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Abstract. In this paper, we consider the problem of formal iteration. We construct an area preserving
mapping which does not have any square root. This leads to a counterexample to Moser’s existence
theorem for an interpolation problem. We give examples of formal transformation groups such that the
iteration problem has a solution for every element of the groups.

Keywords: iteration, formal transformations, functional equations.

Citation: O.V.Kaptsov, Iterations and Groups of Formal Transformations, J. Sib. Fed. Univ. Math.
Phys., 2021, 14(5), 584-588. DOI: 10.17516,/1997-1397-2021-14-5-584-588.

Introduction

Iterated functions are objects of study in computer science, fractals, dynamical systems and
renormalization group physics [1-4]. Here we will consider continuous iterations of mappings.
Let K denote either the set of real numbers or the set of complex numbers. Suppose we are given
a local diffeomorphism u of a neighborhood of the origin 0 € K™ onto another and leaves 0 fixed.

The problem of continuous iteration consists in finding a one-parameter family of mappings (a
flow) f(t,x) = f!(x) such that

frofo=frrs, ft=u, )=z Vit seR. (1)

The iteration problem was investigated by Koenigs, Lewis, Baker, Chen, Sternberg and others.
Bibliographical references can be found in [4-6].
Every smooth flow f? is defined by a system of ordinary differential equations

with initial condition y(0) = x. Thus the iteration problem is equivalent the following question.
Given a a local diffeomorphism u, does there exist a system of ordinary differential equations
such that y(1) = u? If the answer to this question is affirmative then we say that the map w is
embedded in the flow f*.

The problem is of great interest in the study of the exponential mapping of infinite-
dimensional Lie algebras of vector fields [7-9]. Let exp(tX) denote an one-parameter group
generated by a vector field X, then the map exp : X — exp(X) is called the exponential map
or time-one map. Let G be a group of smooth (or formal) maps, and we are given the mapping
u € G. The question which arises is this: under what conditions is there a vector field X such
that u = exp(X)? If such a vector field X exists, then it is called the logarithm of u. We will
also say that the formal transformation u possesses a logarithm.
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Let us denote by GS,(K) the group of formal power series transformations [9]. Lewis [10]
proved that if a transformation v € GS,(K) satisfies so-called pseudo-incommensurable condi-
tion, then the iteration problem has a formal power series solution. This Lewis result has been
repeatedly proved by different authors [5,6,9].

In this paper we discuss the iteration problem for some subgroups of the group G5, (K). It
turns out that there are mappings u to which the problem does not even have formal solution,
namely, we give an example of a polynomial mapping u : R?> — R? preserving the area such
that there does not exist a 2-tuple g = (g1,92) of formal power series g1,92 € R][x,y]] with
gog = u. This is a counterexample to Moser’s statement [3] about the existence of a solution to
the iteration problem for area-saving mappings. We present sufficient conditions for the existence
of a solution of the iteration problem. These conditions allow to indicate some groups of formal
transformations such that any element of a group possesses a logarithm and the corresponding
iteration problem has a formal solution.

1. Examples and condition for the existence of solutions

We begin with the case of a linear mapping
u(z) =Uzx, ze€K",
where U is an invertible matrix. In this case, a solution of the iteration problem has the form
ut(z) = Utz = WUy

whenever the matrix In(U) is correctly defined. When K = C the matrix In(U) exists but in
general it is not unique. If K = R and U is positive definite then In(U) is a real matrix. Some
details of the linear case can be found in [10]. Sometimes a nonlinear problem (1) can be reduced
to a linear one. This is true if an analytical map u is conjugate to a linear map. Some of the
most known results in this direction are Poincaré and Siegel-Sternberg theorems [11-13].

We now consider the groups of formal transformations. Let K[[z]] denote the ring of formal
power series in indeterminate 1, ..., x, with coefficients in K. The ring has a maximal ideal 21,
and a ideal 9y consisting of series without constant and linear terms. Denote by M} (i = 1,2)
the n-ary Cartesian product of 91;. Obviously 9} is a monoid under substitution of series. We
denote by GS,,(K) the set of all invertible elements of 7. We shall call elements of GS,,(K)
formal transformations. It is clear that GS,,(K) is a group. As usual, the general linear group
of degree n over K is denoted by GL, (K).

Example 1. Let us consider the group GS;(C) and a polynomial map

z7r/32 + 27.

u=e
It is easy to see that there is no a formal power series

g:clz+0222—|—0323+04z4+...

such that

gog = (2)
Actually, comparing coefficients of z in (2), we have

c? = ¢'"/3,
Then comparing coefficients of 22, ..., 2% yields ¢, = - - - = ¢ = 0. Finally, comparing coefficients

of 27, we obtain
crer(cf +1) =1,
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This is a contradiction, because ¢ + 1 = 0. This example shows that there is no one-parameter
group passing through the polynomial e™/3z +27. If such a group f* exists, then f1/20 f1/2 = y.
But it is not possible as we just proved. This example shows that polynomial map u = e*™/3z +
27 € GS1(C) does not possess a logarithm.

We remark that such examples have been known for a long time (see, for example [4,9]).

Example 2. Let S5, (K) denote the set {f € GS,,(K) : det(Df) = 1}, where D f is the Jacobian
matrix of f, i.e. S5,(K) is a group of volume preserving formal transformations. Consider an
area preserving polynomial mapping v € SS3(R) given by

~ 1 ~
Ty =x + 2P Fy =19

cosa —sina
M = . ,
sina cosa
where a = 27/m and m > 2 is an even number. Thus v = Mv is an area preserving mapping.
It is convenient to use the complex variables z = 1 +ix2 and Z = x1 —ix2. Then the mapping

u has the form
2ix z—Z mtl
u(z,z) =em <z + < 57 ) ) . (3)

Let us show that there does not exist a formal series

and the rotation matrix

- . 2 . 22
9(2,2) = c102 + co1Z + c202° + 1122 + c02Z” + . ..

satisfying the condition (2). We assume that such series exists and try to find his coefficients.
Collect all terms belonging to z,Z in (2). Then we have two equations

32z

et = ciy + |eor |, (4)

601(610 +610) =0.

It follows that
co1 =0, c10=texp(im/m).

Then comparing coefficients of 2*z! (1 < k41 < m + 1) yields equation
cri(c10 + cpehg) = 0.
Obviously, the following inequality holds
c10 + cfotho # 0

whenever 1 < k+1 < m + 1. Thus we have ¢g; = 0.

Finally, we collect all terms belonging to z™*! and obtain equalities
exp(2im/m) m
Tyt ¢(m+1)0¢10(1 + €15) = 0,

since ¢j9 = *exp(imr/m) and m is an even number. This contradiction proves our assertion.

This example implies that Moser’s theorem [3] on the solvability of the iteration problem in
the class of formal series is not true even for polynomial mappings. Moreover, it is impossible to
find the square root of a area preserving mapping in the general case. This example shows that
the polynomial map (3) does not possess a logarithm. We shall see that the above examples are
related to resonances.
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Let A\1,...,\, € C be characteristic values of a matrix U € GL,,(K). We recall that an
identity of the form

n
Ae= AT An m N, Y mi> 1 (5)
i=1
is called the resonance (induced by U). We say that the resonance (5) is not obstructive if

A= Alme N me Y e R, (6)
It is easy to see that we have resonances of the form
A=A
Y
in Examples 1 and 2 above. These resonances are obstructive since

23

Using the theory of normal forms we proved the following statement in [14].

Lemma. Let u=Ux+ g € GS,(C) be a formal transformation with U € GL,(C) and g € M.
If any resonance induced by the matrix U is not obstructive then u possesses a logarithm.

Now we show that the conditions (5), (6) are equivalent to Lewis’s ones. Indeed, it follows
from (5) that
exp(log \s) = exp(mqlog A1 + - - - + my, log A\y).

The last equality is equivalent to
log(\ Z m;jlog(A;) € 2miZ. (7)
Similarly, the condition (6) yields
t(log(A Z mjlog(X;)) € 2miZ VYt eR.

It follows that

log(A Z m; log(A (8)

Conversely, it is easy to see that the equality (8) gives (6) and (7) implies (5).

We recall that Lewis’s condition means that any relation (7) implies the equality (8) (see
[9,10]).

One can apply Lemma to obtain subgroups G of GS,,(K) such that any u € G possesses a
logarithm. For example, consider subgroup B; which consists of formal transformations

u=Uxr+g, g€My,
where U is a lower triangular matrix with real positive eigenvalues.
Corollary. Any formal transformation u € By possesses a logarithm.

The analogous result holds for subgroup of formal transformations B* with upper triangular
matrices.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation in the framework of the establish-
ment and development of regional Centers for Mathematics Research and Education (Agreement
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Nreparuu u rpymirbl (hopMaJbHBIX TPpeodpa3oBaHMin

Ouer B. Karmos
MucturyT BerancaunrensHoro monenuposanus CO PAH
Kpacnosipck, Poccuiickas ®eneparus

Awnnoranusi. B pabore paccmarpuBaercs 3agada popmasibHOM nrepanun. CTPOUTCS COXPAHSIIONIEE TII0-
@b 0Tob6parkeHue, KOTOPOe He JIOIYCKAaeT U3BJIEYEHUs KBaJPATHOINO KOPHsS, YTO, B CBOIO O4Yepe/ib,
MPUBOJIUT K KOHTPIpUMEPY — K Teopeme Mozepa it 3aJ1a9i WHTEPHOJsiiun. /{aHbl mpuMepbl TPYIII
dopMabHBIX TPEOOPA30BAHUI, NI KOTOPBIX 33Ja4Ya WUTEPAINN MMEET PEIIeHre s MTPOU3BOJIHLHOTO
3JIEMEHTA TPYIIIIHI.

Karodesnle cioBa: urepanusi, hbopMaIbHOe IPeodpa3oBaHue, (DYHKIMOHAIBHOE yPaBHEHNE.
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