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Abstract. The author has previously (Trudy IMM UrO RAN, 19(2013), no. 3) described the groups
lying between twisted Chevalley groups G(K) and G(F) of type A, 2Dy, ?Es, ®Dy in the case when
the larger field F is an algebraic extension of the smaller nonperfect field K of exceptional characteristic

for the group G(F) (characteristics 2 and 3 for the type *D4 and only 2 for other types). It turned
out that apart from, perhaps, the type 2D;, such intermediate subgroups are standard, that is, they are
exhausted by the groups G(P)H for some intermediate subfield P, K C P C F, and of the diagonal
subgroup H normalizing the group G(P). In this note, it is established that intermediate subgroups are
also standard for the type 2D;.
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1. Introduction and preliminaries

Groups of Lie type G(F') over the field F' consist of Chevalley groups of type ® = A;, By,
Cy, Dy, Eg, E;, Eg, F;, G5 and twisted Chevalley groups of type "® = 2A4,, 2Dy, 3Dy, 2Es, 2B>,
2G4, 2Fy. The number of fundamental reflections generating the Weyl group associated with the
group G(F) is called its Lie rank. Groups of type Ay, 245, 2B, 2G5 constitute all groups of Lie
rank 1. Groups of type 2A4;, 2D;, 3Dy, ?Eg are also called by Steinberg groups, groups of type
2B, are called by Suzuki groups, groups of type 2Gs, 2F} are called by Ree groups, in honor of
their discoverers.

The exceptional characteristics of the ground field F for the group G(F) are usually:

— characteristic 2 for types B;, C;, Fy, 2A4;, 2D; and 2 Eg;

— characteristics 2 and 3 for types Gy and 3Djy.

This is due to the fact that the Coxeter graph associated with the group G(F') has edges of
multiplicity 2 or 3.

In what follows, everywhere the field F' is an algebraic extension of the field K. The interme-
diate subgroups between the groups G(K) and G(F') are described in the author’s papers [1-3].
For exceptional characteristics, the description depends on whether the field K is perfect. By
definition, a field K of characteristic p > 0 is called perfect if K? = K.
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In 1983, the following result was obtained in [1]. If the Lie rank of the group G(F') is greater
than one and it is different from the group Re of type 2Fy, and in the exceptional characteristics
for G(F) the field K is perfect, then the groups lying between the groups G(K) and G(F), are
exhausted by the groups G(P)H for some intermediate subfield P and a diagonal subgroup H
normalizing the group G(P). We call such intermediate subgroups standard.

In [2], the groups that lie between the Chevalley groups G(K) and G(F') of type B;, Cj,
Fy, G5 are described in the case of an nonperfect field K that is exceptional characteristics for
the group G(F). It turned out that in each of these cases, except type Go in characteristic 2,
nonstandard subgroups appear and they are parameterized by two additive subgroups of the
field F. Moreover, if G(K) is of type Fy or G, then both additive subgroups are fields, and if
G(K) is of type B; (I =2 3) or C; (I > 3), then one additive subgroup is a field. The paper [4]
contains examples of non-standard intermediate subgroups for types B; (I > 3) and C; (I > 3),
which are parameterized by two additive subgroups, one of which is not a field, and for the type
By = (5 both such additive subgroups may not be fields.

In [3], the groups lying between twisted Chevalley groups G(K) and G(F) of type 24;, 2Dy,
2Eg, 3D, are described in the case of nonperfect fields K of exceptional characteristic for the
group G(F). It turned out that except, perhaps, the type 2D;, the intermediate subgroups are
standard.

In this note, we classify pairs of additive subgroups that parameterize non-standard subgroups
between the groups G(K) and G(F') (Section 2) and prove the standardness of such intermediate
subgroups for the type 2D; (Section 3). Thus, non-standard groups lying between the groups
G(K) and G(F) appear only for Chevalley groups of normal type B;, Cj, F; and Gy over the
nonperfect field F' of characteristic 2 and, respectively 3. Note also that if we remove the
condition of algebraicity of the extension of a larger field over a smaller one, then the description
of intermediate subgroups becomes immeasurable for Chevalley groups associated with Coxeter
graphs without multiple connections [5,6].

2. Pairs of additive subgroups associated with intermediate
subgroups of Chevalley groups of type B;, C), Iy n Gy
Let ® be a reduced indecomposable root system, ®(F') be a Chevalley group of type ® over
the field F' generated by the root subgroups
e (F)={z.(t) |t € F}, red.

Following V. M. Levchuk (7], by a carpet of type ® over F, we mean a family of additive subgroups
A= {2, | r € d} of the field F with the condition

Cij,rsmimg - i)1127"+j37 7,8,1T + J8 € D, 1,J > 0, (1>

where 2! = {a’ | a € A, }, and constants C;;,,s are equal to £1, £2 or £3. Inclusions (1) come
from the Chevalley commutator formula

[ms(u),a}r(t)] = H Tirtjs (C’ij,rs(—t)iuj), r, 8, ir + js € ®. (2)
1,j>0
Every carpet 2 defines a carpet subgroup ®(2) generated by the subgroups z,.(2.), r € .
A carpet 2 is called closed if its carpet subgroup ®(2() has no new root elements, i.e., if

() N, (F) = x.(2A,.).
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Summing Theorems 3.1 and 4.1 from [2], we obtain the following result.

Theorem 1 ([2]). Let F be an algebraic extension of an nonperfect field K of characteristic p
and M be a group lying between Chevalley groups ®(K) and ®(F) of type ® = B; (I > 2),
C (I 22), Fy, Go. Let p =2 for ® = B, C;, Fy and p = 3 for ® = Gy. Then M is the
product of the carpet subgroup ® () and some diagonal subgroup Hps normalizing ®(A). The
carpet A = {2, | r € ®} is closed and

o — P, if r is a short root,
") Q, ifr is along root,
for some additive subgroups P and Q of the field F' with the conditions
R<PPLQ<KPLK.

Moreover, depending on the type of the Chevalley group ®(K), the following refinements hold for
the additive subgroups P and Q of the field F' and the diagonal subgroup Hpy:

a)if ®=DB; andl > 3, then Q is a field;

b) if ®=C) andl > 3, then P is a field;

¢) if ® = Fy, Go, then both additive subgroups P and Q are fields and Hypy is the unit subgroup.

Here, for any additive subgroup A of some field, by definition
AP ={tP | t € A},

ATt ={0tu{te A|t ! € A}.

For ® = F}, (G2, the structure of the additive subgroups P and @ is clear, they are fields. The
next proposition clarifies their structure for & = By, C). For any root r € ® and any ¢ from the
multiplicative group F* of the fields F' by definition

npe(t) =z, () _ (=t~ Ha,. (1),

he(t) = 1y (t)ne(—1).

Proposition 1. Let M, P and Q be the same as in Theorem 1 and p = 2. Then the additive
subgroups P and Q) satisfy the following conditions:

Al)1e PNnQ;
A2) PQ < P;

A3) P2Q < Q;
A4) P?P < P;
A5) Q*Q < Q;
A6) P! = P;
AT) Q' =Q.

Moreover, P? and Q? are fields, P and Q are P2-modules, and the subgroup M contains all
diagonal elements of the form h,(tu), t,u € P\ {0} (respectively, t,u € Q\ {0}), if r is a short
root (respectively, if v is a long root).
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Proof. Condition A1) follows from definition of the subgroup M. Conditions A2) and A3) follow
from the commutator formula (2) and the carpet condition for the subgroup M. In [1, p. 535]
it was established that for any ¢ € P/{0} (respectively t € @/{0}) the polynomial ring Kt
(respectively K?2[t]) lies in P (respectively, in ). Hence, since the extension F/K is algebraic,
we obtain equalities A6) and A7). For any short root r and any t,u € P/{0}, equality A6)
implies that h,(t)h,(u) = h,.(tu) € M. Similarly, for any long root r and any ¢,u € Q/{0} from
AT), we obtain the inclusion h,.(tu) € M. Conjugating the subgroup x,(2,.), r € ®, by these
diagonal elements, we obtain the inclusions A4) and A5). It follows from A4) and A5) that P?
and Q? are fields. Finally, from A3) and A4) we obtain that P and @ are P2-modules. The
proposition is proved. O

In [4, Sec. 7] for types B; (I = 2) and C; (I > 2), examples of subgroups P and Q from
Theorem 1, one of which is not a field, and for the type By = C3 both of which are not fields,
are given. Therefore, the inclusion of diagonal elements of the form h,(tu), t,u € P\ {0}
(respectively, t,u € Q\ {0}) if r is a short root (respectively, if r is a long root) into the subgroup
M, despite the fact that the product tu may not lie in the subgroup P (respectively, in Q).

Any algebraic extension of a perfect field is perfectly [8, p. 217] and any finite field is perfect,
so the results of the paper [1] say that there are no finite additive subgroups that are not fields
that parameterize intermediate subgroups in groups of Lie type. The next proposition asserts
that they do not exist even under weaker constraints.

Proposition 2. If the characteristic of the field F' is equal to 2 and its finite additive subgroup
P satisfies the conditions A1) and A4), then P is finite field.

Proof. The inclusions A1) and A4) imply the inclusion P2 < P, and since squaring is an
isomorphism of any field of characteristic 2, taking into account the finiteness of P, we obtain
the equality P? = P. Hence and again in view of A4), P is a ring and, therefore, a field, since
any finite integral domain is a field. The proposition is proved. O

3. Groups lying between twisted Chevalley groups

Let A be a subset of the field F. The sets A” and A~! have the same meaning as in Section 2.
The Steinberg group G(F) of type "X is associated with an automorphism o of order n of the
fields F. By F, we denote the subfield of fixed elements of the automorphism o. By definition,
we set o(u) = @, A = {i | u € A} and A, = AN F,. The groups lying between the Steinberg
groups G(K) and G(F), where F' is an algebraic extension of a nonperfect field K of exceptional
characteristic p, are described by the author in [3].

Theorem 2 ([3]). Let M be a group lying between the Steinberg groups G(K) and G(F) of type
2A;, 1>4,2%D;, 1 >3, %Es or 2Dy, where F is an algebraic extension of an nonperfect field K
of characteristic p, and p =2 or 3 if G(F) is of type 2Dy, and p = 2 otherwise. Then:

1) If G(F) is of type 2A;, | > 4, 2Eg or 3Dy, then M = G(P)Hy; for some intermediate
subfield P, K C P C F, and some diagonal subgroup Hpyr normalizing the group G(P).

2) If G(F) is of type 2Dy, 1 > 3, then M = G(P,Q)Hy; for some diagonal subgroup Hyy
normalizing the group G(P, Q) which is generated by intersections

MNzr(K)=z.(A,), re 2Dy,
where

oA — P, if r short root,
"1 Q, ifr long root,
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P and Q are subgroups of the additive group of the field F' containing the subfield K and re-
spectively K, and they satisfy the following conditions: PQ C P, P?PC P, P! =P =P,
ut,u+u € Q forall uwe P, and if | > 4, then Q is a field.

The next proposition axiomatizes the properties of the additive subgroups P and @ from
Theorem 2 for G(F) of type 2Dy, 1 > 3.

Proposition 3. Let M, P and Q be the same as in Theorem 2 for G(F) of type 2Dy, 1 > 3.
Then the additive subgroups P and Q satisfy the following conditions:

B1)1erQ,P;gFqu<F

B3) wut, uv—l—uvleorany u,v € P andt € Q;
B4
B5
B6
B7

\ 7

B2) P
)
) P
)Q2 <Q,
) P
) @

Next, we need the following technical lemma on algebraic extensions fields.

Lemma 1. Let F be an algebraic extension of the field K, the field F' has an automorphism o,
and F, and K, be centralizers of the automorphism o in the fields F' and K, respectively. Then
the extension F, /K, is also algebraic.

Proof. Let f be an arbitrary nonzero element from F,. Since the extension F'/K is algebraic,
there exists a smallest natural number m such that

Tt b ™ R f A ho =0
for some simultaneously non-zero elements k; from the field K. But then
"+ 0 (kpe1)f™ 4+ o(kr)f + o(ko) = 0.
Subtracting the second equality from the first, we obtain
(km—1 = 0 (kn—1)) ™7 - 4 (k1 — o (k1)) f + (ko — o (ko)) =

Hence, either for some ¢ > 1 the difference (k; — o(k;)) is nonzero, which is impossible due to the
minimality of m, or all the differences (k; — o(k;)) are zero, and then the element f is algebraic
over the field K, as required. The lemma is proved. O

Proposition 4. Suppose that a field F' of characteristic 2 has an automorphism o of order 2,
P and Q are its additive subgroups satisfying conditions B1)-B7). Then the subgroups P and Q
are fields, and Q = P,.

Proof. Since Q < Fy, the inclusion Q < P, follows from B1) and B2). Since P £ F,, then there

is an element ¢ € P such that the sum ¢ + ¢ is nonzero and due to B3) lies in @, and in force B7)

1 t
—— € . Hence and by virtue of B2) the element u = -
t+1 t+1

Then by virtue of B3) the subgroup @ contains the element wv + wv = wv + v = (u + u)v = v.
Therefore, P, < Q. So Q = P,. Now B2) implies the inclusion QQ < Q. Therefore, Q is a

liesin P, and u+u = 1. Let v € P,.
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ring. By virtue of Lemma 1, the extension F, /K, is algebraic, and since the ring @ is enclosed
between K, and Fj, it is a field.

Let us show that P is a field. Since the extension F/K is algebraic, it suffices to show that
for any two elements of P their product lies in P. So, let u,v € P. If one of the elements u
or v lies in P,, then by condition B2) and the equality Q = P, proved above, we obtain the
inclusion uv € P. Let both u and v not lie in Q. Then they are the roots of the irreducible
polynomials 2 + (u +%)x + v and, accordingly, 22 + (v + ¥)x + v of degree 2 over the field Q.
The polynomial ring Q[u] is a field and, by B2) and B4), lies in P. If v € Q[u], then wv € P. If
v & Qu], then the polynomial ring Q[u, v] is an algebraic extension of degree 4 of the field @ and
again, by B2) and B4), lies in P. Therefore, in any case, uv € P. The proposition is proved. O

Combining Theorem 2 and Proposition 4, we obtain the following theorem, which gives a
uniform and standard description of intermediate subgroups for Steinberg groups over nonperfect
fields in exceptional characteristics.

Theorem 3. Let M be a group lying between the Steinberg groups G(K) and G(F) of type
2A;, 1 > 4,2D;, 1 > 3, 2Eg or 3Dy, where F is an algebraic extension of an nonperfect field
K of characteristic p, and p = 2 or 3 if G(F) is of type 3Dy, and p = 2 otherwise. Then
M = G(P)Hy; for some intermediate subfield P, K C P C F, and some diagonal subgroup H
normalizing the group G(P).
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O mapax aJJIMTUBHBIX MOJATPYIII, ACCOITUUPOBAHHBIX
C IPOME2KYTOYHBIMU IMOArPpyHIlaMu TPYII JINEBA TUIIA
HAa/] HECOBEPIIIEHHBIMU I10JIIMU

Axos H. Hy>kun
Cubupckuii deepasbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickass ®eneparus

Amnnorauus. Panee (Tpymer UMM YpO PAH, 19(2013), Ne 3) aBTop onmcas TpyIb, JeKAIUIe MEXKLY
ckpyvennsivu rpymmamvu [esamre G(K) u G(F) tuna 2A;, 2Dy, >Es, Dy B ciayvae, korma Goubinee
rosie F' siBiisieTcst anrebpantdecKuM PacIlIMPEHUEM MEHBIIEro HECOBEPIIEHHOI'O MoJist K MCKIIIOYNTEbHOMN
xapakrepuctuku myga rpymnnel G(F) (xapakrepuctuky 2 w 3 mjia tumna 3Dy ¥ TOJMBKO 2 [Isl OCTAJILHBIX
tunoB). OKa3ajI0Ch, ITO KPOME, GBITH MOXKET, THIa 2 D;, TaKue IPOMEKYTOIHbIE HOATPYIIIbI CTAHIAPTHEI,
TO €CTh OHU HCYepNbIBaIOTCs rpyrmnaMu G(P)H miis HeKoToporo mpomeskyrousoro noamnons P, K C P C
F wn nmaronanbroit moarpynnel H, nopmanmsytomeit rpynmy G(P). B manuoii 3aMeTKa yCTaHOBJIEHO, ITO
[POMEXKYTOUHbIE TOIPYIIIbL SIBJISIIOTCS CTAHIAPTHBIME 1 J1JIst THIA 2D .

KuroueBbie cjioBa: Ipylmbl JIEBa THUIIA, HECOBEPIIEHHOE TI0JIe, ITPOMEXKYTOYHbIE MOJTPYIIILI, KOBED
A TUTUBHBIX IOATPYIIL.
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