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Abstract. This work is devoted to prove the existence and uniqueness of solution of BVP with non-local
assumptions on the boundary and integral gluing conditions for the parabolic-hyperbolic type equation
involving Caputo derivatives. Using the method of integral energy, the uniqueness of solution have been
proved. Existence of solution was proved by the method of integral equations.
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Boundary value problem (BVP) for the mixed type equation of fractional order is one of the
intensively developing lines of study in the field of partial differential equations. Local and non-
local problems for the parabolic-hyperbolic type equations involving several integro-differential
operators of fractional order was investigated by many authors (see [1-3] and references therein).

BVPs for loaded partial differential equations arise in problems of optimal control of agro-
economic systems, for example, in the problem of controlling the label of ground waters and
soil moisture (see [4,5] and references therein). Some results in the theory of BVPs for the
loaded equations of parabolic, parabolic-hyperbolic and elliptic-hyperbolic types were presented
in [6-8]. Integral boundary conditions have various applications in thermo-elasticity, chemical
engineering, population dynamics, etc. Integral gluing conditions were used in [9,10] and in
related works.

In this paper we consider the following parabolic-hyperbolic type equation of fractional order
with non-linear loaded term:

0 Uze —c Dgyu+ fi(z,y;u(x,0)) aty >0 1)
Umm_uyy+f2(x7y;u(mvo)) at y <0 7

where ¢ Dg, u is the Caputo derivative with fractional order a (0 < a < 1) defined as (see [10],
p. 92)

(eDgyf)y = F(ll_ ) /y (yf’_(?)adt, y > a. 2)
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There are few works where local and non-local problems for the parabolic-hyperbolic type
equation with Caputo operator and loaded terms were studied (see [11, 12] and references therein).
Similar problems for the loaded parabolic-hyperbolic type equations that include several integro-
differential operators of fractional order such as Riemann-Liouville, Erdelyi-Kober or, among
others, Atangana-Baleano operators were considered (see [13-15]). We would like to note that
the equations in the above mentioned woks have only linear loaded terms.

The main goal of this work is to prove the existence and uniqueness of solution of an analogue
of the Gellerstedt problem with non-local assumptions on the boundary and integral gluing
conditions for equation (1).

Let QT be a bounded domain with segments A1 A, = {(z,y): =1, 0 <y < h}, B1Bs =
={(z,y): =0,0<y<h}, BoAs ={(z,y): y=h, 0<z<1l}aty>0. Q ={A4,C1FE}
and Qo = {B1C3E} are characteristic triangles bounded with characteristics A1Cy : z —y = 1,
EC): z4+y=land Bi1Cy: x+y =0, ECy: x—y =1, (0 <l < 1), respectively, of equation (1)
at y < 0, where A; (1;0), A, (1;h), By (0;0), B, (0;h), C1 (5251, Ca (L35, E(1,0).

The following designations are used: Q@ = QT UQ UQ U (A1By), I = {y:0<y<h},
L={z:0<2<l}, h={z:l<a< '} Li={z:0<z<1}.

The following two problems are considered in the domain Q:

Problem I. To find a solution u(z,y) of equation 1 in the following class of functions:
W = {u(z,y) : u(z,y) € C(Q)NC* (U UQ) uz €C(QT), cDgueC(Q%)}.

The solution satisfies boundary conditions

u(m,y) |A1A2 = Qol(y)a u(x,y) BB, 902(y)a 0<y<h, (3)
l+1
U(fE,y) EC, — /(/Jl(x)v l << T ) (4)
l
'UJ(CL',y) B.1Cy; — l/fz(x), 0<z< 57 (5)

and gluing condition

yl_i}ﬁoyl_auy(x, y) =M1 (2)uy (z, —0) + Ao (z)uy(z, —0)+

@ (6)
+ /\3(:6)/0 r(t)u(t,0)dt + Aa(x)u(z,0) + As(z), 0<z <1,

4
where ¢;(y), ¥;(z) (j =1,2), Ap(z) (k =1,5) are given functions such that >~ A\?(z) # 0. The
k=1

required class of functions is specified later.

Problem II. To determine a solution u(x,y) of equation (1) in the class of functions W that
satisfies all conditions of Problem I except condition (5) which is replaced by

d —
U (;, 23:) = a1(x)uy(z,0) + az(z)ug(z,0) + as(x)u(z,0) + as(x), 0<z <, (7)
3
where ai(z) (k =1,4) are given functions such that Y a2(z) # 0.
k=1

Condition (7) is called the non-local condition which connect linear combination of values
of functions uy(x,0), us(z,0) and u(x,0) at the points of the interval B;E with the value of
d

£U

(;, _;> at the points of the characteristic B;Cj.
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1. Main functional relations
It is well-known that solution of the Cauchy problem for equation
uww_uyy+f2<x7y;u(x70)>207 at y<0

with initial conditions u(z,0) = 7(z), 0 < z < 1; uy(z,—0) = v~ (), 0 < z < 1 can be
represented as follows:

r—y =y n
ey = EEIETEZN D [ g [ [ (S5 (S @
T4y Tty Tty

If we set a1(x) = az(x) = az(x) = 0 and ag(x) = 5(x) then Problem I is a special case of
Problem II. Then we will study the existence and uniqueness of solutions of Problem II.
Using condition (7) and relation (8), we obtain

e vty (557557 (7)o
+ (1= 205(2)) 7' (@) = 205(@)7(2) — 2a4(w), O<a <L (9)

Similarly, using condition (4) and relation (8), we obtain

(@) = 7/ (z) — /fg(“x,f;xm(g;x))dg wl(””“"), I<z<1  (10)

Let hm+ y'~uy(x,y) = v*(x). Using gluing condition (6), we have
y—r

vi(z) = M(@)v™ (@) + A2 (@) (z) + As(z) /Orr(t)r(t)dt + M(x)T(z) + As(x), 0 <z <1. (11)

On the other hand, taking into account (11) and to hm Dg,; Y (y) =T'(a) lin}J Y= f(y), we
Yy—
obtain from equation (1) at y — 40 that

" (x) = T(a)A(2)v ™ (z) — T(a)X2(2)7'(z) — T(a)A3(2) /01’ r(t)T(t)dt—
—T(a)M\(x)m(x) + fi(z,0;7(z)) = T(a)As(z) =0, O0<ax<l. (12)

2. Uniqueness of solution of Problem II

Assuming A5(z) = 0, we multiply equation (12) by 7(x) and then integrate it from 0 to 1:

/ o (#)r(x)d — (o) / Na(w)r(a) ()~ T(a) / Ns()r(a) ([ i) ao-

—T(«) /01 M (2)72(z)dx — T(a) /01 M (z)T(x)v™ (z)de + /0 7(x) f1(x,0;7(x))de = 0. (13)

Obviously, if 7(0) = 7(1) = 0 then, integrating by parts, we obtain
1 L
/ ' (z)7(x)dx = —/ 7'(z)dx <0, (14)
0 0
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(o)

F(oz)/o Ao (z) ()7 (2)de = — 2)/0 /\/2($)T2(I)dx. (15)

Taking into account that

2

/ a@yr(o) ([ e ) de =t [ 1 2 ([ rtorar) -

2

:r(a)i‘?’((ll)) ( /0 1r(t)7(t)dt> ~T(a) /0 1 (i‘*&? ) ( /O wr(t)7(t)dt>2dx,

we obtain that inequality

is satisfied provided that

As(1) and (23 /
>0 e (5) <o 1o
Let us consider now the integral
//\1 d:c—/o 7(z) f1(z,0; 7(x))dx =
l 1 1
/0/\1 x)dx 4+ T'(« )/l Ar(x)T(x)v (x)d:rf/o 7(z) f1(z, 0;7(x))dx.

Taking (9) and (10) into account when 91 (z) = a4(x) = 0 and assuming 1 + 2a;(z) # 0, we
obtain

J = —T(a) /OZT(x)Al( )d / £ (5;”3 ggx,r(f_gx))df+F(a)/0lB(a?)T(x)T’(x)dm—

- /01 7(2) f1(z,0;7(x))dx — / C(x)m*(x)dz + T'( )/l1 A (2)7 ()7 (2)de—

‘F(“’/l () “d“”/l (S5 (555))ee an

_ 2a3(z)Ai(x)
1+ 2a(x)

here A; —_—
where A;(z) = 21+ 201 (1))
Thus, assuming that

F(a)/o B(z)7(z)7'(z)dz = F(;)/o B(z)d (7'2(33)) = —11(204)/0 7%(2) B (z)dx ,

F(a)/l A (2)7(2)7" (2)dx = T/l A (z)d (Tz(x)) :—T/l 2 (2) N (x)da

and using (16), we have

JF(a)/l)\ dx/olT ) fi(x,0;7(x (18)
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1
Thus, considering (14), (15), (16), (17), (18) and assuming that 5)\’2(@ —A4(z) <0, it follows

from (13) that 7(z) = 0.

Hence, based on the solution of the first boundary problem (1) and (3) we obtain u(x,y) =0
in Q7. Further, taking into account that 7(x) = 0, we obtain from functional relations (9) and
(10) that v~ (x) = 0. Consequently, taking into account solution (8), we have u(z,y) = 0 in

closed domain Q; (j =1,2).

Let us assume that f;(z,y;7(z)) = 0 at 7(z) = 0. Then the following theorem can be

formulated

Theorem 2.1. Let us assume that conditions
Ai(z) 20(<0), (1=1,2), 7(x)fa(s,s —x;7(s)) =20 (< 0);
7(2) fi(z,0;7(2)) <0, B'(x) <0, Ai(z) <0, C(x)<0;

)\3(1) )\3(3?)
rm = ( (@)

are valid then the solution u(x,y) of Problem II is unique if it exists.

Vi
1
) <0, SX) ~ ala) <0,

3. Existence of solution of Problem 1
Theorem 3.1. If conditions (19), (20), (21) and
fileyir(@) € € (2F) NCH(QF), fale,ys (@) € C (aUD) NCH (R UQy);
[fi @,y m2(2)) = fi(@, g3 72(2))| < Ljlma(z) — ma(2)|, Lj = const >0 (j = 1,2);
p1(y), 2(y) € C(I)NCH(I), Wi(x) € C (L) NC* (L)
ai(z) € C' (L) NC* (L), M(z) € CY(L)NC? (L), i=T1,4, k=15

are fulfilled then there exists a solution of Problem I.
Proof. Taking (9) and (10) into account, from (12) we obtain that
(z) = Fi(z), 0<z<lI,

(z) = Fa(x), I<z<1,

Fi(z) = T(a)As(2) /Owr(t)T(t)dt +T(a) A () /OZ fo (5 ; z & 3 Lo (5;””)) dé—

— 1(2,0;7(2)) + T(@)(B(x) + A2 (2))7'(2) — T(a)(C(2) — Aa(2))7(2) + D(x),

Fy(x) =T(a)As(x) /lm r(t)T(t)dt — I'(«) Az () /lz f2 (5—}2—x7 ¢ ; gC;T £—|2—x>) dé—

i 07(a)) + D) () + Mol () + D)) @)+
+1(0) (Ms(o) = Mo (57
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and D(z) = I'(a) (/\5(13) - 21/\:'(2?14(5:))).

Solutions of equations (26) and (27) together with conditions
7(0) = ¢2(0), 7() =¢1 (1) and, (1) =91 (1), 7(1) = ¢1(0),

respectively, are

T l
@)= [ @-oRma-7 [ (-oRG@+(1-7) @0+ 700 6o
and
T(x)_/l“” @ = OR(Od+ 7= [ Q= 0ROd+ =i )+ T=ja0). ()

Further, substituting (28) and (29) into (30) and (31), respectively, we obtain

x x l 1
(@) = I'(a) /0 r(2)r(2)dz / (x—t)A?,(t)dt—@x /O r(2)7(2)dz / (1= ) (t)di—

~r(e) [ "l — OB + Aa(6)) 7(H)dt — T(a) / "= () — M)r(der

+ F(C;)” / - 0B + 2] (1t
0

F((;)z /l(l —t)(C(t) — ()T (t)dt + Ff (z) + @1 (z,7(z)), 0 <z < (32)

where
F () = /Ow(x - t)lD(t)dt - ”;/Ol(z — #)D(t)dt + (1 - %) 02(0) + %/;1(1),
B, (2, 7(x)) = %/0 (I )1 (¢, 0: 7()) dt +
+F(?)“”” /Ol(z —t)Al(t)dt/Ot £ (f;”, 5;’5;7 (5;”)) de
—/Ox(x — ) f1(,0; 7(8))dt — T() /Ox(x —t)Al(t)dt/Otfg (5‘2”7 ¢ > L, (i”)) e,

and
T T a — 1 l
7(z) = F(a)/l r(z)T(z)dz/ (x —t)A3(t)dt + al l)(il )/l T(z)T(z)dz/ (I —t)A3(t)dt—
—T(a) lw[(z — (A (t) + A1) T(t)dt + F(a)/lm(z — )\ ()T (t)dt+
A oo - 20T - o + a0 e+
+ F5(z) + Oa(z,7(2)), I<z<], (33)
where

Fi@) =1(@ [ =0 (a0 - Mot (5)) -

_ l_l“”” /l1 <A5(t) — () <l;t>) dt + 11::;‘/’1(” + %wl(o)
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and

B r(w) = T [ 1= OR0re)is

+1W/ll(l—t)A2() /f2(£+t,£;t,r(§;t>)d§_
_/lz(x—t)fl(t,O;T(t))dt—F(a)/lx(x_t)AZ() /f2 (€+t7£;t77(§;—t>)d£.

After some simplifications, equations (32) and (33) can be rewritten in the form of Fredholm

integral equations of the second kind
/lez 2z + Fi(e, (), 0<z < (34)

and

/ Ko(z, 2)7(2)dz + Fo(z, 7(x)), <z <1 (35)

Here Fj(z,7(z)) = Ff () + ®;(2,7(z)) (j =1,2), and

Ki(z,2); 0<z<uz, [ Ka(z,2); 1< z< x,
Ki(w,z) = { Kis(z,2); <2<’ Ka(w,z) = {Kgg(x,z); <2< 1,
with
T l
Ky (z,2) = F(a)r(z)/ (z —t)As(t)dt — F(la) xr(z) [ (I —t)As(t)dt+
0@ (B + 2e(2) + T(@)2 72 (B(2) + 2a@)) + T (0(2) - a2,
! (6%
Kia(z, 2) F(a)%r(z)/ (I —t)As(t)dt + yx[(l —2)(B(2) + XA2(2))]+
+D(@) (1 = 2)(C() = Aa(2)),
T l
Kon(x, 2) = D(a)r(2) / (@ — g (D)dt + wr@) / (I — O)Ns(D)dt+
() =2 0(2) 4+ 2a(2) ~ (@)~ DT T 00() + M) + 1) EDE =)
and

l —
r(2) / (I — B)Aa()dt + W[u —2)((2) + ()] +

l—x
T (I = 2)A(2).

1-1
+I'()

Besides, due to regularity of functions in (22), (23), (24) and (25) it is not difficult to verify
that |K;(x,t)| and ’ﬁ](x)’ , ( =1,2) are bounded. Moreover,

Ki(z,t) € C([0,1] x [0,1) UCZY ((0,1) x (0,1)),

Ka(z,t) € C([L,1] x [L,1)) U Coy (1, 1) x (1, 1))
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and F(z) € C[0,1] U C2(0,1), Fy(z) € C[l,1]U C%(1,1).
Since kernels Kj(x,t) are continuous and functions Fj(z) are continuously differentiable,
solutions of integral equations (34) and (35) can be derived in terms of resolvent-kernel as follows

7(x)

l ~ ~
/0 Ri(z,2)Fi(2,7(2))dz + Fi(z,7(x)), 0<z <1 (36)
and .
T(z) = /l Fy(z,7(2))Ra(z, 2)dz + Foz, m(x)), | <z <1, (37)

where R;(z, z) is the resolvent kernel of K;(z, z).

Considering functions ®,(x, 7(x)) (j = 1,2) from (36) and (37), the Fredholm type nonlinear
integral equations are constructed

l J—
T(l‘):/o le(x,t)dt/ fa <§+t,§2t,r<€;t>>d£+

!
R1 (z t)dt/ Lio(t, Z)dz/ f2 (5—;2’6;2’7(5;Z>>d§+
(38)
!

l
+/0 Lll(x,t)fl(t,O;T(t))dt+/ Rl(x,t)dt/ L11(t, 2)dzf1(2,0; 7(2))dz+

+F (z /Fl (t)Ry(z,t)dt, 0<x <,
and .
t —t t
() :/ L22(a:,t)dt/ fo <5+ & S (5; >) dé +
l
1 1 .
41/ Rﬂxﬁﬁﬁ/mLmﬂt@dz/‘ﬁ2(§+z,£ Z,T(£+Z>)df+
l l 2 2 (39)
1 1
+/ L21($7t)f1(t70;7—(t))dt+ RQ(mvt)dt/ L21(t,2')f1(2,0;7'(2))d2+
l l l
1
+F5(x) +/ Fy(t)Ra(z,t)dt, 1< x<1,
l
where
t(l — )
; <t< o,
Ly (z,t) = x(ll— H ; Lia(z,t) = T(a) Ay (t) L1y (2, 1);
; ;o x <t
DA cicn
L21 (l‘,t) = (1 _ t)_(x _ l) ; ng(l‘,t) = F(a)Ag(t)Lgl(x,t).
—— r<t<1
1-1
It is not difficult to verify that
! 212 ! 2(1 —1)2
/ Lll(l‘,t)dt < = Mll; / Lgl(l‘,t)dt < u = Mgl. (40)
0 27 . 27

Now, assuming that |I'(a)A;(z)| < Bj; ’fo i(x,t dt‘ d;, (j = 1,2) and taking into
account (40), we obtain

!
/ Lio(z,t)dt| < 1My = Mio;
0

1
/ L22(1’at)dt‘ < BaMa1 = Mag, (41)
1
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l l
Rl(x,t)dt/ Llj({E,Z)dZ < (51M1j = Nlj; (42)
0 0

and

1 1
Rg(x,t)dt/ ng(x,z)dz < 52M2j = NQJ', (] = 1,2). (43)
l

Solvability of integral equation (38) can be established with the use of the method of successive
approximations. Let us assume 7q(x) = F}(x) and define the functional sequence {7, (z)} in the
following form:

! g+t E—t £+t
Tn(x)f/o ng(x,t)dt/ fz( 5 Tl (2>)d5+
§4+2z E—2 E+ 2z
/Rlxt)dt/ L12(t Z)dZ/ f2< 5 ' 9 77-11—1( 9 >>d£+ (44)

l l l
—|—/O Lu(:c,t)fl(t70;7n,1(t))dt—|—/0 Rl(w,t)dt/o Lu(f,Z)fl(Z,O;Tn,1(Z))dZ+

l
() +/ Fr(O)Ry(z,t)dt, 0<a <],
0

. !
where Fj(z) = Ff(z) + [ F}(t)R:(z,t)dt.
0

Let us assume that

|f1(2,0,7'(2:))| my,

(G G () ame

Considering (22), (23) and taking into account (40)—(43), we obtain from (44) the following
inequalities

|71(z) — T0(2)] < M(my + mg),where M = max{Mj; + Nq1; M12 + Nia},

|72(z) — 11 (x)| < |11(x) — To(2)] - |L1 (M1 + Niy) + Lo(Mi2 4+ Ni2)| <

(45)
< M(Ly + La)|m(x) — 1o(x)] < M?(Ly + La)(my +my),

70 (2) = Tao1 ()] < M(Ly 4 La)|mn-1(x) — Tn_a(z)| < M"™(L1 + L)™' (my + my).

Thus, we have contraction mapping. Let us note that solvability of the considered problem
was reduced to integral equations (34) and (35). Based on the uniqueness of solution of the
problem and due to equivalence of the problem to integral equations in the sense of solvability,
we establish that integral equations (34) and (35) have a unique solution. Since, an integral
equation does not have more than one solution and we have contraction mapping, one can
conclude that functional sequence {7,(x)} has a unique limiting function 7(z).

With the arguments given above one can prove solvability of equation (37). Unknown function
v~ (z) can be found from (9). Solution of Problem II in the domain Q% is the solution of the
first BVP [2,16]. Solution of Problem II in the domain €2; is given in (8). Hence, Theorem 3.1
is proved.

Remark. Let us note that functions f;(z,y,u(z,0)) = uPi(x,0) satisfy our assumptions and all
conditions on functions f;(x,y;u(x,0)) at p; = const >0 (i =1,2).
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PazperumocTts KpaeBbIX 3a/1a4 JJid nnapadosio-runepbosmnyec-
KOI'0 YpPaBHEHUS C HEJIMHENHOUN HArpy>KEHHOI cJjiaraeMomn

ObumkoH AbayniaeB

Nucruryr maremaruku nMm. B. . Pomanosckoro Akanemun nayk Pecrybsukn Y36exkucran
TarmkenT, ¥Y36ekucran

Haronasbabiit yauBepcurer Y36ekucrana

TarmkenT, Y36ekucran

Awunorarnusi. Jlanaasi paboTa IMOCBSIIEHA JTOKA3ATEIbLCTBY CYIIECTBOBAHUSI W €JIMHCTBEHHOCTU Kpae-
BOI 3a/Ia4N C HEJOKAJBbHBIMU KPAEBBIMU M WHTEIDAJBHBIMU YCJIOBUSIMU CKJIEMBAHWS 1T TApabOoJIo-
rUIEpPOOIMIECKOTO YPaBHEHUSI C JIpobHOit mpousBoauoit Kamyro. [IpuMmenennem MmeTojia MHTErpaJIoB SHEP-
MU JIOKa3aHa €JIMHCTBEHHOCTH perneHust 3amadn. CylnecTBOBaHME PeIIeHMs ObLIO JOKA3aHO METOJOM
WHTErPAJIbHBIX YPaBHEHMUIA.

KuaroueBrnle ciioBa: npobuast npousBoanass KamyTo, HarpykeHHOe ypaBHEHUE, HHTErPAJIbLHOE YCIOBUE
CKJIENBAHMU:, HEJIMHEIIHOe HHTErPAJIbHOE YPaBHEHHE, HEJIOKAIbHAS 33/1a4a, CYIIECTBOBAHUE U €MHCTBEH-
HOCTDb pEIIeHUsI.
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