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Abstract. The paper considers equilibrium models of Kirchhoff-Love plates with rigid inclusions of two
types. The first type of inclusion is described by three-dimensional sets, the second one corresponds to
a cylindrical rigid inclusion, which is perpendicular to the plate’s median plane in the initial state. For
both models, we suppose that there is a through crack along a fixed part of the inclusion’s boundary. On
the crack non-penetration conditions are prescribed which correspond to a certain known configuration
bending near the crack. The uniqueness solvability of a new problems for a Kirchhoff-Love plate with a
flat rigid inclusion is proved. It is proved that when a thickness parameter tends to zero, the problem for
a flat rigid inclusion can be represented as a limiting task for a family of variational problems concerning
the inclusions of the first type. A solvability of an optimal control problem with a control given by the
size of inclusions is proved.
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Introduction

It is well known that presence of inhomogeneities such as cracks, holes and inclusions in loaded
bodies can cause local high stress concentrations near these objects. The features of mechanical
properties and geometric parameters of inclusions can affect the initiation and propagation of a
crack. At present, active studies of problems for various models of elastic bodies containing rigid
inclusions and cracks with both linear and nonlinear boundary conditions are being carried out,
and we refer the reader, for example, to [1-11]. Using the universality of the methods of the
calculus of variations, various problems for bodies with rigid inclusions have been successfully
formulated and investigated, see, for example, [1,12-21]. In particular, within the framework of
two-dimensional problems of elasticity theory, the first mathematical model on the equilibrium of
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a body with nonlinear Signorini-type conditions on a part of the boundary of a thin delaminated
rigid inclusion was proposed in [1]. The three-dimensional case is considered in [22]. The work [23]
is devoted to the analysis of the shapes of cracks and rigid inclusions in elastic bodies. A formula
for the derivative of an energy functional with respect to the perturbation parameter of the
domain in an equilibrium problem for an elastic body with a thin delaminated inclusion was
obtained in [14]. For Kirchhoff-Love plates containing a thin rigid inclusion, the cases with both
delamination (i.e. with a crack) and a solid plate without a crack were studied in [19]. We should
note that, in this work, for solid plates without delamination of inclusions, it was established
that, passing to the limit in a family of equilibrium problems describing plates with a volume
inclusion, when the transverse size of the inclusions tends to zero, an equilibrium problem for a
plate with a thin inclusion is obtained as the limit one.

In this article, two types of equilibrium problems for a Kirchhoff-Love plate with a rigid in-
clusion and a flat rigid inclusion are investigated. More precisely, volume inclusions are defined
by three-dimensional domains and flat inclusions are given by cylindrical surfaces. Unlike [19],
deformation of a cylindrical rigid inclusion is modeled in such a way that rotation angles of nor-
mal fibers of the plate are equal to some constant values within the entire plane rigid inclusion
in equilibrium state. For all cases, it is assumed that there is a crack is at the inclusion’s bound-
ary. This study investigates the effect of changing the transverse thickness of the inclusion for
the considered mathematical model. An optimal control problem is formulated with a quality
functional characterizing the deviation of a solution from a given function. The control is set
by a parameter of the transverse thickness of the rigid inclusion. The existence of an optimal
inclusion’s size is proved. In addition, a qualitative connection has been established between
equilibrium problems for Kirchhoff-Love plates with delaminated flat rigid inclusions and prob-
lems for delaminated volume inclusions. In particular, the strong convergence of the solutions
for problems with volume inclusions to the solution of the problem for a flat inclusion is proved
when the parameter of the transverse thickness of the volume inclusion tends to zero. It should
be noted that boundary conditions of the inequality type are imposed on the crack for the case
of a known bending configuration.

1. Formulation of a contact problem

Let us formulate an equilibrium problem for an elastic plate containing a volume rigid in-
clusion. We consider the case of the delaminated inclusion, when the crack passes through the
inclusion interface. Let Q@ C R? be a bounded with a smooth boundary I'. Suppose that a
smooth unclosed curve ~ lies strictly inside €2, i.e. ¥ C Q2. We require that the curve v can be
extended up to the outer boundary I' in such a way that €2 is divided into two subdomains 21,
Qo with Lipschitz boundaries. The latter condition is sufficient to fulfil the Korn and Poincare
inequalities in the domain Q., = Q\7 [24]. We consider the family of simply-connected domains
wy C Q, t € (0,t] with the following properties:

a) the boundaries dw; are smooth such that dw; € C11;

b) wy C wyr, Wy C Q for all ¢,¢" € (0,tg], t < t';

c) for any fixed € (0,ty) and any neighborhood O of the domain @; there exists to > ¢ such
that w; C O for all t € [{,t0];

d) for any neighborhood O of the curve « there exists to > 0 such that w; C O for all
t € (0,to];

e) v C Ow, for all t € (0, tgl;
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f) U wi =wyp forall t' € (0,t].
t<t/
As an example, the family of domains w; (w; C Q), t € (0,¢o] with boundaries dw; = YUy, Uy} U2,

with
’7:{(.1'17.'1,'2)| _Cl<.'1,'1<0, 'T2:g(xl)}7
v ={(z1,22) | —a<x1 <0, x9=g(x1)—2t}, ge&C tg,1+1tg]

and with semicircles v}, 77 satisfies properties a) — f) (see Figure 1). For this example the
domain’s thickness along the Oz, axis is equal to 2t.

Fig. 1. Example of the domains w;

For simplicity, suppose the plate has a uniform thickness 2h = 2. Let us assign a three-
dimensional Cartesian space {z1, z2, 2} with the set {Q,}x{0} C R? corresponding to the middle
plane of the plate. The curve v defines a crack (a cut) in the plate. This means that the cylindrical
surface of the through crack may be defined by the relations x = (z1,z2) € 7, —1 < z < 1 where
|z| is the distance to the middle plane. For fixed ¢ € (0, ¢p] the volume rigid inclusion is specified
by the set w; x [—1, 1], i.e. the boundary of the rigid inclusion is defined by the cylindrical surface
Owy x [—1,1]. An elastic part of the plate corresponds to the domain Q\@w;. Depending on the
direction of the normal v = (v1,12) to v we will speak about a positive face vy or a negative
face v~ of the curve 4. The jump [g] of the function ¢ on the curve v is found by the formula
la] = al++ —al4--

Denote by x = x(z) = (W, w) the displacement vector of the mid-surface points (z € Q,),
by W = (w1, ws) the displacements in the plane {z1, 22}, and by w the displacements along the
axis z. The strain and integrated stress tensors are denoted by €;; = ¢;;(W), 0i; = 04;(W),
respectively [24]:

1/0w;, Ow; .
gi; (W) = 5 ( 8:1:3 + 8o:j>’ 0i; (W) = asjme(W), 4,j=1,2,

where {a;jr} is the given elasticity tensor, assumed as usual to be symmetric and positive
definite:

ikl = Oklij = Gjikl, 5 J, k0 =1,2, agr € L>(Qy),
2 . .
aijriéize = colél”, V& &y =&, 14,5 =1,2, co = const > 0.

A summation convention over repeated indices is used in the sequel. Next we denote the bending
moments by formulas [24]

. 0w
mzj('w) = dijkl'W,kla 1,7 =1,2, (kal = 8$k61’l>
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where the tensor {d;;x;} has the same properties as the tensor {a;;u}. Let B(-,-) be a bilinear
form defined by the equality

B(x.X) /{% 43 (W) + msy (w)in iy}, (1)

where y = (W,w), ¥ = (W,w). The potential energy functional of the plate has the following
representation [24]:

M(x) = %B(x»() —/ Fxdz, x=(Wuw),

Q"f
where vector F' = (f1, fa, f3) € L2(Q)? describes the body forces [24]. Introduce the Sobolev
spaces

HY(Q, ):{ueHl(Q) ‘ v:OonF},

H*9(Q {U€H2 ‘vz@:O onF},
on
H(Q,) = HY(Q,)2 x H20(Q,),
where n = (n1, ng) is the normal vector to I'. Note that the following inequality

B(x,x) = elxll> VxeHQ,), xll=lIxlme,) 2)
with a constant ¢ > 0 independent of x, holds for the bilinear form B(:,-) [24].

Remark 1. The inequality (2) yields the equivalence of the standard norm and the semi-norm
determined by the bilinear form B(-,-) in the space H(f,).

In the case of prior knowledge that a certain configuration of plate edges near a crack results
in an equilibrium state (see Fig. 2), we impose following mutual nonpenetration condition of
opposite crack faces [25]

Fig. 2. An example of crack edges configurations for initial (the upper image) and equilibrium
(the lower image) states

[?;}20, Wi > Bﬂ (] =0 on 7. (3)

In addition, we can mention that if condition (3) holds, then the following general nonpenetration
condition for cracks in Kirchhoff-Love plates is fulfilled [21,24].
Wy > ng}} ’ on 7. (4)
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Due to presence of a rigid inclusion in the plate, restrictions of the functions describing displace-
ments x to the corresponding domain w; satisfy a special kind of relations. We introduce the
space which allows us to characterize the properties of the volume rigid inclusion

R(w) = {¢(x) = (p, 1) | p(x) =

x
=b(xe, —x1) + (c1,¢2); l(x) = ag + a1x1 + asxa, = € we}, (5)

where b, ¢1, ¢, ag,a1,a2 € R [21,26].
The variational formulation describing the equilibrium state for the elastic plate with the
volume delaminated rigid inclusion can be formulated as follows:

find & = (Ut,ut) € K; such that H(ft) = lenlf; H(X), (6)
X t
0
where Ky = {x = (W,w) € H(Q,) | [W]v > [8715} onvy; Xl|w, € R(wt)}. The problem (6) is
known to have a unique solution & € K3, which satisfies the variational inequality [21, 26].
GcK Blex-&)> [ F-&de VxekK (7)
Q’Y

In parallel with the equilibrium problem for the plate with the volume rigid inclusion we con-
sider also an equilibrium problem for an elastic plate with a delaminated thin flat inclusion. Here
we assume that the thin rigid inclusion is described by the cylindrical surface x= (z1,z2) € 7,
—1 < z < 1, while the crack is still located on the positive side ('y*) of the inclusion’s surface.
Let us first introduce some notation:

R(v) = {C(x) = (p, 1) [ p(x) = b(w2, —21) + (c1, c2); U(x) = ap + arxy +agwe, w €7}, (8)

where b, ¢y, c2,a0,a1,a2 € R. Unlike previous models (see, for example, [16, 19, 20, 23]), for
rigid inclusions in a Kirchhoff-Love plate described by cylindrical surfaces, we require that for
x = (W, w) the following relations hold:

ow™ ow™
X € R(y) for w=ag+ ajx1 + asxs conditions v ai, . as on 7. (9)

8x1 ! 81'2
It is important to note that the last two equalities in (9) are complementary to the condition
X € R(7), which was used in [16,19,20,23|. These equalities mean that rotation angles of the
normal fibers of the plate are equal to some constant values within the entire plane rigid inclusion
in the equilibrium state. Therefore, in the case of thin flat inclusion we introduce the following

set of admissible functions
ow ow™
Ko = = \ H( ’ 2‘7‘,721‘ s 1=1,2, ’ >
o={x = (W.w) € H©Q) |[Wly > || 7], G =ai on 7 i x| e R0}

where w = ag + a1x1 + asz2 on v~ . Consider a variational formulation of the problem. We want
to find a function & = (Uy,up) € Ky, such that

11{§o) = imf TI(x). (10)

For the new kind of mathematical description of flat rigid inclusions, the variational setting (10)
is new.

- 32 —



Nyurgun P. Lazarev. .. On a Limiting Passage as the Thickness of a Rigid Inclusions. ..

We will establish the existence of a solution to the problem in accordance with the Weierstrass
theorem [27]. It is well known that the energy functional has the properties of coercivity and
weak semicontinuity [21]. Obviously, the set K is convex. Let us prove the closedness of K.
Let us suppose that x, — x strongly in H(,) as n — 00, x» € Ko. In this case, the traces

ow w
Wy, — W, a—n — 3 (7), i = 1,2, and therefore there exists a subsequence still
x; T
denoted by ni such that
Oown, _
Wy, = Aon + A1nT1 + A2pT2, g, GinoOB T
Xq

converging a.e. on v to functions w™,

ow

i
v, ¢ = 1,2, we have that {a;,}, i = 1,2, converge to the some numbers a;, ¢ = 1,2. Therefore,
ow~
(9331‘

. . . ow
., i = 1,2, respectively. Since a—" = a;, a.e. on
T

= a,, 1 = 1,2. Next, in view of convergence

wW,, = Aop + A1pT1 + A2p,T2 —> W a.e. on vy
we get

lim ag, = w™ — ai1z1 + Gox2 a.e. on 7.
n— o0

Finally, there exists a limit hm aon = Go and w = ag + a1x1 + dozo a. e. on vy~ . The fulfillment

of the relations (3) for the hmlt function can be established by standard methods, see [21]. S

X belongs to K and the set is closed. For the problem (10), the conditions of the Welerstrass
theorem on the solvability of the problem are satisfied. It is easy to show that its solution &, € Ky
will be unique and satisfies the following variational inequality [24]

& € Ko, B(,x — &) = / F(x —&)dx Yx € Ko. (11)

Q"f
2. An optimal control problem

Consider the cost functional

J(t) =11& — & @,y , t €0t

where £* € H(2,) is a prescribed element, & is the solution of the problem (6) for ¢t > 0 and &
is the solution of the problem (10). We have to find a solution of the maximization problem

sup J(t). (12)
te(0,to]

The following assertion holds.
Theorem 2.1. There exists a solution of the optimal control problem (12).

Proof. Let {t,} be a maximizing sequence. By the boundedness of the segment [0, #], we can
extract a convergent subsequence {t,,} C {t,} such that

tn, = t° as k— o0, t* €0,

Without loss of generality we assume that ¢,,, # t* for sufficiently large k. Otherwise there would
exist a sequence {t,, } such that t,, = t*, and therefore the value t* is solution of (12). Consider
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the case of the subsequence {t,, } satisfying t,, # t* for sufficiently large k. Now we take into
account Lemma 2, proved below: the solutions & of (6) corresponding to the parameters t,,
converge to the solution &~ strongly in H(,) as k — co. This allows us to obtain convergence

J(tn,) = J(t").

This means that
J(t*) = sup J(t).
t€[0,to]

The theorem is proved. O
Before proceeding further we first prove the following lemma.

Lemma 1. Let t* € [0,to] be a fized real number and let {t,} C [t*,to] be a sequence of real

numbers converging to t* asmn — oo. Then for an arbitrary functionn = (V,v) € Ky~ there exist a

subsequence {tx} = {tn, } C {tn} and a sequence of functions {ni} such that ny, = (Vi,vi) € Ky, ,
k € N and ny — n weakly in H(Qy) as k — oco.

Proof. If there exists a subsequence {t,, } such that ¢,, = t*, then the assertion of this lemma
holds for the sequence 1, =1, k € N. Therefore, below we assume that ¢, > t* for sufficiently
large n. Denote by ¢* = (p*,1*) with p* = b*(ze, —21) + (¢f,¢5), I*(z) = af + ajx1 + ajxs the
function describing the structure of 7 in w; for the case t* > 0. If t* = 0 and the function n has
the specified structure on v, then adopt the same notation, i.e. (* =n on v~. We extend the
definition of ¢* = (p*,1*) to the whole domain 2 by the equalities:

p* :b*(ﬂfg,—xl)—F(CT,C;), era

*(z) = af +afzy +adzy, x€.

¢ =(p"17), where {

Fix an arbitrary value ¢ € (0, ¢p] and consider the following family of auxiliary problems.

Find n, € K; such that p(n,) = inlf< p(x), (13)
XEK;

where p(x) = [Ix — 7]/,
Kt/:{X:(Vva)GH(Q’Y)|X:na Wy = vy On ’Yia X|UJ{ZC*}

It is easy to see that the functional p(x) is coercive and weakly lower semicontinuous on the
space H(€,). It can be verified that the set K7 is convex and closed in H(£2,). This properties
guarantee the existence of a solution of the problem (13). Besides, the solution 7, is unique [24,27].

Since the functional p(x) is convex and differentiable on H(£),), the problem (13) can be
written in the equivalent form:

m€ K, (e —nx—n)ue,) =0 Yxe K|, (14)

where (1; —1,X — M) m(q,) is a scalar product in H((2,). By the property b), it is evident that
the solution 7, of (14) for ¢ = ¢, belongs to the set K| with ¢’ € (0,tp]. Substituting 7, as the
test functions into (14), we get

(e = 1m0 m(02,) + () () = (M6, 0e) () VE € (0,20].
Using the inequality (2) we obtain from this relation the following uniform upper bound:

Inell < eVt e (0,1).
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Therefore, we can extract from the sequence {n; } a subsequence {7}, which is defined by
equalities 7y = 0y, , k € N (henceforth we define a sequence {t;} by the equality tx = t,,) and
{nr} weakly converges to some function 7 in H(£,).

Show that 17 = 7. To this end we must distinguish two cases for t*, namely ¢* > 0 and t* = 0.
Let us first assume that ¢* > 0. Then, by construction (ng — 1) € Hg (2, \p)? x H (2 \w+ ).
Consequently, in virtue of the weak closedness of H} (€2, \wi+)? x HZ(Q,\wy+) we have (7 —1n) €
HE(Q,\@i)? x HZ(Q2,\@+). We consider now the functions of the form xi = n; + ¢, where
¢ € C°(Q,\@)? N C§°(Q,)%. Bearing in mind the property c), observe that xi € K, for
sufficiently large k. We next substitute the elements of these sequences {x; } and {x } as test
functions into inequalities (14) corresponding to t;. As a result, we obtain

m € Ki, (e —1,90)u,) =0. (15)

Fix the function ¢. Passing to the limit in (15), we deduce
(T=n.0)n@,) =0 YéEeC5Q\w)* NG5 (Qs)°

Hence, by the density of C§° (€, \@s+) both in Hg (2, \w-) and HE (2, \@¢+ ), we infer that 7—n =
0 in H} (2, \wy)? x HZ (2, \ws+). Finally, by construction, the equality 7 = 7 is fulfilled in w;-.
Therefore, 77 =7 in H(£2,) and there is a sequence {n;} such that n, € K;,, k € N and n, — n
weakly in H(Q,) as n — oo.

Let us consider the second case. Suppose that t* = 0. By construction, we have (ny — 1) €
H{($2,)? x HZ(Q,), and consequently, the relation (7 —n) € H(Q24)? x HZ(£2,) is fulfilled. We
now consider functions of the form in, = ng = ¢, where ¢ € C§°(£2,)3. Observe that the property
d) yields that for sufficiently large k the inclusion Xf € K, holds. Substituting these functions
in (14) corresponding to tj, yields the equality

e € Ki, (e —1,9)u@,) =0. (16)

We fix the function ¢ in (16) and pass to the limit as k — oo. As a result, we get

([T =m )@, =0 Voe Ty ()" (17)

The density of C5°(Q) in H{(§2,) (n € N) allows us to obtain from (17) the equality 7—7n =0
in H}(Q,)? x HZ(Q,). It remains to observe that 77 = 1 on 4= by the construction. Thus, 77 =7
in H(,) and there exists a subsequence of functions {n} such that n, € K,, and n, — n weakly
in H(€,). The lemma is proved. O

3. Limiting passage by the parameter of the transverse
thickness of inclusions
The following result, in particular, allows us to assert that the problem (10) is the limit for

problems of the form (6). It establishes a continuous dependence of solutions on the parameter
of the transverse thickness of the inclusions.

Lemma 2. Let t* € [0,t0] be o fized real number. Then & — &+ strongly in H(S)) ast — t*,
where & 1is the solution of (6) corresponding to t € (0,tg] while &~ is the solution corresponding
to (6) for t* > 0 and to the problem (10) for t* = 0.
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Proof. We will prove it by contradiction. Let us assume that there exist a number ¢y > 0 and
a sequence {t,} C (0,to] such that t, — t*, ||&, — &-+|| = €o, where &, = &, n € N are the
solutions of (6) corresponding to t,.

Since x° = 0 € K; for all t € [0,t0], we can substitute xy = x° in (7) for all ¢ € (0,t0] and in
(11) for ¢ = 0. This provides

n?

G ek BE&) < / Fede, Vit e [0,to).

Qy

From here, using (2) we can deduce that for all ¢ € [0, o] the following estimate holds

€l < e,

with some constant ¢ > 0 independent of ¢. Consequently, replacing &, with a subsequence if
necessary, we can assume that &, converges to some & weakly in H Q).

Now we show that §~ € Ky-. Indeed, we have §,|., = (o € R(w,). In accordance with the
Sobolev embedding theorem [28], we obtain that

Enlw,. — é|wt* strongly in Lg(wt*)3 as n — 0o, (18)
Unly — Ul,  strongly in La(v)* as n — oo, (19)
0 ot
GZZL : (9;/; § strongly in Lo(y) as n — oo. (20)

Choosing a subsequence, if necessary, we assume as n — oo that &, — EN a.e. in wy«. This allows
us to conclude that each of the numerical sequences {b,}, {cin}, {c2n}, {aon}, {a1n}, {aan}
defining the structure of ¢, in domains w;, is bounded in absolute value. Thus, we can extract
subsequences (retain notation) such that

bn — b, apn — ag, Cin — Ci, Qi — a;, 1= 1,2, as n — oco.

Further we must distinguish two different cases: t* = 0 and ¢t* > 0. In the first case for the
sequence {&,} corresponding to the specified convergent number sequences {b,}, {c1n}, {con},
{aOn}a {aln}a {a2n} we have

Unly- = b(x2, —21) + (c1,c2) strongly in Ly(7)? as n— oo,

Unly- — ag 4+ a1r1 + agxe  strongly in Ly(y) as n — oo,
Oy,

6.’1,'7; v

— a; strongly in Lo(y) as n— oo, i=1,2.

The last three relations with (18) leads to the equality
U|7_ = b(x2, —x1) + (c1,¢2), U|ly- = ag+ a1z +azry a.e. on .
This means &|,- € R(y) and
ot

8.TZ' o2

=a; a.e.on vy, =12

Consider the second case. If there exists a subsequence {t;} C {t,} such that ¢t > ¢* for all
k € N, then we can easily obtain the following convergences

Uklw,. — b(z2, —x1) + (c1,c2) strongly in Lo(wy)? as k — oo, (21)
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Uk lw,. — G0 + @121 + asxs strongly in Lo(ws) as k — oo. (22)

Therefore, from (21), (22) and (18) we obtain £|,,. € R(ws-).

Suppose that there exists a subsequence {t;} C {t,} satisfying ¢, < t* for all Kk € N and
tp, — t* as k — oo. In this case for an arbitrary fixed ¥’ € N and the corresponding value
t' = t}s, by the property b) we have

Up — b(x2, —x1) + (c1,¢2) strongly in Lo(wy)? as k — oo,
ug — ag + a121 + asxe strongly in La(wy) as k — oo.
It is possible to define a function | = ag + a1x1 + asz2 in wy+. In view of the absolute continuity

of the Lebesgue integral and the properties b) and f), for any ¢ > 0 we can choose a number
k' € N large enough such that

”l”LQ(wt* \wyr) < \/g7 Hﬂ”LQ(wt* \wyr) < \/g
Further, using the triangle inequality, it follows from this that

llure — Ul L2 (e \wy) < Ukl L2, \wp) F 12 @ \wpr) <
< Al 22w \wp) + 1k = Bl 22 @ \wy) + 122 (@0, \wyr) <
< 2\/E+ ||u;€ — ’aHL2(wt*)-

Therefore we have

[k — l||i2(w,,*) = [lux — lHZLQ(w”\wﬂ) + fJuk — l”%"’(wt/) <
< (Ve + lluk — all L2 (w,))® + llue = UZ2,)- (23)

We can see that for all sufficiently large numbers k we have the following estimates

lur — @l 2w,y < Ve ur =2,y < Ve

and the right-hand side of (23) is less than 10e. Therefore, uy — [ strongly in L?(w;-). Conse-
quently, taking into account (18) we get @y, =1 in wyx.

It can be proved analogously that U|,,. = b(za, —x1)+ (c1,¢2) a.e. in w;-. Thus, we conclude
that &|,,. € R(w+). Therefore, in all possible cases we have €|,,. € R(w-).

It remains to show that é satisfies the inequality

[%} >0, [O> [%], [@) =0 on ~. (24)

In view of (19), (20), we can extract subsequences once again and obtain the following conver-

-~ Ou ot
gences &ply — £y, a—nh — 8—|.Y a.e. on both 4" and v~. Now we pass to the limit in the
v v

following inequalities as n — oo

ouy,

O
5 i3

)z wz|

| =0 on 4.
As a result of passing to the limit, we get (24) and £ e Ky-.

Observe that, as ¢, — t*, there must exist either a subsequence {¢,,} such that t,, < t* for
all I € N or, if that is not the case, a subsequence {t,, }, t,, > t* for all m € N. For the
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first case we have the subsequence {¢,,} C (0, %] with the property t,, < t* for all [ € N. This
implies that t* > 0. For convenience, we denote this subsequence by {t,}. Since ¢, < t*, by the
property b) the arbitrary test function x € Ky« also belongs to the set K; . This property allows
us to pass to the limit as n — oo in the following inequalities with the test functions y € K;«:

&n €Ky, B(én,x—&n) > /Q F(x —&)dz, t, € (0,t7].

Taking into account the weak convergence of &, to 5 , the last inequality in the limit takes the
form

B(ff,x—f)?/g F(x—§&)dz Vx € K.

This means that 5 = &». To complete the proof for the first case we must establish the strong
convergence &, — &-. By substituting x = 2& and x = 0 into the variational inequalities (7)
for t € (0,tg], we get

& e K Blén&)= [ Feds Vic Ot (25)

Q'Y
In view of (7) this means that the following relation

& ek, BlE) > / Fydz Vx € K, (26)

~

holds for all t € (0,¢o]. Hence, by the weak convergence &, — &~ in H(2,) as n — oo, we deduce

n—0o0

lim B(&,&n) = nh_)rr;o/ﬂ F¢dx :/Q F&podr = B(&+, &+ ).

Since we have the equivalence of norms (see Remark 1), one can see that &, — & strongly in
H(Q,) as n — oco. Thus in the first case we get a contradiction to the assumption: [[&, —&-| > €
for all n € N.

Consider the second case, i.e. we suppose that elements of the subsequence {t¢,, } satisfy
tp,, > t* for all m € N. For convenience we keep the same notation for the subsequence. In
doing so we have t,, — t* and t,, > t*. Taking into account the results at the beginning of the
proof, we have that &, — é weakly in H () as n — oo. For instance we will prove that &, — é
strongly in H(2,) as n — co. In view of the weak convergence &, — €in H(Q,) asn — oo,
from (25) we deduce

lim B(&,, &) = | Féda. (27)

n—oo SZ’Y

Next, substituting x = & € Ky C Ky, for arbitrary fixed numbers ¢,¢" € (0, t] such that ¢’ > ¢,
in (26) as the test function, we arrive at the inequality

B(fuﬁt/)?/ Fépdu.

Qy

Therefore, we conclude that for all ¢,, and t,, satisfying ¢,, < t,,, the following inequality is fulfilled

2y

Fix an arbitrary value m in (28) and pass to the limit in the last relation as n — oo. As a result
we have

B(éa §7n) = / F&pdx. (29)

Q,
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Passing to the limit in (29) as m — oo, we find

BEH> [ Féd.

Q’Y

This inequality, the formula (27), and the weak lower semicontinuity of bilinear form B(-, -) yield
the following chain of relations

BEH> [

Féde = lim B(&,, &) = B(E,9).
SL, n— oo

This means that

n—oo

Again, by the equivalence of norms (see Remark 1), we deduce that &, — & strongly in H(€,)
as n — oo.

From Lemma 1, for any n € Ky« there exist a subsequence {tx} = {tn,} C {tn} and a
sequence of functions {7} such that n, € Ky, and n, — 1 weakly in H(Q,) as k — oo.

The properties established above for the convergent sequences {n;} and {,} allow us to pass
to the limit as k — oo in following inequalities derived from (7) for ¢; and with test functions 7y:

B(&kyme — &k) = /Q F(n, — &)dx.

As a result, we have

B(én—¢) 2/ F(p—&)de Vne Kp.

Q’Y
The unique solvability of this variational inequality implies that £ = &-. Therefore, in either
case there exist a subsequence {¢,,} C {¢,} such that t, — t*, {& — &~ strongly in H(Q,),
which is a contradiction. Lemma is proved.

Lemmas 1 and 2 establish a qualitative connection between the equilibrium problems for
plates with rigid delaminated inclusions of varying transverse thickness. In particular it is shown
that as the thickness’s parameter ¢ of the volume rigid inclusion tends to zero, the solutions &;
of the equilibrium problems converge to the solution of the equilibrium problem for the plate
containing the flat thin rigid delaminated inclusion.

The first author’s work was supported by the Russian Foundation for Basic Research (grant
no. 18-29-10007-mk), the 2nd author’s work was supported the Ministry of science and higher
education of the Russian Federation, supplementary agreement no. 075-02-2020-1543/1, April
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O mnmpeace/JibHOM Ilepexo/e IIO TOJIIMMHE 2KEeCTKOI'O BKJIIOYEHU A
B 33a/lade 0 paBHOBecum 1iactuHbl Kupxroda-Jlssa
C TPenuHOM
Hropryu I1. JIazapes
l'anmaa M. CemenoBa

Haranpa A.PomanoBa
Ceepo-Bocrounsrit deepanbHblil yHUBEpCUTET
Axyrck, Poccuiickas Pejiepariis

Amnnorarusi. B pabore paccMOTpeHbI MOJEIN O PABHOBECUU TIJIACTUH C YKECTKUMHU BKJIFOUEHUSIMU JIBYX
BuI0B. [1epBoIit BU BKITIOUEHNST OMUCHIBACTCS TPEXMEPHBIM MHOZKECTBOM, BTOPOIi BHJI 2KECTKOTO BKJIIOYE-
HHUsA COOTBETCTBYET IIJIOCKOMY >K€CTKOMY BKJIIOUEHHIO, KOTOPOe B MCXOJHOM COCTOAHUU IePIeH UK YJIAPHO
cpeauHHON 1m1ockocTH. st 06enx Mojesieil BIoIb JacTh »KECTKOrO BKJIIOYEHHST PACIIOJIOKEHa CKBO3HAST
TpermuHa. Ha Tpemnne 3a1a10TCs yCIOBUS HEMMPOHUKAHUS JIJIA CJIydas N3BECTHOM KOHMUTYPAIUU U3TH-
6a BOIM3M TpeuuHbl. /lokazaHa OJHO3HAYHAS PA3PENINMOCTh HOBOU ITOCTAHOBKHU 33JIa9H JJISI ILIACTUHbI
C IJIOCKUM »KECTKHMM BKJIIOYeHrneM. JloKa3aHO, YTO INpeesibHBIN Iepexoj] B CeMelCTBe BapUaIlMOHHBIX
3a/a4 JJId IJIACTHH C BKJIIOYEHHEM IIEPBOT'O BHJA IIPHU CTPEMJIEHHH ITapaMeTpa IIOIepedHOi TOJIUHBI
BKJIIOYEHUA K HYJIIO JIOCTaBJISET 33Ja4y JJIs IIACTUHBI C IJIOCKMM 2KeCTKUM BKJIOdeHmeM. JlokazsaHa
Pa3pemmnMoCTh 3aJa91 ONITUMAJIBHOIO yIIPABJIEHUSI PAa3MEPOM KECTKOTO BKJIIOYEHMUSI.

KuroueBrble ciioBa: BapHAIMOHHAS 33/1a4a, TPEIINHA, [IPEIEJbHBIN IePexX0], YCAOBHe HEMPOHUKAHUS,

3a/lavda OIITUMAJIBHOI'O yIIpaBJICHU.
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