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Abstract. The aim of this work is to obtain multidimensional analogs of the Laurent series with respect

to the matrix ball from space C" [m x m]. To do this, we first introduce the concept of a "layer of the
matrix ball" from C" [m x m], then in this layer of the matrix ball we use the properties of integrals of
the Bochner-Hua Loo-Keng type to obtain analogs of the Laurent series.
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1. Introduction and preliminaries

In classical complex analysis the Laurent expansions play an important role in studies (in
the study) of holomorphic functions in a neighborhood of isolated singular points (in a ring).
Analogs of Laurent series have already been constructed in multivariable complex analysis, for
example, in the product of circular rings

{zeC":r,<|z—ay| <R,,v=12,...,n} (1)
or in the domains of Hartogs
{z=(2,2,) €C":'2€'D,r('2) < |z —an| < R('2)}, (2)

where 'D is a domain of C"~! (Hartogs-Laurent series). Namely, any function f holomorphic in
(1) can be represented as a multiple Laurent series

F@) =Y ak-af, 3)
|k|=—00
where k = (k1, ko, ..., k,) integer vectors, and

o m ey [ L9
@) Je (c—af
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Fr={CeC": |, —a=p, " <p,<R,,v=12,...,n}.

In this case, the domains of convergence of series (3) are relatively complete Reinhart domains.

In the works of E. Cartan [1], C.L. Siegel [2], Hua Loo-Keng [3], I I. Pjateckii-Sapiro [4], as
well as in [5] the matrix approach of presenting the theory of multivariable complex analysis is
widely used. It mainly deals with the classical domains and related questions of function theory
and geometry. The importance of studying classical domains is that they are not reducible, i.e.
these domains are, in a sense, model domains of multidimensional space.

Recently, scientists have obtained many significant results in the classical fields, and at the
same time, a number of open problems have been formulated. For example, in [6] the regularity
and algebraicity of mappings in classical domains are studied, and in [7] harmonic Bergman
functions in classical domains are studied from a new point of view. In the paper [8], holomorphic
and pluriharmonic functions are defined for classical domains of the first type, the Laplace and
Hua Loo-Keng operators are studied also. A connection was found between these operators.

In addition, scientific works in matrix balls associated with classical domains from the space
C™ [m x m] are developing.

Consider the space of complex m? variables denoted by C™’. In some questions, it is con-
venient to represent the point Z of this space in the form of a square [m x m| matrix, that is,
in the form Z = (z;;)";,—;. With this representation of points, the space C™ will be denoted
by C[m x m]. The direct product Clm x m] x - - x C[m x m] that have n copies of [m x m)]

n
matrices we denote by C"[m x m].

Let Z = (Z,...,Z,) be a vector composed of square matrices Z; of order m, considered
over the field of complex numbers C. Let us write the elements of the vector Z = (Z1,...,2Z,)
as points z of the space crm®.

2= (211 s 1 Zimr s Zrmlr e Zmnr s B s s Pl <1 Zamds -1 Zmin

Hence, we can assume that Z is an element of the space C™[m x m], that is, we arrive at the
isomorphism C" [m x m] & crm®,
Let us define the matrix "scalar" product:

where W is the conjugate and transposed matrix for the matrix Wj.

It is known (see [9,10]) that the matrix balls B%?n, B%?n and Bﬁ?n of the first, second and
third types, respectively, have the form:

Bl ={(Z1,.- . Za) = Z€C [mxm]: T~ (Z,2) >0},

BR, ={ZeC"[mxm]:I-(2,2)>0, VZ',=2,, v=1,...,n},

and
BE), ={(ZeC'lmxm]: [+(2,2)>0, Y2, =~%,, v= 1n}
The skeletons (the Shilov boundaries) of matrix balls Bﬁ,’f?,,,, denoted by ng)n, k=1,2,3,
ie.,

X(), ={ZeC"[mxm]:(Z,2) =1},
XP ={ZeC"imxm]:(Z,Z)=1, Z,=2Z, v=12,...,n},
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X® = {ZeC[mxm]:[+(Z,2Z)=0, Z,=—Z, V:1,2,...,n}.

Note that, IB%S{, ]Bﬂ and 18(232 are unit disks, and Xgli, Xﬁ, and Xg‘? are unit circles in the
complex plane C.
If n =1, m > 1, then ]B%( ) 1» k=1,2,3 are the classical domains of the first, second and

third type (according to the clas&ﬁcation of E. Cartan (see [1])), and the skeletons X x@

m,1s “*m,1»

and X& )1 are unitary, symmetric unitary and skew-symmetric unitary matrices, respectively.

Note that the matrix balls Bﬁi?n, ng?n, Bgn n are complete circular convex bounded domains.
In addition, the domains ]B%g,l,,?n, Bg?n, Bsi)n and their skeletons Xg?n, Xg)n, Xg)n are invariant
under unitary transformations (see [10,12]).

The first type of matrix ball was considered by A.G. Sergeev in [11], and by G. Khuday-
berganov in [9]. In [10], formulas for the volume of a matrix ball of the first type and its skeleton
are obtained, the holomorphic automorphisms for a matrix ball of the first type are described,
and integral formulas for matrix balls of the second and third types are obtained. In [13] the
volumes of the third type matrix ball and the generalized Lie ball are calculated. The total vol-
umes of these domains are necessary to find the kernels of the integral formulas for these domains
(Bergman, Cauchy—Szegs, Poisson kernels, etc. (see, for example, [14-17])). In addition, they
are useful for the integral representation of functions holomorphic in these domains in the mean
value theorem and other important concepts. In the papers [18,19] analogs of Laurent series
with respect to the classical Cartan domains of the first, second, and third types are obtained.

The aim of this work is to obtain analogs of the Laurent series’ with respect to the matrix
ball from space C™ [m x m]. To do this, we first introduced the concept of a "layer of the matrix
ball" from C™ [m x m], then in this layer of the matrix ball, we used the properties of integrals
of the Bochner-Hua Loo-Keng type to obtain analogs of the Laurent series.

1. Laurent-Hua Loo-Keng series with respect to the matrix ball B,, ,

Let B,,.,.% be a matrix ball. For functions f(Z) = f(zﬁ), . ZS,)L, . 7(:1), . zfqlb,)n) holo-
morphic in B,,.,, and continuous on B,, n ( ]B%mm =B, U BBm’n) the Bochner—-Hua Loo-Keng

integral formula is valid [10,20]:

f(2)= [ e (10 —(2.0) f ), (5)

m,n

where f (U) is an integrable function, du is the Haar measure on X, ,,.
Let
B,,=1Z2€C"Imxm]: I -(Z,Z) <0}.

The integral (5) of Bochner-Hua Loo-Keng type makes sense in each of the domains B, ,, and

man (121])-
Let us write the elements of vector Z = (Z1,...,Z,) € By, in the form (4) and by zl*) we
will denote a vector with components

!

el NN (n)>
arlag! ... apme! (Zu ) (Zlm) (me > lof = Z @, ;2 0. (6)

In what follows, we will call these series Laurent-Hua Loo-Keng series.

$For convenience, we denote Bg,ll)n by B n, and Xgi)n by Xm,n.
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The dimension of the subspace generated by the vector z% is equal to the dimension of the

direct sum of subspaces with dimensions (see [3,22,23])
qlag, g, ... ) = N(ag,ag,...,am) N(ag,ag, ..., ap,,0,...,0)

and it is equal to

Z N(ai,a9,...,am)  N(a,as,...,am,,0,...,0) =

artast-tam=|al
Q1Z2a2... 2am 20

where

Dy +m—1,ae+m—2,...,am-1+1,am)
Dm—-1,m-2,...,1,0) ’

D(aq,ag,...,0m) = H (i —aj), m=2.
1<i<jsm

N(ai,ag,...,qp) =

Obviously, (6) contains all monomials of degree «, that is, any polynomial in

(1) W, Lo . W (), ) )

F R M2 A S - P A A S 2k NI 2 P N /A SN A

is a linear combination of expressions like (6), if « takes values 0,1,2, ....
Let us denote by
Soz(lpl),ag am(Z)v p:1727"'7q(a17a2a"'7am)

.....

the components of the vector zJ.
In [24] it was proved that the system of functions

_1
(Pa) 2<,0((lp)(Z), p=12...,q (a1,9,...,), a=0,1,2/...

is an orthonormal system in the domain B,, ,, where

2 n
Pa :/B ‘w&p)(z)‘ dv, dv=T]] | da() dy ")

((5a)_%<pff)(U), p=1,2,...,q (a1,q2,...,qm), a=0,1,2,....

forms a complete orthonormal system on X, ,, where gpgp)(U), p=12 ... qlar,as,...,amn),
a=0,1,2,... are components of the vector ul®l (u = (ugll), . 7“97)1’ ey ,ugﬁ, . ,ug,?,)n))
and

5a=/ ‘w&p)(U)rdu-
Xm,n

Theorem 1.1 (see [24]). Let f (U) be an integrable function in X, , and let

: / FO)P () du

- 592 —



Gulmirza Kh. Khudayberganov, Jonibek Sh. Abdullayev  Laurent-Hua Loo-Keng Series with Respect. ..

be the Fourier coefficients of this function with respect to the orthonormal system (7). Then, in
B, the integral (5) represents a holomorphic function that expands in this domain in a series

a(a) (»)
nga (Z)
2> b= )

a>0 p=1

If we denote

FE(Z) = {F(Z) Z € By,

F(2),Z € B;

m,n’

then, by Theorem 1.1, for all Z € B,,, ,, we have

(10)

Fro- Y Sa

Q1220 =0 p=1

with coefficients (8). Therefore, F*(Z) € O (By.n), i.e. F(Z) is holomorphic in B,, . Now
let Z € B,, ,,- Then we have

o f ()
F(2) - / o (7 <(<Z’Z>)_127U>)d/i. (1)

m,n

The Cauchy-Szegd kernel has the following form (see [24]):

q(e)

> L —mn | (m) (@ (2100 17y
C(27 U) - ‘/(deet (I - < > Z Z 9027_7 Soz,_] U)
) a>01,7=1
Using the equalities from [3, p.114] we obtain
SOEMPR, 5 Qm, (U) 90((11)1) Qi s X2 — Ol 5oy Oy — 1 — Oy 0( )(det U)am7
and noticing that Z = ((Z, Z)) ™' Z, we have
(o) -
: V) Y ol ((z.2)7'2) 1% ().
det™" (I(m) — <(<Z,Z>)71Z, U>> a>04,j=1 7
Multiplying the last expression by f (U) and integrating term by term against the measure du,
we obtain
q(a) )
F‘(Z)=/ FOVV (Kmn) 3D 08 ( Z))” Z)wgfj-)(U)du=
Xm,n a>01,5=1
q(a)
-1
=3 3 A9 (2 2) |Vt [ T O (12)
a>2014,7=1 Xm,n
q(o) (p) ( -1
e monm ((2,2))72)
mn (p) m T 1
= (-1 .
( ) Z Z A qpp—m,..., —a1—m \/@

a1 2. 2o, 20 p=1
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Therefore, in the domain B, , the integral (11) represents a holomorphic function of

m,n

((Z,Z))"" Z, which has an expansion

a(a) (fgt oz z -1,
Fa-crr S S, e (G A)7)

Vo
a1 2. 2an 20 p=1 @

(13)

Consider the matrix domains of the form:
My = {Z € C" [mx m]: RAI™ —(Z,7) > o},
IL:{ZECmeH:ﬂNWAWZZ%<®,
where R, r are real numbers such that 0 < r < R < oo. We denote II =11 N1I” and the sets II

will call the "layer of the matriz ball".
The following diagram shows a layer of a matrix ball from the space C™ [m x m]

and, in particular, for n = 1 and m = 1 we have:

IT =TI, NIL;

The following theorem holds

Theorem 1.2. If F(Z) € O (I1) N C (IT), then for Z € 11 the Laurent-Hua Loo-Keng expansion
F(Z)=F*(2)+ F (2).

where the coefficients in (13) are calculated by the formula
w) =V (X V)l (U)d 14
A, —m,...,—a;—m ( P) « f( )SOZJ ( ) o ( )

and
XP:{UGC"[mxm]: <U,U>:p21(m),r<p<R.}.
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Proof. Fix an arbitrary point Z € II and construct a layer II' such that Z € II' C II (IT' =
II'rNII',,r <1’ < R’ < R). Then, by virtue of the Bochner-Hua Loo-Keng integral formula (5)
the following expansion takes place:

B /() /(U)
F(2)= r det™™ (I0m) —(Z,U)) et — det™" (I0m) —(Z,U))

dp, (15)
where
I = {U eC[mxm]: (U,U)= (R')21<m>} ,

and
v = {U € C" [m xm]: (U,U) = (’”/)2I(m)}'

Therefore, by virtue of (10)

(@) (p)
f(U) ; va (Z)
o dp = ag, =F*(2), (16)
o det™ (I0m) —(Z,U)) m;.;mw; Vg
where V()
ab, = | FU)eP (U)dp
T | S0P w)
Assuming
s0(apl);~~~7am (U) = (‘D((lpl)_amaa2_a7n;~~7amfl_04771;0(U)(det U)a"’L)

for any oy > as > ... > a,, from (13) we get

/ f(U) _
—y det™" (I0m) — (Z,U))

9(@) (f(l —m —a1—m Z7Z 712
=™ > SYd® _m_,f o ((22) )=F<Z>, (17)

Q1> >, 20 p=1

e =V O [ F O O
v
Now, substituting (16) and (17) into (15), we obtain the required expansion
F(Z)=FY(2)+F (2).

It remains to note that by Cauchy’s homotopy theorem in formulas for calculating the coefficients
(P)

ab and aZ, .. _. _,, can be replaced with any
X, = {U eC [mxm]: (UU)=pI™ r<p< R},
and then these formulas will take the form (14). The theorem is proved. a

Corollary 1. In Theorem 1.2, when n = 1 the expansion (14) coincides with the Laurent
expansion in the "matriz ring" defined in the Cartan classical domains (in the space C[m x m]):

M=TIzNII,
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where matriz domains

Mp={ZeClmxk: R - 22" >0},

10, = {Ze@[mxk];r21<m> 77" <0},
and R, r are real numbers such that 0 < r < R (see [18]).

Corollary 2. When m = 1 then the expansion (14) coincides with Laurent expansion of
holomorphical function in a ball layer (in the space C™):

M={zeC":r <|z| < R}
(by Severi’s theorem, this expansion coincides with the Taylor expansion in the ball By, =
={zeC": |z|] < 1}).

Corollary 3. When m = n = 1 we obtain the Laurent expansion on the complex plane.

2. Open problems

We present some unsolved problems related to the matrix balls Bg)n and B,(g?n, associated
with the classical domains of the second and third types:

1. Obtain analogs of the expansion of the Laurent-Hua Loo-Keng series for the matrix balls
B, and B,

21,2,3. Describe domains of convergence of Laurent series with respect to matrix balls IB%,(}J”,
Bgﬁ?n and IB%S;?”.

OT-F4-(37+29) Functional properties of A-analytical functions and their applications. Some
problems of complex analysis in matriz domains (2017-2021 y.) Ministry of Innovative Develop-
ment of the Republic of Uzbekistan.
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Psanpr Jlopana-Xya Jlo-keHa OTHOCUTEJIBHO MAaTPUIHOTO
mapa u3 npocrpanctsa C" [m X m]

I'ynvmupza X. Xynaitbepranon
Kouubek III. AG6aynnaeB

Harmuonanbuenit yausepcurer ¥Y36ekucrana
Tamrkent, Y36ekucran

Awnnoranusi. llesnbio qannoit paboTh! SBISETCS MOIyUYEeHUE AHAJOTOB Psifa JlopaHa OTHOCHTEILHO MaT-
puuHoro mapa u3 upocrparcrsa C™ [m x m]. s sToro cHavaia BBeAEHBI IOHATHE "CIJI0S MATPUIHOIO
mapa" u3 C" [m X m], 3aTeM B 9TOM €JI0€ MATPUIHOIO [MIAPpa UCIOJIb30BAJINCH CBOACTBA HHTErPAJIOB THIIA
Boxuepa-Xya Jlo-kena njs nmonydenuns anasoros psiga Jlopama.

KiroueBsblie ciioBa: marpuunoii map, psz Jlopana, rogomopdnas dyukims, rpannna [1Iniosa, nnre-
rpas boxuepa-Xya Jlo-keHa, opTOHOpMAJIbHAS CUCTEMA.

- 598 —



