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Abstract. This article is devoted to the study of the properties of the zeta-function of zeros of an
entire function. We obtain an explicit expression for the kernel of the integral representation of the
zeta-function in one case.
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Introduction

The purpose of this article is to correct a mistake in the work [1]. Namely, in the article [1] an
incorrect statement was given that for an entire function f, satisfying some additional conditions,
the following equality holds on the positive part of the real axis

fr@)  vrmo 1

f@ ~ 2/ 2 (1)

It is easy to see that for any entire function f this equality cannot be true on the whole positive
f"(2)
f(2)
the uniqueness theorem, the equality (1) holds not only on R, but also in C\ {0}. However,
the function

N3 1

2vz 2z

is not meromorphic in a neighborhood of the origin.

semiaxis. Indeed, the function

is meromorphic in the whole complex plane. By virtue of

Our article is devoted to correcting the relation (1) and some of its consequences. Note that
this result is related to the study of a generalized zeta-function constructed by zeros of some
entire function.
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1. Auxiliary results

Let f (z) be an entire function of order p in C. Consider the equation

f(z)=0. (2)

Denote by Ny = f~1(0) the set of all solutions to (2) (we take every zero as many times as its
multiplicity). The numbers of roots is at most countable.
The zeta-function (s (s) of Eq. (2) is defined in the following way:

Gt (5) = Z (_Zn)_sv

ZHGNf

where s € C.

In [2], using the residue theory, V.I. Kuzovatov and A.A.Kytmanov obtained two integral
representation for the zeta-function constructed by zeros of an entire function of finite order on
the complex plane. With the help of these representations, they described a domain which the
zeta-function can be extended to.

Theorem 1.1 ([2]). Let f(z) be an entire function of the zero order in C and satisfy the

condition , )
j}((j)) —wyg=0 <|Z> , 2] = 0.

Suppose that 0 < Re s < 1. Then

(o) = [T (L ) o 3)
/(@)

f(x)

The method of proof of Theorem 1.1 shows that the statement remains valid in the case

where wy is the limit value of at infinity.

when f (z) is an entire function of order less than 1.
Now we will give an integral representation for the zeta-function ¢y (s) of zeros z, of f which
are z, = —¢, + iSn, qn > 0. Let us denote

F(f,x)= Zez”‘”. (4)

We will assume that Res = ¢ > 1 and the following conditions hold:

lim dn > 0, (5)
n—oo T
o 1 o—1

the series — converges. 6
> &) L

For the convergence of the series (4), using condition (5), it is necessary and sufficient (for real z)
that = > 0 [2].

Theorem 1.2 ([2]). Suppose that the conditions (5) and (6) are satisfied and Res > 1. Then

¢ (s) = ﬁ /0 T (fa) d,

where F (f,x) is defined by formula (4), and T (s) is the Euler gamma-function.
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Our goal is to obtain an explicit expression for the kernel of the integral representation (3)
in case z, = —mwn?. This choice of zeros z, is due to the fact that for series

F(fio)=Y e =3 e ™% =y (x)
n=1

n=1

for > 0 it is known (see, for example, [3, Chapter II, S. 6]) that

Qw(x)+1:\/1£{2w(i>+1}.

2. The main result

Theorem 2.1. Let f(2) be an entire function of order p < 1 with zeros z, = —mn?. Then for
real x € (0;4+00) the following holds

P VR 1
fx) 2z thv/mz 2z

Proof. Since the order of f is less than 1, it has the form

f(z):Cﬁ (1-2). (7)

The representation (7) is true, for example, for entire functions of order less than 1 or for entire
o0

functions of the first order with the additional condition, i.e. the series Z is convergent.

E
n=1
In particular, the representation (7) is true for functions of the zero genus.

It is easy to show that in this case we obtain

f(z) 1
f(2) _ZZ_ZH (®)

n=1

if z # z,.
Since the order of the canonical product (7) is equal to the index of convergence p; of its

zeros and for given values of z,

— Inn 1

PL= i In |2z, K

representations (7) and (8) are true for considered function f (2).
To further prove the assertion of the theorem, we use the standard decomposition (see, for
example, [4, formula 5.1.25.4])

Zm B SR SR SV

k2 +a2 22 2a '
k=0

Then

i ! L + = cth
———5 = —5—5 + —cthma.
= k* 4 a? 202 2a
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+ —— cth /7. O
T

Corollary 1. Suppose that the conditions of Theorem 2.1 are satisfied. If wg is the limit value

fr) o
of o) at infinity, i.e. .
_ f' (=
TS [ (a)”
then wg = 0.

Proof. To prove the statement, we note that

e e i e (1 + 6—21)

li hx= lim —— = —— =1
x—1>51-100 cth x—1>51-100 et —e 7T 1_151_100 et (]_ — 6*255) U
Remark 1. If f is an arbitrary entire function of order 1 < p < oo, with zeros z, = —mn?, then
the ratio can be represented as
_ B e
(o] k)
1 (1<)

n=1

where g(z) is an entire function. Since 1 < p < 00, g(2) is a polynomial, deg g = p, and p € N [5].
Therefore,

f@memymdziO—z)

and
) W @) W)
) (z)es) =) T

Consequently in this case we take

F@) _ VT
@) ~ e

The first author was supported by RFBR, Krasnoyarsk Territory and Krasnoyarsk Regional
Fund of Science (project number 20-41-243002). The second author is supported by the Krasno-
yarsk Mathematical Center and financed by the Ministry of Science and Higher Education of the
Russian Federation in the framework of the establishment and development of regional Centers
for Mathematics Research and Education (Agreement No. 075-02-2021-1388).

1
cth /7w — o +d'(z), 1<p<oo.
T

References

[1] V.I.Kuzovatov, A.M.Kytmanov, A.Sadullaev, On the Application of the Plan Formula to
the Study of the Zeta-Function of Zeros of Entire Function, J. Siberian Federal Univ. Math.
Phys., 13(2020), no. 2, 135-140. DOI: 10.17516,/1997-1397-2020-13-2-135-140

- 602 -



Vyacheslav I. Kuzovatov, Alexander M. Kytmanov, Azimbai Sadullaev On the Zeta-Function ...

[2] V.I.LKuzovatov, A.A.Kytmanov, On the Zeta-Function of Zeros of Some Class of Entire
Functions, J. Siberian Federal Univ. Math. Phys., 7(2014), no. 4, 489-499.

[3] E.C.Titchmarsh, The Theory of the Riemann Zeta-Function, Oxford University Press, Ox-
ford, 1951.

[4] A.P.Prudnikov, Yu.A.Brychkov, O.I Marichev, Integrals and series. Elementary functions,
Gordon & Breach Science Publishers, New York, 1986.

[5] A.Sadullaev, On the canonical decomposition of entire functions, Theory of functions, func-
tional analysis and their applications, (1974), no. 21, 107-121.

O nzera-dyHKIMU HyJI€el mesioi pyHKImn

Baugecnas 1. Ky3oBaToB
Anekcanap M. KeiTmMmaHOB
Cubupckuii dheepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Pejreparimst
Aszumbait CamgysiiaeB
Harmonasbaeiit yauBepcurer Y36eKucTana
Tamkent, Y30ekucran

Awnnoranusi. /[aHHasi CTaThsl MOCBSIIEHA NUCCIEIOBAHUIO CBOWCTB J3eTa~(pyHKIMMU HyJIel 1nemoit pyHK-
muu. [losygeno siBHOe BBIpazKeHUe MJisl siipa WHTETPAJILHOTO MPEJICTABICHUS A3eTa-PYHKIIMH B OIHOM
caydae.

KiroueBrble cioBa: m3era-QyHKIMS Hyseil, HHTErPAJbHOE IIPE/ICTABICHNE, KAHOHIMYIECKOe ITPOU3Be/Ie-
HHE.
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