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Abstract. In this paper, we prove some new fixed point theorems involving set-valued F-contractions in
the setting of quasi-ordered metric spaces. Our results are significant since we present Banach contraction
principle in a different manner from that which is known in the present literature. Some examples and an
application to existence of solution of Volterra-type integral equation are given to support the obtained
results.
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1. Introduction and preliminaries

It is well known that the Banach contraction principle is a very useful and classical tool
in nonlinear analysis [3]. After that, the generalization of this principle has been a heavily
investigated. For example, in 1969, Nadler [10] extended the Banach contraction principle for
set-valued mapping as follows:

Theorem 1.1. Let (X,d) be a complete metric space and T : X — CB(X) be a set-valued
operator. Also, let H : N(X)? — [0, +0c] be the Hausdorff metric on N(X) which defined by

H(A, B) = max {sup D(a, B),sup D(b, A)} ,
acA beB

where D(a,B) = D(B,a) = biggd(a,b). Assume that there exists a € [0,1) such that
H(Tz,Ty) < ad(zx,y) for all x,y € X. Then T has a fized point in X.
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Then Ciri¢ [6] extended Nadler’s result as follows:

Theorem 1.2. Let (X,d) be a complete metric space and T : X — CB(X) be a set-valued
operator. Assume that there exists o € [0,1) such that H(Txz,Ty) < aM(x,y) for all z,y € X,
where

M (z,y) = max {d(a?, y), D(z,Tz), D(y, Ty), %[D(ac, Ty) + D(y, Tat)]} .

Then T has a fized point in X.

In 2011, Amini-Harandi [2] considered some fixed point theorem for set-valued quasi-
contraction mappings in metric spaces.

Theorem 1.3 ([2]). Let (X,d) be a complete metric space and T : X — CB(X) be a k-set-valued
quasi-contraction with k € [0, %), that s,

H(Tz,Ty) < kmax {d(z,y), D(z,Tx), D(y, Ty), D(x,Ty), D(y,Tx)}
forall x,y € X. Then T has a fized point in X.

On the other hands, Ran and Reurings [12], and Nieto and Rodriguez-Lépez [11] studied
the Banach contraction principle distinctly from another point of view. They imposed a partial
order to the metric space (X,d) and discussed on the existence and uniqueness of fixed points
for contractive conditions and for the comparable elements of X (also, see [1,4,6-8, 13, 15]).
Moreover, in 2012, Wardowski [14] obtained a new fixed point theorem concerning F-contraction
for single-valued mapping.

Theorem 1.4 ([14]). Let (X, d) be a complete metric space and T : X — X be an F-contraction.
Then T has an unique fized point ©* € X and for every xg € X a sequence {T"Zo}tnen 1
convergent to x*.

In this paper, we obtain several fixed point results for set-valued F-contraction mappings
in quasi-ordered metric spaces. Also, we prepare some examples and an application to the
existence of a solution for Volterra-type integral equation. Throughout this paper, the family
of all nonempty closed and bounded subsets of X is denoted by CB(X), and the family of all
nonempty subsets of X by N(X).

Definition 1.1 ([9]). Let (X, d) be a metric space with a quasi-order “ < ” (pre-order or pseudo-
order; that is, a reflexive and transitive relation). We say that X is sequentially complete if every
Cauchy sequence whose consecutive terms are comparable in X converges.

Definition 1.2 ([9]). Let (X, d) be a metric space with a quasi-order “ <. For two subsets A,
B of X, we say that A C B if each a € A and each b € B imply that a < b.

Definition 1.3 ([9]). Let (X, d) be a metric space with a quasi-order “ <7.

(i) A subset D C X is said to be approximative, if the set-valued mapping Pp(z) = {p € D :
d(xz,D) = d(p,z)} for all x € X has nonempty value.

(ii) The set-valued mapping G : X — N(X) is said to be have approximative values (for
short, AV), if Gz is approximative for each x € X.

(iii) The set-valued mapping G : X — N(X) is said to be have comparable approximative
values (for short, CAV), if Gz has approximative values for each € X and for each z € X,
there exists y € Pg.(x) such that y is comparable to z.
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(iv) The set-valued mapping G : X — N(X) is said to be have upper comparable approxima-
tive values (for short, UCAV), if Gz has approximative values and for each z € X, there
exists y € Pg, () such that y = 2.

(v) The set-valued mapping G : X — N(X) is said to be have lower comparable approxima-
tive values (for short, LCAV), if Gz has approximative values and for each z € X, there
exists y € Pg,(z) such that y < z.

Definition 1.4 ([9]). The set-valued mapping G is said to has a fixed point if there exists z € X
such that x € Gz.

2. Main result

From the idea of Wardowski [14], we consider a new type of F-contraction for set-valued
operator in quasi-ordered metric spaces as follows.

Definition 2.1. Let H : N(X)? — [0, +00] be the Hausdorff metric on N(X) and F : Rt — R
be a mapping satisfying the following conditions:

(F1) F is increasing, i.e., for all a,b € R* such that a < b, then F(a) < F(b);

(F2) for each sequence {ay, },,c\ of positive numbers lim a,, = 0 if and only if lim F(a,) = —oc;
n— o0 n—00

(F3) there exists k € (0,1) such that lim o*F(a) = 0.

a—0t

A mapping G : X — CB(X) is said to be an F-contraction if there exists 7 > 0 such that
H(Gz,Gy) > 0= 7+ F(H(Gz,Gy)) < F(d(x,y)) (1)
for all z,y € X.

Example 2.1. If F(a)=Ina+a foralla > 0 and H : N(X)? — [0, +00] is the Hausdorff metric
on N(X), then F satisfies (F1)-(F3) and each mapping G : X — CB(X) is an F-contraction
such that H(Gz, Gy)e(G=Gy)=d@y) L e=Td(x,y) for all 2,y € X.

Example 2.2. If F(a)=Ina for all a > 0 and H : N(X)? — [0, +0c0] is the Hausdorff metric
on N(X), then F satisfies (F1)—(F3) and each mapping G : X — CB(X) is an F-contraction
such that H(Gz,Gy) < e "d(x,y) for all z,y € X.

Definition 2.2. Ordered-close operator is set-valued operator G : X — CB(X) if for two
monotone sequences {x,},{y,} C X and xo,y0 € X; z, = X0, Yn — Yo and y, € G(z,) imply
Yo S G(SL’()).

Theorem 2.1. Let (X,d, =) be a sequentially complete metric space. Also, let the mapping
G: X — CB(X) be an ordered-close set-valued F-contraction and has UCAV. Then G has a
fized point z* € X.

Proof. Let xg € X. If x¢g € Gxg, then our proof is complete. Otherwise, since G has UCAV, there
exists 21 € Gxg with 29 # 21 and 29 < 21 such that d(zg,z1) = iréf d(xo,z) = D(z9,Gxg).
xeGxg
Continue this procedure, we obtain a non-decreasing sequence {x,}, where z,, € Gx,,_1 with
Tp-1 = &, and x,_1 # x, such that d(z,,zp,+1) = iréf d(zp,z) = D(xn, Gz,). On the other
rxeGry

hand,
D(zp,Gzxy,) < sup D(z,Gzp) < H(Gzp, Gry_q).

2EGTp_1
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Therefore, d(z,,2n+1) < H(Grp,Gr,—1). From (F1), we have F(d(zp,Zni1)) <
F(H(Gzp,Grp—1)). In addition, G is F-contraction. Thus,

Fd(zn, Xni1)) (H(Gxp, Gxp_1))
(d(
(d(

xnaxn—l)) - T

Tn—2, xn—l)) — 27

INCINCININ
R B!

< F(d(zg,21)) — nT.

We obtain lim F(d(zp,%nt1)) = —oo that together with (F2) gives

n—oo

lim d(zp,zn41) =0. (3)

n—00

Denote 7, = d(2y, n41). By (F3), there exists k € (0,1) such that

. k _
Jim , F(y,) = 0. (4)
By (2), we have
TF () = 1 F(0) < 1(F(y0) = n7) = 14 F(70) = —ypnt <0 (5)

for all n € N. Letting n — oo in (5), and applying (3) and (4), we obtain lim ny* = 0. Hence,
n— oo
there exists n; € N such that nvk

~ < 1 for each n > ny. Consequently, we have

1
n < —=
™S o

for all » > ny. In order to show that {x,} is a Cauchy sequence, let m,n € N with m > n > n;.
From the definition of the metric and (6), we obtain

<1 (6)

o0 o0 1
AT, Tm) < Ym-1 +vm72+---+%<2%<2%- (7)

i=n

——=, we conclude that {x,} is Cauchy sequence.
i=n (3

From the completeness of X, there exists z* € X such that lim z,, — z*. Since G is ordered-

n— oo

close operator, {z,} is monotone and z,+1 € G(z,), we deduce z* € G(z*) and z* is a fixed
point of G. O

From (7) and the convergence of the series )

Theorem 2.2. Let (X,d, <) be a sequentially complete metric space. Also, let the mapping
G : X — CB(X) be an ordered-close set-valued F-contraction and has LCAV. Then G has a
fized point x* € X.

Proof. The proof is similar to Theorem 2.1. O

1
Example 2.3. Consider the sequence {S, }pen by Sy =1and S, =1+24+---+n= M
for all n € N. Let X = {S, : n € N} and d(x,y) = |z — y| for all z,y € X. Also, we define
the relation “ <" on X by z <y S, < Sy forallx =5,, y =95, € X. Then (X,d, <) is a
sequentially complete metric space. Also, let the mapping G : X — CB(X) be a ordered-close
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set-valued mapping and has LCAV defined by G(S1) = {51} and G(S,,) = [1, Sp—1] for all n > 1.
Then G is an F-contraction with F' as in Example 2.1 and 7 = 1. To see this, let us consider
the following calculations:

For each m,n € N with m > 2 and n = 1, we have

H(G(Sn),G(S1)) = max{ esGl%g )D(a,G(Sl)),besGu(g )D(b,G(Sm))} =d(Sm-1,51)

and

H(G(Sm), G(51)) 11(G(Sm),6(51)=d(Sm.51) _ USm=1,51) a(,,-1,51)=d(Sm.51)
d(Sm, S1) d(Sm, S1)

Sm1—=1 5., s,
= e =
Sy —1
2
m°—m—2
= 27677% <e M« 671.
m*+m—2

Now, for each m,n € N with m > n > 1, we have

H(G(Sm),G(Sn)) = max{ ezu(g )D(a,G(S’n)),bESGu(I; )D(b,G(Sm))} =d(Sm-1,5n-1)

and

H(G(Sm), G(5n)) 1(G(Sm).GS)=d(Sm Sn)  — USm—1,Sn-1) (s, 1.8, 1)=d(S.5) _
d(Sm, Sn) d(Sm, Sn)

Sm—1 = Sn-1 8,5, 14518 _
Sm - Sn

m+n-—1

= ——""M<e

m+n+1

n—m

<e L

Therefore, by Theorem 2.2, S is a fixed point of G.

Theorem 2.3. Let (X,d, =) be a sequentially complete metric space. Suppose that the mapping
G : X — CB(X) is an ordered-close set-valued F-contraction and has AV . If there exists xg € X
such that {xo} C Gxg, then G has a fized point z* € X.

Proof. If zo € Gxg, then the proof is finished. Otherwise, by Definition 1.2, we have = > g
for any = € Gzg. Since G has approximative values, there exists z; € Gxy with x; = zg and
xo # 21 such that d(xzo,z1) = D(xo, Gxo). Continue this procedure, we have a non-decreasing
sequence {x,} with z,_1 < x,, where x,, € Gz,—1 and z, # x,_1 such that d(z,,xn+1) =
= inf d(zn,z) = D(zn,Gxy). The rest of this proof is the same as that of Theorem 2.1. O

ze€Gxy,,

Theorem 2.4. Let (X,d, =) be a sequentially complete metric space. Suppose that the mapping
G : X — CB(X) be an ordered-close set-valued F-contraction and has AV. If there exists xg € X
such that Gzo C {z¢}, then G has a fized point z* € X.

Proof. The proof is similar to Theorem 2.2. O

Theorem 2.5. Let (X,d, =) be a sequentially complete metric space. Also, let the mapping
G : X — CB(X) be an ordered-close set-valued and has UCAV. If we have
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for all x,y € X, where
1
M) = max {d(o,1). Dl Ga), Dy G 51D, o) + Dl G}

then G has a fived point z* € X.

Proof. Let g € X. If g € Gz, then the proof is complete. Otherwise, Since G has UCAV, there
exists 21 € Gxg with 29 # 21 and 2o < 21 such that d(xg,z1) = elrcl:f d(xg,z) = D(x9,Gxo).
x xo

Continue this procedure, we obtain a non-decreasing sequence {z,} with z,_; =< x,, where
Zpn € Gxyoq and x, # 1 such that d(z,, T,q1) = iréf d(zp,x) = D(xy, Gz,). On the other
xeGry

hand,

D(zy,Gzyp) < sup D(z,Gxp) < H(Gxp, Gry_q).
z€EGTy_1

Therefore, d(x,, xnt1) < H(Gzy, Gxp—1). Now, from (F1) and (8) we have
F(d(zn,xnt1)) < F(H(Gxp, Grp_1)) < F(M(2p, Tp_1)) — T
for all n € N, where
M (2, Xp—1) =

1
= max {d(ajn, Tn-1), D(xpn, Gxy), D(xp—1,Gxn_1), i[D(x”’ Gxp_1) + D(xp—1, Gxn)]} .
Once more, note that z, 1 € Gz,, and D(z,,Gz,) = d(xy, z,+1). Hence, we have

1
M<xn7 Jf‘nfl) < max {d(x'ru wnfl)a d<xna $n+1)7 d(mnflv J)n); §[d($n7 xn) + d(xnfla xn+1)]} <

| —

< max {d(ibn, xnfl)a d(l‘n, xn+1)» 7[d(xn717 xn) + d(x'm anrl)]} <
< max {d((En, xn71)> d((En, anrl)} .

If max {d(zn, Tn-1),d(Tn,Tn+1)} = d(@n, Tnt1), then F(d(zn, Tni1)) < Fld(@n, Tne1)) — 7,
which contradicts with 7 > 0. Thus, we have F(d(zn,2n+1)) < F(d(xn,2n—1)) — 7. The rest of
the proof is in the similar manner given in Theorem 2.1. O

Theorem 2.6. Let (X,d, =) be a sequentially complete metric space. Assume that the map-
ping G : X — CB(X) is an ordered-close set-valued and has LCAV, and F(H(Gz,Gy)) <
F(M(z,y)) — 7 for all z,y € X, where

M (z,y) = max {d(x, y), D(z,Gx), D(y, Gy), %[D(:v, Gy) + D(y, Gx)]} )

Then G has a fized point x* € X.

Proof. Let xg € X. If xg € Gxg, then the proof is complete. Otherwise, Since G has LCAV, there
exists x1 € Gxg with xg # x1 and x1 < xo such that d(xg,z1) = i%f d(zg,x) = D(xo,Gxop).
zeGxg

Continue this procedure, we obtain a non-increasing sequence {z,} with x,, < x,_1, where
Xy € Gxp_y and x, # 2,1 such that d(z,, pi1) = iI(l;f d(xn,x) = D(xn,Gxy). The rest of
reGrn,

this proof is the same as that of Theorem 2.5. O
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Theorem 2.7. Let (X,d, =) be a sequentially complete metric space. Assume that the mapping
G : X — CB(X) is an ordered-close set-valued and has AV, and F(H(Gxz,Gy)) < F(M(z,y))—T1
for all x,y € X, where

M) = max {d(,). Dl G, Dy Gy 51D, Ciy) + Dl Gl .

If there exists xg € X such that {xo} C Gxy, then G has a fized point * € X.

Proof. If zo € Gxg, then the proof is finished. Otherwise, by Definition 1.2, we have = > g
for any = € Gzy. Since G has approximative values, there exists z; € Gzy with x; = zy and
xog # 21 such that d(zo,z1) = D(xo, Gxo). Continue this procedure, we have a non-decreasing
sequence {x,} with x,_1 = z,, where z, € Gz,_1 and z,, # x,_1 such that d(x,,z,41) =
= xér(l;f;: d(xn,x) = D(x,, Gxy,). The rest of this proof is the same as that of Theorem 2.5. O

Theorem 2.8. Let (X,d, <) be a sequentially complete metric space. Assume that the mapping
G : X — CB(X) is an ordered-close set-valued and has AV, and F(H(Gx,Gy)) < F(M(z,y))—T1
for all x,y € X, where

M(a,y) = max { d(o.9), Do G, Dl G 5 D, Giy) + Dy Gl

If there exists xg € X such that Gxg C {xo}, then G has a fized point z* € X.

Proof. If zy € Gxg, then the proof is finished. Otherwise, by Definition 1.2, we have zy > =
for any z € Gzy. Since G has approximative values, there exists z; € Gzy with x¢ = z; and
xo # x1 such that d(xg,z1) = D(xg, Gxp). Continue this procedure, we have a non-increasing
sequence {x,} with z,, < z,_1, where x,, € Gz,,—1 and z, # x,_1 such that d(z,,xn+1) =
= inf d(zpn,z) = D(zn,Gxy). The rest of this proof is the same as that of Theorem 2.5. O

z€Gxy,

3. Application to integral equation

As an application of our results, we will consider the following Volterra integral equation:

2(t) = /0 K(t,5,2(s))ds + g(1), )

where T = [0,1], K e C(I x I x R,R) and g € C(I,R) for all ¢t € I.

Let C(I,R) be the Banach space of all real continuous functions defined on I with the sup
norm ||z||ec = maxer |z(t)] for all z € C(I,R) and C(I x I x C(I,R),R) be the space of all
continuous functions defined on I x I x C(I,R). Alternatively, the Banach space C'(I,R) can be
endowed with Bielecki norm ||z||p = sup,;{|z(t)|e"""} for all z € C(I,R) and 7 > 0, and the
induced metric dp(x,y) = ||[x—yl||p for all z,y € C(I,R) (see [5]). Also, let f: C(I,R) — C(I,R)

¢
defined by fz(t) = [K(t,s,2(s))ds + g(t) and g € C(I,R). Moreover, we define the relation

0
“<7on C(I,R) by Xy < ||2]|oo < ||[Yl|oo for all z,y € C(I,R). Clearly the relation “ <7 is
a quasi-order relation.

Theorem 3.1. Let (C(I,R),dp, =) be a sequentially complete metric space. Suppose that G :
C(I,R) — CB(C(I,R)) is a set-valued operator such that G(x) = {fx(t)} and has UCAV. Let
K € C(I x I xR,R) be an operator satisfying the following conditions:
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(i) K is continuous;

t
(ii) [ K(t,s,.) for allt,s € I is increasing;
0

(#ii) there exists T > 0 such that |K(t,s,z(s)) — K(t,s,y(s))| < e T|z(s) — y(s)| for all z,y €

C(I,R) and all t,s € I.

Then, the Volterra-type integral equation (9) has a solution in C(I,R).

Proof. By definition of G, we have H(Gz,Gy) = dp(f(z), f(y)) for all z,y € C(I,R). Thus,

H(G, Gy) = (). £0) = sup { | | Kt s ateds — [ Ko yis)as]e ]

tel

tel
< sup { / e T|x(s) — y(s)|e‘”ds}
ter LJo

t
<|x—y||Bsup{/ e‘Tds}
tel 0

=e "dp(z,y).

< sup { /Ot (K (2,5, 2(s)) — K(¢, Svy(S))ertdS}

Taking logarithms, we have In(H(Gz,Gy)) < In(e "dp(z,y)), which implies that (7+
+In(H(Gz,Gy))) < In(dp(z,y)). Now, consider the function F(t) = In(t) for all ¢ € C(I,R) and
7 > 0. Then, all conditions of Theorem 2.1 are satisfied. Consequently, Theorem 2.1 ensures the
existence of fixed point of G that this fixed point is the solution of the integral equation. O

We are grateful to the Research Council of Shahid Chamran University of Ahvaz for financial

support (Grant number: SCU.MM99.25894).
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HeHO,Z[BI/I)KHbIe TOYKHN MHOI'OSHAYHbBIX OIIepaTOpOB F-cxxarns
B KBa3MyIliOopdAO0Y€HHbIX METPpHNYEeCKUX IIPOCTPpaHCTBax
C IIpuJIo2KeHneM K HMHTerpaJibHbIM YPpaBHEHUAM

Oxcau JI.T'acab

Xamna Mamkanu

VYuusepcurer [Hlaxuna Yampana B AxBaze
Axgaz, Upan

T'acem C.Pan

Ucnamcknit yauBepcurer Azajr

Terepan, pau

Awnnoranusi. B 310it cTaTbe MBI TOKayKeM HEKOTOPBIE HOBBIE TEOPEMBI O HEMTOJBUKHBIX TOUKAX, BKJIIO-
JaloIue MHOTO3HAYHbIE F'-CoKATHS B YCIOBUSX KBA3UYIIOPSIOIEHHBIX METPUIECKUX npocTpancTs. Hamm
pPe3yabTAThI BayKHbI, IIOCKOJIbKY MbI IIPEJICTABJISIEM IPUHITUIT DAHAXOBOTO CXKATUs WHAYE, YeM TOT, KOTO-
pBIil M3BeCTeH B HacTodmel jureparype. s moaTBEepKIeHHS IOy IE€HHBIX PE3YJIbTATOB ITPUBEIEHBI
HEKOTOPBIe IPUMEPHI U MPHUJIOKEHNE K CYIIeCTBOBAHHUIO PEIIEHNsI HHTErPAJIbHOrO ypaBHeHus Tuiia Bosb-
Teppa.

KuaroueBrbie ciioBa: HemoBmKHas TOUKa, F'-CxkaTwe, CEKBEHITMAIBHO MOJTHbIE METPUYIECKHE TPOCTPAH-
CTBa, OIepaToOp yIOPAJOYEHHOTO 3aMbIKaHUS.
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