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Introduction

In recent years, there has been a growing interest in the linear and nonlinear integro-
differential equations which are a combination of differential and integral equations [3,16,18,21].
The nonlinear integro-differential equations play an important role in many branches of nonlin-
ear functional analysis and their applications in the theory of engineering, mechanics, physics,
electrostatics, biology, chemistry and economics [13] and signal processing [25].

The challenging work is to find the solution while dealing with Volterra—Fredholm fractional
integro-differential equations. Therefore, many researchers have tried their best to use different
techniques to find the analytical and numerical solutions of these problems [1,2,4,6-8,10, 14,22,
23,29].

The study of iterative differential and integro-differential equations is linked to the wide
applications of calculus in mathematical sciences. These equations are vital in the study of
infection models. Many papers have dealt with the existence, uniqueness and other properties of
solutions of special forms of the iterative differential equations and integro-differential equations
[12,15,16,19,20].

Recently, Cheng et al. (2009), in [5,20] investigated analytic and exact solutions of an iterative
functional differential equation

u'(z) = f(a,u(h(z) + g(u(z)))),

u(zo) = .
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Lauran (2011) [19], investigated the existence and uniqueness results for first order differential
and iterative differential equations with deviating argument of the type

u'(t) = f(t, u(t), u(u(t)), u(Au(t))),
u(to) = Xo-

In [15], Ibrahim (2013) investigated the existence and uniqueness of solution for iterative differ-
ential equations of the type

Du(t) = f(t,u(u(t))),
u(0) = uyg.

Kendre et al. (2015), [16] investigated the existence of solution for iterative integro-differential
equations of the type

W (1) = F(t,ulu(t)), / K(t, )u(u(s))ds),

to
u(ty) = xo.

Unhale and Kendre (2019), in [28] established the existence and uniqueness of solution for
iterative integro-differential equations of the type

Du(t) = f(t) —1—/0 h(t, s)u(Au(s))ds,
u(0) = wp.

Motivated by these problems, in this paper, we discuss new uniqueness and stability results
for nonlinear fractional Volterra-Fredholm integro-differential equation with deviating argument
of the type

T T
D%u(z) = f(x) +/ h(x,s)u(u(s))ds—l—/ k(x,s)u(u(s))ds, =,s€ J:=[0,T], (1)
0 0
with the boundary condition
au(0) +bu(T) =c, a,b,ceR, a+b#0, (2)

where D?(.), 0 < a < 1, is the Caputo fractional derivative, f(t), h(z,s) and k(z, s) are given
continuous functions, u(x) is the unknown function to be determined.

The main objective of the present paper is to study the new uniqueness and stability results
for iterative nonlinear fractional Volterra—Fredholm integro-differential equation with deviating
argument.

The rest of the paper is organized as follows: In Section 1, some essential notations, definitions
and Lemmas related to fractional calculus are recalled. In Section 2, the new uniqueness and
stability results of the solution for nonlinear fractional Volterra-Fredholm integro-differential
equation have been proved. In Section 3, we investigate the Ulam—Hyers stability and generalized
Ulam—Hyers stability for the problem (1)—(2). In Section 4, focuses on an example to illustrate
the theory. Finally, we will give a report on our paper and a brief conclusion.

1. Preliminaries

The mathematical definitions of fractional derivative and fractional integration are the subject
of several different approaches. The most frequently used definitions of the fractional calculus
involves the Riemann—Liouville fractional derivative, Caputo derivative, etc. The following ob-
servations are taken from [7,9-11,17,18,24,26,29].
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Definition 1.1 ([16]). The Riemann—Liowville fractional integral of order o > 0 of a function
f is defined as

1

Jaf(m):wAI(x—t)alf(t)dt, r>0, acRt

JOf(x) = f(x),
where RT is the set of positive Teal numbers.

Definition 1.2 ([16]). The Riemann—Liouville derivative of order o with the lower limit zero
for a function f :[0,1) — R can be written as

1 d

PO

SFIONP .
/O(x—t)adt’ >0, 0<a<l. (4)

Definition 1.3 ([24]). The Caputo derivative of order « for a function f :[0,1) — R can be
written as

apy 1 cr®)
Df(aj)_F(lfa)/O (x—t)adt’ x>0, 0<a<l.

Definition 1.4 ([26]). The fractional derivative of f(x) in the Caputo sense is defined by

‘Df(x) = JOD"f(x)=
1 ¢ n—a-1d"f(t)
m/o (x—1t) ! s dt, n—1<a<n, 5
] @@ .
dxn b b

where the parameter « is the order of the derivative, in general it is real or even complez.

Definition 1.5 ([26]). The Riemann-Liowville fractional derivative of order a > 0 is normally
defined as
Df(x) =D"J"“f(x), m—1<a<<m. (6)

Lemma 1.1 ([24], Gronwall-Bellman’s Inequality). Let u(x) and f(z) be nonnegative continuous
functions defined on J = [a, « + h] and ¢ be a nonnegative constant. If

u(z) < c+ /: f(s)u(s)ds, z € J,
then
u(z) < c exp (/: f(s)ds)7 x € J

Theorem 1.1 ([26], Banach contraction principle). Let (X,d) be a complete metric space, then
each contraction mapping T : X — X has a unique fized point x of T in X i.e. Tx = x.

2. Main results

In this section, we shall give an existence and uniqueness results of Eq. (1), with the
boundary condition (2). Let B = C(J,J) be the Banach space equipped with the norm
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|lul| = maxzep, 1 [u(x)|. For convenience, we are listing the following hypotheses used in our
further discussion: (A1) There exist two constants f, and 8y such that

B = sup{|h(t, 5)| s<t

10 < <T
Br =sup{|k(t,s)] :0<s <t <T

}
}

(A2) There exists a constant M > 0 such that

|u(t1) — u(t2)| < M|t1 — tg‘a, for u e B, t1,ts € J, t1 < to.

(A3) There exists a constant L > 0 such that L = sup{|f(¢)| : 0 <t < T}.

T(L+T°(Bn + Br)) [ ld } ||
1 <T < M.
T(a+1) Tlaxo) Tlav

(A4) Let p:=

Lemma 2.1. If a function u € C[0,T] satisfies (1)—(2) in the closed interval [0,T], then the
problems (1)—(2) are equivalent to the problem of finding a continuous solution of the integral
equation

u(r) = /OI(xF(Z;I(f(t)+/Oth(t,s)u(u(s))ds+/0Tk(t,s)u(u(s))ds)dt

a —1|— b [/OT b(TI‘_(ctg))al (f(t) + /Oth(tv s)u(u(s))ds + /OTk(t, S)u(u(s))ds)dt - c] )

Theorem 2.1. Suppose that the hypotheses (A1)-(A4) are satisfied and

e )

Then there is a unique solution to the problems (1)—(2).

Proof. Let B(p) ={u€ B: 0<u<p,u(t1) —u(te)| < Mty —t2|*}.
To apply Banach contraction principle, we define an operator ¥ : B(p) — B(p) by

_ t)a—l

(Pu)(x) = /Oar (xF(a) (f(t) + /Ot h(t,s)u(u(s))ds + /OT k(t, s)u(u(s))ds) dt—

o —1i— b {/OT b(TF_(Oi))a_l (f(t) + /Ot h(t, s)u(u(s))ds + /OT/c(t, s)u(u(s))ds)dt - c} )
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So, we have

0 < [Pul =

[ & F(Zfl (ro+ | bt syulus))ds + / " ke, syuu(s))ds )

aib[/Tb(TF_(oi))al (f(t)+/0th(t,s) (us ))ds+/Tk(t s)u(u(s ))ds)dtc]

(z —t)*
</0 o) |f |+/|hts||u \ds—f—/ |k(¢, 8)||u(u |ds dH-

1 |b|(T — t)*~ 1
b [ P o+ [ st + [ |k<t,s>||u<u<s>>\ds)dt+

<

X

+

la+b| =
Tz —t)t 3 |b\ 3
<[ s s sy [ (L4 (B + BT+
ol .
la+b]
T“(L+T3(ﬂh+ﬂk))[ 1] } [
< T(a+1) Y] Tlatn T
:p.

Also, for each 0 < 1 < 22 < T, we have

|[Pu(ze) — Pu(zr)] <

T (g — ) — (2 — 1)~ ¢ T
‘/ 1 (f( )—i—/o h(t,s)u(u(s))ds+/0 k(t,s)u(u(s))ds)dt‘—i—

/:ZWN(?)(f(tH/Oth(t s)u(u(s ))ds+/Tk(t s)u(u(s) ds)dt‘
gr(la)/o [(xl—t)a—l (22 — 1)° |+/ (L, 5)| [u(u(s))|ds +

/ |k(t, s)| Ju(u |ds)dt—|— o) /xl (g — )™ \f(t)| —i—/o |h(t, s)| |u(u(s))|ds +

+

Hence
1 o a—1 a—
Bules) = Wulen) < e [ [l =00 = a7 4 T B+

1 [ o f

+ F(a)/gc (20 — ) L+ T3(B) + Br)]dt <

L+T°Brn+ BT 0 w o
< F(a—:l) b [a:l — x5 +2(ze — x1) } <
b T(a+ 1) S
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This shows that ¥ maps from B(p) — B(p). Now, for all u,v € B(p), we have
Bu(z) - o()] <

1 ’ a—l ! T
/0 / 0.9 ) = o(w(a)lds + [ [b(t. )| uu(s) = otos)lds ) de+

+|a+|lf|1“( / ) 1 /Ihts||u —v(v(s))|ds+

# [ s atute)) - v(v(s))|ds)dt <

<Ll / 0o ([ 1uta I+ luw(s)) — o(o(s))lds+
/ ju(u |+\u<<>>—v<v<s)>|ds)dt+

+'b'(f’},+pf’“/ =0 ([ ) = ol + utols) - ofo(s)as
w [ o |+\u<<>>—v<v<s>>|ds)dt<

(Bh + Br) _ pa-1 wfe) — ol = laf s — o s)\dls
S T T(a) /0(9” t) (/O(Ml() (8)] + |u(s) ()I)d)dt+

1Bl Br+B0) [T et [ () — ol luls) — ofs)1ds
+\a+b\r(a)/o(T t) (/O(M\() (8)] + lu(s) ()I)d)dt<

< w?@f” /0 (x—t)a1</0t((M+1) Ju(s) — v(s))ds ) de+

T t
" W/ (= / ((M +1) [u(s) = v(s) )ds)dt <

T(Bn+ Br)(M +1) Jo- 16| T (Br+ Bi)(M + 1) T N
< T(a) [|w *v||/ — Lat + PR llu— v i (T — ) 1dt <

T (B + Br) (M +1) DI TT (B + Br) (M + 1)
S T(a+1 lu=vll + la + b|C(a + 1)

)
<[t 0 )|

lu—v| <

MNa+1)

Since

a+1
[T (Bn + Bi) (M + 1) (1+ i )] <1,
Ila+1) la + 0|

by the Banach contraction principle, ¥ has a unique fixed point. This means that the problems

(1)—(2) has unique solution. O
The above theorem shows that there exists a unique solution to the problems (1)—(2). How-

ever, it does not tell us how to find this solution. To find the solution of the problems (1)—(2),

we will define the following sequence

tn1 () = /0 G ;(2;_1 () + /O Bt )t (e (5))ds + /0 ! (t, 5)un (un(3))ds ) dt

a —li- b {/OT b(TI‘_(;i))a_l (f(t) + /Ot h(t, s)un (un(s))ds + /OT k(t, s)un(un(s))ds> dt — c} :
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where n = 0,1,2,... and ug(x) is fixed functions of the class C'' mapping [0,T] — [0, T] such
that |ug(z)| < T. For this, we have the following theorem.

Theorem 2.2. If the assumptions of the Theorem 2.1 are satisfied then the sequences defined in
(7) converges uniformly to the unique solution of the problems (1)—(2).

Proof. Let U, = maxgey |ug(x) — ug—1(z)|. Then

Ur = max [ur () — uo(x)| =

= Imax
zeJ

[ (e | " hlt, s)uoluso(s))ds + / 0, s)uoonols))ds ) di—

- - 41-6[ /OTb(TF—((i))a_l Ft)+ /0 th(t,s)uo(uo(s))ds—k / k(t7s)uo(uo(5))ds>dt—c]—uo(x)

0
T(L 4 T°(Bn + Br)) 10| ) ||
S T(a + 1) <1+|a+b| Tlaty S

<

X

<T.
Since wg : [0,T] — [0,T], we have U; < T.

Uz = max lug () — u1 ()| =

I “F(Q) (ror+ | "t sy (s (5))ds + / bty () ds ) o~

=
o —1i— b {/OT b(TF((i))Q1 (f(t) + /Ot h(t, s)u1(u1(s))ds + /OT k(t, s)ul(ul(s))d5> dt — c} —
_ { Ow (fr(tofl (£ + /O "Bt $)uo(uo(s))ds + /O T S)uauo()ds) dt

S UT b(Tr_<t)> (ro+ [ . s)uo(uo(5))ds + / (5o o 5))ds )t — clat} ‘ <

ajw t S)|ur(ui(s)) — upg(upgls S
<mac{ [TETI 101+ [ h) s (a(5) - wo(uolo)ids +

. 1 [T p|(T —t)et
+/O (¢, 8)] u (ur (s)) _UO(UO(S))|dS>dt_ |a+b|/0 Ma)

t T
< (1)1 + / [(t, )] ua (w1 (s)) — uouo(s))|ds + / [kt ) s (ua (5)) — uo<uo<s>>|ds)dt} <
<TU, < T2

Assume that result is true for n ie. U, < TU,_1 < T™. Now, we show that result holds
forn+1

Unt1 = max |up41(x) — up(x)| =
zeJ

= Imax
xzeJ

o U /Ot Bt s)u (e (5) s + /OT kit 5 (5))ds )~

Ca -ly b [ /OT b(Tr_(é))a_l (f(t) + /O th(t,s)un(un(S))ds + /0 Tk(t7s)un(un(s))ds>dt - c] —
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_ {/0”” (x_(t);l_l(f(t) + /Ot h(t, s)up—1(up—1(s))ds + /OT k(t,S)Hnﬂ(unﬂ(s))ds)dt—

L 0 [

+ /OT k(t, S)Un—l(un—l(s))ds) dt = C} dt}‘ s

Q

zw S Un (U — U U S S
<max{/0 (st |+/\ht ) Lt (11 (5)) = 1 (11 (5)) s+

g Ll
b o)~ s )t~ [ x

(01 [ ) 1 (5) = s (st

T
+/0 k(t, s)] [un(un(s)) —un-l(un-l(smds)dt} <
<TU, <7

Thus by induction, we have U, < T*. Since

R w1 FO. T

<T <1l
I'a+1) a+0bl la + bl

Hence Uy, tends to zero as k tends to infinity. Since the family {Uy} is the Arzela—Ascoli family
thus for every subsequence {uy;} of {Uy} there exists a subsequence {uy;} uniformly convergent
and the limit needs to be a solution of the problem (1)—(2). Thus, the sequence {Uj} tends
uniformly to the unique solution of the problem (1)—(2). O

3. Stability results

In this section, we investigate the Ulam-Hyers stability and generalized Ulam—Hyers stability
for the problem (1)—(2).

Definition 3.1 ([27]). The Eq. (1) is Ulam—Hyers stable if there exists a real number € > 0
such that for each € > 0 and for each solution v € C'(J,J) of the inequality

D%u( /hxs ds—/ E(x,s)v(v(s))ds| <e, z€J, (7)

there exists a solution u € C1(J,J) of Eq. (1) with
v(z) = u(z)] < Qe. (8)
Definition 3.2 ([27]). The Eq. (1) is generalized Ulam—Hyers stable if there exists © €

C(RT,RT), ©(0) = 0 such that for each ¢ > 0 and for each solution v € C*(J,J) of the
inequality

T
Dy( / h(zx, s)v(v(s))ds _/0 E(x,s)v(v(s))ds| <e, z€J, 9)

there exists a solution u € C*(J,J) of Eq. (1) with

o(z) — u(@)| < O(e). (10)
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Theorem 3.1. If the assumptions of the Theorem 2.1 are satisfied, then the problem (1)—(2) is
Ulam—Huyers stable.

Proof. Let ¢ > 0 and let function v € C!(J,.J) which satisfies the inequality
T T
D%(x) — f(z) — / h(z, s)v(v(s))ds — / k(x,s)v(v(s))ds < e, (11)

0 0

and let u € C(J,J) be the unique solution of the following problem

T T
D%u(z) = f(x) +/0 h(x,s)u(u(s))ds—i—/o k(z, s)u(u(s))ds,
u(0) = v(0), u(T)=ov(T).

from Lemma 2.1, we obtain

w(z) = /O (z F(’Z;1(f(t)+/Oth(t,s)u(u(s))ds+/0Tk(t,s)u(u(5))d5)dt

. 1[/0 b(Tr_(c?)a_l(f )+ /0 (e u(u)ds + /O Tk(t,s>u(u(s))ds)dt_c] _

a+b

_ Au+/0”” (z ;(12;_1(f(t)+/Oth(t,s)u(u(s))ds+/0Tk(t,s)u(u(s))ds)dt,

Au:aib[c—/OTW(f(t)Jr/oth(t,s ds—i—/ k(t, s)u ds dt}
szaib[c—/oTb(Tl:(;))a_l(f(t)+/oth(t,s ds+/ (t, 5)o(v(s))ds ) dt .

On the other hand, if u(0) = v(0), w(T) = v(T), then A, = A, and

u(z) = A, + /Ox (x;(t)‘“‘—l (f(t) + /Ot h(t, s)u(u(s))ds + /OT k(t, s)u(u(s))ds) dt.

a)

From inequality (11) we have

T T
—e < D%(z) — f(x) — / h(z, s)v(v(s))ds — / k(z,s)v(v(s))ds < e. (12)
0 0
If we integrate each term of the above inequality and appling the boundary conditions, then we

have

t Ta
+/ h(t, )v ds+/ k(t, s)v ds dt(
0 (a+1)

For any x € J, we have

v(z) —u(z)] <
A, — Or (x;(g;‘_l (f(t)—I—/o h(t, s)v ds—l—/ k(t,s) ds dt‘
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IM t —ulul(s S ! S)|vlv(s)) —ululs S
+/O ) ( | Dt 5)lo(u(s) — u(u(s)ld +/0 B(t,5)[o(v(s)) = u(u(s))ds ) dt <

- R t - —u(u(s s
S WJF/O p(a)<5h/0 [[o(v(s)) = v(u(e)] + [v(u(s)) — ulu(s))|]ds +

T
+ﬁk/0 [lo(v(s)) = v(u(s))| + [v(u(s)) - U(U(S))Hd8> dt <

s F(;le ﬂh / / = 1)* N (M + D)u(s) — u(s)|dsdt +
Bk ot —uls S

+ @/0 / (z = )" (M + 1)|u(s) — u(s)|dsdt <
er (ﬁh +,8k

<F(a+1) a—|—1 / [v(s) — u(s)|ds.

Using Gronwall’s inequality, we get

ere { ET(Bn + Br) (M + 1)

< = Qe,
’ T(a+1) T(a+1) ‘

v(z) = u(z)

where £ = £(a) a constant, which completes the proof.
Moreover, if we set ©(e) = Qe, ©(0) = 0, then boundary value problem (1)—(2) is generalized
Ulam—Hyers stable. U

4. An example
We consider the nonlinear iterative fractional integro-differential equation (1)—(2) with
a=05 T=05 L=02 M=04, B,=06,=05, a=b=1, and c=0.

New, we have

T*(L+T*(Bn + Br)) o] lef  0.5%%(0.2 +0.5%(0.5 + 0.5)) 1
T(a+1) ( +|a+b|) rE T(05+ 1) (145)+0

2

0.2298098
~ T(5) (15)
0.3447145
0.886227
— 0.38897

< 05=T
Also,

TN (M + 1) (B + Br) || 0 0.5%7FH(0.4 + 1)(0.5 + 0.5) 1
T(a+1) (H |a+b|) - 005+ 1) (1+3)
0.494975

= —(1.
0.886227( 5)

= 0.8378
< 1

Since all the hypotheses of Theorem 2.1 are fulfilled, then there exists a unique solution of the
given equation.
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Conclusion

The main purpose of this paper was to present new existence and uniqueness results as well

as the Ulam-Hyers stability and generalized Ulam—Hyers stability results of the solution for
Caputo fractional iterative Volterra—Fredholm integro-differential. The techniques used to prove
our results are a variety of tools such as the Gronwall-Bellman’s inequality, some properties of
fractional calculus and the Banach contraction fixed point theorem. Moreover, the results of
references [15,16,28] appear as a special case of our results.

The author would like to thank the referees for their valuable suggestions and comments that

improved this paper.
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PesyinbTaThl € ITMHCTBEHHOCTH M YCTONYMBOCTU
st KammyTo apobubix nmHTerpo-anddepeHnajIbHbIX
ypaBHenuii Boabreppa-®pearoabma

Axmen A. Xamyn
Kademnpa maremaTuku
Yuusepcurer Tans

Taus, Memen

Amnnoranus. B 910it craTbe MBI yCTAHOBUJIM HEKOTOPbIE HOBBIE PE3YJIHLTATHI, KACAIONIUECs €IMHCTBEHHO-
CTH ¥ YCTONYMBOCTH YJjlaMa peIleHU!l NTePaIMOHHBIX HEJIMHEHHBIX WHTErpo-TudOEPEHITNATBLHBIX YPaB-
nennit Bonbreppa—®pearospma ¢ TpaHUIHBIMA yCIOBUSAMU. J[[pOOHBIE TPOM3BOIHBIE PACCMATPUBAIOTCS
B cmbiciie KamyTo. DTy HOBbIE pe3yJbraThl IOJYYEHbI IIyTeM I[IPUMEHEHWs] HepaBeHCTBa | poHyosnia—
Bennvana m Teopembl Banaxa 0 CKaTWW HEMOJIBUXKHONW TOYKU. BKIIIOUEH HATJISIIHBIN MTpUMeEDP, ITOOBI
MIPOZIEMOHCTPUPOBATD M (MEKTUBHOCTD U HAJIEXKHOCTDH PE3YIIBTATOB.

KuarouesBsbie ciioBa: narerpo-anddepennuaibaoe ypasaenune Boimbreppa—®pearonbma, cmbica KamyTo,
HepaBeHCTBO ['ponyosna—bennmana, Teopema Banaxa o cxKaTUy HEMTOIBUKHON TOYKM.
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