interacts with inclined cracks, reflected longitudinal and transverse
waves are generated — from the horizontal part of the inclusion, as well as two fronts of spherical
waves — from the side boundaries of the inhomogeneity. Analysis of the results shows that the
difference in seismic responses reaches 0.8%, and it is the most significant for the P-S response.

At the second stage, the seismic wave propagation was calculated in the Marmousi2 model
[14], complicated by the presence of a cluster of vertically oriented fractures in the volume
[4000 — 4500] x [1000 — 1500] m. The simulation domain was covered with a rectangular com-
putational grid with a spatial step of 5 m, in each node of which the elastic parameters of the
medium were stored. A spherically symmetric near-surface explosion with a time dependence in
the form of a Ricker pulse with a main frequency of 30 Hz was considered as a signal source.
It was located at the point (8500,5). The fractured cluster was described by the following pa-
rameters: ¢ = 0.1, § = 0.3, n = (1,0). Fig. 2 (top) shows the wavefield superimposed on the
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Fig. 1. Seismic response (left) and absolute value of velocity modulus (right) for first order and
second order schemes usage

density model of the medium. One can see the formation of numerous waves reflected from
curvilinear contact boundaries. At the same time, it is not possible to identify the position of
the heterogeneity itself. Fig. 2 (bottom) shows the difference wavefield obtained by subtracting
the simulation results for a fully elastic model. The generation of spherically diverging response
waves is clearly visible. Note that the level of the response amplitude is also at the level of 1%.

Conclusions

In this paper, we consider the problem of dynamic loading of a deformable elastic medium with
a discrete set of slip planes and nonlinear slip conditions at the contact boundaries of structural
elements. A continual model was used to describe its behavior. For a stable numerical solution
of the governing system of differential equations, an explicit-implicit scheme with an explicit
approximation of the motion equations and an implicit approximation of the constitutive relations
containing a small parameter in the denominator of nonlinear free terms is used. To match the
orders of approximation of the explicit elastic and implicit correction steps, an implicit second-
order approximation is constructed for the constitutive equations of a layered medium with
friction at the contact boundaries, and refined correction formulas are obtained after the elastic
calculation step. To calculate the "elastic" step, the grid-characteristic method on rectangular
grids was used. The use of the method of consistent approximation made it possible to increase
the accuracy of calculations and to carry out a numerical simulation of non-stationary problems
of the scattering of elastic waves and the generation of a response from an oriented fractured
cluster, both in a homogeneous and inhomogeneous geological massif.

This work was carried out with the financial support of the Russian Science Foundation,
project no. 19-71-10060.

=776 —



Ilia S.Nikitin, Vasily I.Golubev Explicit-Implicit Schemes for Calculating the Dynamics of Layered Media...

0 100020003000400050006000700030009m010000|1000|m1300014000150001m17

Dencity
1010, 1200. 1300. 1400. 1800. 1600. 1700. 1800. 1900. 2000. 2100. 2200. 2300. 2400. 2500. 2627.
L L | | | | | | 1 | I 1 | | ! |

1000 2000 3000 4000 5000 &000 7000 8000 9000 10000 11000 12000 13000 14000 15000 16000 17000
0

Dencity
1010 1200. 1300. 1400. 1500, 1600. 1700. 1800. 1900. 2000. 2100. 2200. 2300. 2400. 2500. 2627.
— L] ! ! ! ! e )

Fig. 2. Wave field in Marmousi2 fractured model (top) and difference with pure elastic model
(bottom)
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fIBHO-HEesIBHBIE CXEeMBbI AJIdAd pacdeTa JUHAMWKA CJIONCTBIX CPpe
C HeJIMHEHbIMN ycioBudAMHN Ha KOHTAKTHDBIX I'PaHHIIAaX

Nnba C. Hukutuxa

WucturyT apromarusanyuu npoektuposanns PAH
Mocksa, Poccuiickass @enepariust

Bacummit 1. I'osry6eB

MockoBcknit HU3UKO-TEXHUIECKUN UHCTUTYT
MockoBckasi 0bacTh, Poccuiickas Dengeparnus

Awnnoranusi. B macrosimeit pabore paccMaTrpuBaeTcs 3a7ada JMHAMUYECKOTO HArpyKeHus aedOopMu-
pPyeMoil TBepIIOil Cpembl, COMepKaIell IJIOCKOCTH CKOJIbYKEHUS C HEJIMHEMHBIMHU YCIOBUSIMU IIPOCKAJIb-
3bIBaHUs Ha HUX. [locTpoeHa sIBHO-HEsIBHASI CXeMa I YUCJEHHOTO PEIEHUs OMPEIEIsIoIeil CUuCTeMbI
YPpaBHEHWIA, B TOYHOCTH CBOJISAIIASACST K KOPPEKTUPOBKE 3HAYEHUI TEH30PA HAIPSIZKEHUN IOCJIE BBITOJI-
HeHUs yupyroro mara. HesBHas annmpoKCHMAaIls OIPEIEsISIONUX COOTHOIIEHHH, COMEePXKAIINX MaJsIbIit
mapaMeTp B 3HaMeHaTeJle HeJIMHEHHBIX CBOOOTHBIX UWJIEHOB, BBIMOJHEHA CO BTOPBIM MOPsAKOM. lIpore-
ypa KOPPEKTUPOBKHU MPUMEHHMA U /IS TE€X CJIy9YaeB, KOT/a IapaMeTp BI3KOCTH Y IPOCJIOEK, obecrre-
YMBAIOIINX PEXKUM CKOJIbXKEHHSI KOHTAKTHBIX I'DAHUI[, He MaJjl. IMCJIEHHO IIOJIyYeHO DeIleHHe 33J[a9U O
PacCIpOCTPAHEHNN CEHCMUYECKUX BOJIH B HEOJHOPOIHOM TPEIMHOBATOM I€OJIOTUIECKOM MACCUBE B JIBY-
MEPHOU IOCTaHOBKE.

KiroueBble ciioBa: cioucTbie Cpe/ibl, TpeuiuHOBaTble Cpe€J/ibl, KOMIILIOTEPHOE MOJIEJINPOBaHUE, ABHO-
HesIBHBIN MEeTO/d, CeTO‘{HO—XapaKTepI/ICTI/I‘IeCKI/IfI METO/[, YCJIOBUSA CKOJIb2KEHUSI.
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