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Abstract. Removable singularities of separately harmonic functions are considered. More precisely, we
prove harmonic continuation property of a separately harmonic function u(x,y) in D \ S to the domain
D, when D C R"(z) x R™(y), n,m > 1 and S is a closed subset of the domain D with nowhere dense
projections S1 = {z € R" : (z,y) € S} and Sz = {y € R™ : (z,y) € S}.
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The theorem on removal of compact singularities (see [1,2]) is one of the most important
results in the theory of functions in several complex variables: if a function f is holomorphic
everywhere in the domain Q C C™ (n > 1) except a set K € (2, which does not divide the domain
(i.e. such that Q\K is connected), then f can be extended holomorphically to whole domain Q. In
the work [3], an analogue of this theorem was proved for separately harmonic functions, i.e. for
functions which are harmonic in each variable separately: let D be a domain in R™(z) x R™(y),
n,m>1, K D a compact set such that D\ K is connected. If the function u(x,y) is separately
harmonic in D\ K, then it harmonically continues to D.

1. Separately harmonic functions

Definition 1. If a function u(z,y) is defined in the domain D C R™(xz) x R™(y) and satisfies
the following properties:
1) for any fized 2° : {x = 2°}ND # 0, a function u(x°,y) is harmonic iny on {x = 2°}ND;
2) for any fived y° : {y = y°} N D # 0, a function u(z,y°) is harmonic in x on {y = y°} N D,
then it is called a separately harmonic function in the domain D.

One of the main methods of studying extension of harmonic functions is the transition to
holomorphic functions, and then using the principles of holomorphic extensions.
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Lemma 1 ([5]). For any domain D C R™(z) C C" there is a domain of holomorphy D C C"(z)
such that D C D and any harmonic function u(z) in D holomorphically extends into the domain
D, i.e. there is a holomorphic function f,(z) in D such that fy, |p= u.

The existence of the domain D follows easily from the representation of harmonic functions
by the Poisson integral. Indeed, let B = B(z°, R) € D be an arbitrary ball in D, and u(z) be a
harmonic function in D. Then the following formula holds

2y 402
utw) = = [t Lot

On R|$_y‘n

where o, is the surface area of the unit sphere. It is clear that the Poisson kernel

1 R? — |z — 27
Ple,y) = ——~ 721

(J"7y) on R|I7y|n
for any fixed y € 0B holomorphically extends to some domain Be Ccn, B> B. Eventually, B
is a Lie ball centered at 2° = (29,29, ...,2%) with the radius R (see [11])

? ’I’L

n 2

Z (2 — f”?)z

j=1

B={zeC": ||lz—aP+ ||z —a°* - <R

Consequently, every 1 harmonic in B function holomorphically extends to B which implies the
existence a domain D DcDccr satisfying the above propertles

It can be seen from the construction that for each fixed 2° € D there is a constant M 0 such
that

|fu(zo)| < MZOHUHD7 (1)

nevertheless, Mo is bounded on compact subsets of D and

lim M, =

z—x€eD

2. Separately analytic functions

Let two domains D C C"*, G C C™ and two subsets, £ C D, F C G be given. Assume that a
function f(z,w), determined firstly on the set E x F', has the following properties:

a) for any fixed w® € F, a function f(z,w") holomorphically extends to the domain D;

b) for any fixed 2" € E, a function f(z°, w) holomorphically extends to the domain G.

In this case f(z,w) defines some function on the set X = (D x F') U (E x G) and it is called a
separately-analytic function on X.

We will use the following theorem on analytic continuation of separately-analytic functions
(V. Zakharyuta [8], J.Sichak [9], and see also [7]): let two domains D C C™, G C C™ be strongly
pseudoconvexr and two subsets E C D, F C G be non-pluripolar Borel sets. If f(z,w) is a
separately analytic function on the set X = (D x F)U (E x G), then it extends holomorphically
to the domain

~

X ={(z,w) eDxG:w"(z,E,D) + w"(w, F,D) < 1}.
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Here w*(z, E, D) is the P-measure of the set E with respect to the domain D (see [7,8,10]). It
is defined as an extremal plurisubharmonic function

w*(Z7E7]D)) = PEW(C7E3D)7
—z

where
w(z, E,D) = sup{u(z) : u € psh(D), ulp < 1,u|g < 0}.

3. On Lelong’s theorem

P. Lelong [4] proved the following analogue of the fundamental theorem of Hartogs (see [1],
Ch. 1): if u(z,y) is separately harmonic in the domain D C R™(x) x R™(y), then it is harmonic
in D in both variables.

The proof of Lelong’s theorem can be obtained easily if we use the above theorem of
V.Zakharyuta and J.Sichak: if u(z,y) is separately harmonic in the domain D C R™ x R™
and B; C R”, Bo C R™ are arbitrary balls such that B; x Bs C D, then by Lemma 1 it extends
to the set X = (B x By)U(By x By) as a separately analytic function. Therefore, u(z, y) extends
holomorphically to the domain

~

X = {(z,w) S él X B\Q :w*(z,Bl,ﬁl) +UJ*(U},BQ,§2) < ].} .

Since By x By C X , the function w(z,y) is infinitely differentiable in By X By and therefore,
harmonic in both variables. Since the balls are arbitrary, it follows that u(z,y) is harmonic in
both variables in the domain D.

4. The main results

Now we are ready to prove the main results of this paper.

Theorem 1. Let S be a closed subset of the domain D C R™(x) x R™(y), n,m > 1, and its
orthogonal projections S1 = {x € R" : (z,y) € S} and S; = {y € R™ : (z,y) € S} are nowhere
dense. Then any function u(x,y) which is separately harmonic in the domain D\ S extends
harmonically to the domain D.

Proof. Let u(z,y) be a separately harmonic function in the domain D\ S and the projections of
the closed set S:

Si={zeR":(z,y) €S}, So={yeR™: (z,y) € S},

are nowhere dense. We denote by S C S the set of non-removable singularities for the function
u(z,y). Suppose that S # @&. We take arbitrary balls By C R"(z) and By C R™(y) such that
B; X By C D and (By x B2) NS # @. We denote by

Sl = {(E € By : (:L‘,y) S (B1 X 32)05}7 gg = {y € By : (:my) S (Bl X Bg)ﬂg}
Since (By x B) N S c S x 52, we have

(By x Bo)\ (81 x &) = (B1 % (By \ 5*2)) U ((31 \ §1) x Bg) C (By x Bu)\ 8.
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Hence, by Lemma 1, the function u(x,y) can be extended analytically to the set X =
= (§1 x (Ba\ 5'2)) U ((B1 \ 1) x EQ) as a separately analytic function. Consequently, u(x,y)

extends holomorphically to the domain

~

X = {(z,w) S El X Eg :w*(Z,B1 \§1,§1) +w*(w,B2\§2,§2) < 1}

Since the sets By \ S1, By \ Sy are locally pluri-regular, we get
X C X, ie (B xBy)\ (5 x8,) CX.

(About pluri-regular sets and their properties, see [6,12]). Now we take an arbitrary point a € S;
- 1
and 2° € U(a,e) \ S1, where U(a,e) = {z: |z —a|<e}, 0<e< 5 dist(a,0B1). For the point

20 there is a point a° € Sy such that
d=|2° —a| zinf{|x0—x| :xegl}.

It is clear that the intersection By N {xz : |2° — | < d} C By \ S; contains the interval (2°,a°),
which is not pluri-thin at the point a® € S; (see [6], Proposition 4.1). Hence, it follows that

w*(aO,B1 \ Sl,él) =0.

On the other hand, there is a point ° € Sy such that (a°,°) € S and by the definition of P-
measure there is also some number dy : w*(b°, By \ S, Ba) < 82 < 1. Now we take some number
61 > 0 so that d; + d2 < 1. Hence, an open neighborhood of the point

(ao,bo) € SI {Z : w*(z,Bl\Sl,ﬁl) < (51} X {'LU : w*(w,BQ\SQ,ﬁg) < 52},

is contained in X , i.e. the point (a®,b%) € S is a removable singularity and this contradicts our
assumption concerning S. Thus S = @. The theorem is proved. O

Using methods of V. Zahariuta on analytic extension of separately analytic functions we get

the following result which generalizes Hamano’s theorems [3].

Theorem 2. Let two domains D C R", G C R™ and two sets E C D, F C G be given. If
E € D is compact and F is a closed subset of G with nonempty complement G\ F # 0, then any

separately harmonic function u(z,y) in (D x G) \ (E x F) harmonically extends to the domain
D xG.

Proof. According to Lemma 1 there is a pseudoconvex domain G C C™ such that G C G
and for each fixed x € D\ E a function u(z,-) holomorphically extends to G. Moreover, there
is a sequence of strongly pseudoconvex domains Gj,7 = 1,2,... such that G; € G411 € G,

G= Ej @j and (GNG)\ F # 0. According to (1) for the set
j=1

K. ={z€ D:dist(z,F) <e} €D,
where € > 0 is a small enough number, there is a sequence of positive real numbers M; such that

Ju(z, w)| < M; ¥(z,w) € K. x Gjy1.
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)

Consequently, for any [ € N there is a sequence of positive numbers N ;l such that the inequality

| <1 </@
holds.

Now we take a closed ball B € (GN él) \ F and for a fixed j and a sequence of sets B € éj
we consider a Hilbert space Hy C Hy. For Hy we take the closure of the space

el (z, w)

ow?

2 2
‘ dv> <N vz € OK. (2)

O(G) N h(G) NWEG;), 1 > m.

(Here (9(@) is the space of holomorphic functions on @, h(QG) is the space of harmonic functions
on G and Wi(G;) is the Sobolev space.) For H; we take the closure of the space h(G)NLa(B, o),

where 1
Ly(B, ) = {f! (/B|f(w)|2da)2 < OO}

and do = (ddcw* (w, B, é])) (see [7,8,10]). Let {ex(w)}32, be the common orthogonal basis

1
for spaces Hy C Hi such that ||ex| g, = tk, |lexlla, = 1, Mk% < Inpy, < Mkw, and M is a
constant, k = 1,2,... (see [8,13]). -
From the continuous embedding of Hy C C(éj) N O(éj) it follows that

lex(w)| < Cllex|lm, = Cug, w € éj, (3)

where C' is a constant.
We consider the set Ay = {z € B : |ex(y)| > k}. By Chebyshev’s inequality we have

1 1 1
o(Ar) < 7L ek () Pdo(y) = ekl = =, k=1,2,....
K2 )5 2 2

Consequently, Y o(Ag) < oo and lim o ( U Ak> =0. Welet Uy =B\ U 4, U= U Us.
k=s k s=1

k=1 S5— 00 =5
Then (B \ U) = 0. Therefore, w*(w, B, G;) = w*(w,U, G;), i.e. w*(w,Us,G;) | w*(w,B,Gj),
w € G, (see [7,10]). Since |ex(y)| < k, w € Es, k > s, taking into account (3), by two constants

theorem we obtain the following estimation

w*(w,Us,é_')
ik

len(w)] < c(s)kp® >s, we G, (4)

where ¢(s) is a constant independent of k.
Now we compare the formal Fourier-Hartogs series to the function u(z,w), (z,w) C D x Gj,

(oo}
u(wi) ~ Zak(x)ek(w)a (5)
k=1
where the coefficients are defined by the usual formulas of the space Hj:

ag(z) = / u(z,w)ep(w)do, k=1,2,....

B

We show that the series (5) converges locally uniformly in the set K. x @j.

=373 —



Sevdiyor A.Imomkulov, Sultanbay M. Abdikadirov  Removable Singularities of Separately Harmonic. ..

Since the function u(z,y) is continuous and separately harmonic on the set D x B, it follows
that ax(x) is harmonic on D. Moreover, for any fixed 2 € OK, the function u(z,w) € Hy, then

lak(x)| = (u(z,-), ex)m, = ,u,;Q(u(x, -), ex) r,. Consequently,

1 ul\x, )| H
0k (@)] < — e, Y lex e < L& 0 ope,
[ Mk

Hence, by the estimation (2) and the maximum principle we get the following estimation

N
|ak(x)|<u—]z, k=1,2,..., z€K.. (6)

Comparing the estimates (4) and (6), we obtain

|ak(x)ek(w)| < C(S)Njku:*(w,Us,Gj)—l < C(S)Njkewﬂc%@d*(w,Us«Gj)fl) ’
k>s, (z,w) € K x CAv'j, where Us; C B, 0(Us) > 0. The last estimation shows that the series (5)
converges locally uniformly on the set K, x éj and its sum u(x, w) coincides with u(x,w) on the
set 0K X éj, i.e. u(x,w) is an analytic continuation of u(x,w). Finally, letting j tend to infinity
we obtain an analytic continuation of the function u(z,w) on the set K. x G which contains the
set E x F, that is the function u(z,y) can be separately harmonically extended to D x G. The
proof of Theorem 2 is completed. o

Comparing the ideas of proof of theorems above, one can easily prove the following theorem:
Theorem 3. Let two domains D C R™, G C R™ and two sets E C D, F C G be gwen. If E is
a nowhere dense closed subset of the domain D and F' is a closed subset of the domain G with a

non-empty complement G\ F # 0, then any separately harmonic function u(z,y) on the domain
(D x G)\ (E x F) can be extended harmonically to the domain D x G.
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CrtupaemMbie 0OCOODEHHOCTH CellapaTHO-TAPMOHUIECKNX
dbyHkImit

CeBauép A.lVmMmomKkyoB

Xopeamcknit obstactHo# dumnan Maremarmaeckoro nacturyta nMm. B. U. Pomanosckoro
Axanemus Hayk Pecrnybauku Ysbekucran

Ypreudu, Ysbekucran

Cyaraubait M. Ab6aukaaupoB
KapaxkaJsmakckunit rocyapcTBEeHHbBI YHUBEPCUTET
Hyxkyc, ¥Y36ekucran

AnnoTaiuda. B pabore paccMaTpuBaloTCs yCTpaHUMbIE OCOOEHHOCTH CelapaTHO-rapMOHUIECKUX (DYHK-
muit. Tounee, MOKazaHa TeopeMa O TAPMOHMYECKOM IPOJIOJIZKEHHH cerlepaTHO-rapMoHndeckoit 8 D \ S
dyukuun u(z,y) B obmnacrs D, rne D C R™(z) x R™(y), n,m > 1 u S — 3aMKHyTOe HIOIAMHOMXKECTBO
obsactu D, a ee npoekunu S; = {z € R" : (z,y) € S} u S2 = {y € R™ : (z,y) € S} Hurge He IIOTHLL.

KJIIO‘leBbIe cJioBa: celmapaTHO-TapMOHNYIeCKasd (byHKLH/ISI, IICEBJOBBIITYKJIast O6JIE;1,CTB7 nHTEerpaJl Hyac-
coHa, P-mepa.
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