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1. Problem Statement

The urgency of a theoretical study of filtration problems in porous media is associated with
their wide application in solving important practical problems: filtration near river dams, reser-
voirs and other hydraulic structures; movement of magma in the earth’s crust, etc. In many
practical problems the porosity of the medium is variable, and the medium is deformed. The
model of fluid filtration in a viscous non-isothermal porous medium considered in the work is
based on the laws of conservation of masses and energy, Darcy’s law, as well as rheological
relationships for porosity and pressures. The system of equations has the following form [1,2]:

A1 —¢)ps 0 4 4

% + 5 (L= Bpsvs) =0, (g’;@ + 5 (prdvg) =0, 1)
IR SCORIIE O, ___1_
¢(vf - US) - L ( or )’ ox B 5((725, 0)pe’ (2)
Ipto
gtxt = —ptotgs Prot = Opf + (1= @)ps; Pe = DPtot —Pf, DProt = ¢y + (1 — ¢)ps, 3)
20 00 0, 00

(prerd+ pses(L = @) 5 + (prepdvs + pses(l = d)vs) 5 = 5 (A5), )

and is solved in the domain (z,t) € Qr = Q2 x (0,T), Q = (0, 1), under the boundary and initial
conditions
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Vs ‘.’L‘:O,fﬂ:lz vf |.'E:O,."c:1: % |m:0,z:1: 07 ¢ |t:0: ¢O(I)’ 0 |t:0: GO(I) (5)

This initial-boundary value problem describes the one-dimensional motion of a two-phase
medium between impenetrable heat-insulated walls [1,2]. Here ps, ps,vs,vs, are, respectively,
the constant real densities and velocities of phases (s is solid porous medium, f is liquid), ¢ is
porosity (fraction of pores), ps and py are pressures in solid and liquid phases, p;o is total
medium pressure, p. is effective pressure, p;,; is two-phase density, 6 is absolute temperature,
g isdensity of the mass forces, c; and cy are heat capacities for at constant volume of phases,
K (¢) is permeability coefficient, p is dynamic fluid viscosity, £(¢, ) is bulk viscosity coefficient,
A(¢) is heat conductivity coefficient (the prescribed functions). The problem is written in Euler
coordinates (z,t).

For the permeability coefficient K (¢), a well-known dependence of the form is used K(¢) =
K'¢", where K’ = const > 0, n = 3 [1]. The bulk viscosity coefficient £(¢, 6) is usually taken as
&(p,0) =n(0)/¢™, m € [0,2], where n(0) is the coefficient of dynamic viscosity of the skeleton,
which characterizes the relationship between the strain rate tensor and the stress tensor and is
determined from the experiment under uniaxial compression [3,4]. The following dependence is
taken as a model one: n(8) = 7, exp(Q.(1—60/6,.)/ RO), 0y, Q+, 6;-, R are positive constants (analog
of the Arrhenius formula for the dependence of the reaction rate on temperature) [1]. The thermal
conductivity coefficient of the medium A(¢) is taken in the form A(¢) = Ap¢ + As(1 — ¢), where
Af, As are the thermal conductivity of liquid and solid phase (averaged thermal conductivity) [2].
In what follows, the notations are used k(¢) = K(¢)/u, 1/&(¢,0) = a1(6)&1(0), ar(d) = o™,
&1(0) = 1/n(0).

The local in time solvability of the initial-boundary value problem for the equations (1)—(3)
at constant temperature in the case of a compressible fluid was established in the work [5]. A
numerical analysis of the initial-boundary value problem for the system (1)—(3) is carried out in
[6]: difference schemes are constructed and their convergence is established. In paper [7], the
global solvability of the problem (1)— (3) is proved in the case of constant phase densities.

Systems of equations similar in structure were considered in [8-16]. The local solvability of
the Cauchy problem in Sobolev spaces was established in [8]. The simplest models of deformation
of a poroelastic medium were studied in [9,10]. Self-similar solutions of the traveling wave type
for the equations of magma motion were considered in [11,12]. The works [14,15] are devoted to
numerical calculations. The problem of substantiating multidimensional models of fluid filtration
in poroelastic media is open.

In the notation of function spaces, we follow [15]: C**t*7+8(Qr) is the Holder space, where
[, are natural numbers, (a, 3) € (0, 1], with the norm |[f[|citerts(g.)-

In this paper, we prove the local classical solvability of the problem (1)—(4) in the case
when the bulk viscosity coefficient £ is a function of porosity and temperature. An example of
decidability "in the whole" is given.

Definition. By a solution of problem (1)-(5) we mean the set of functions ¢, ¢, 0,vs, vy €
C*olt8(Qr), pr,ps € CHFOIHB(Qr), such that 0 < ¢ < 1,0 < 6 < co. These functions satisfy
the equations (1)-(4) and the initial and boundary conditions (5) and regarded as continuous
functions in Qr.

Theorem 1. Suppose that the data of problem (1)-(5) satisfies the following conditions:

1) the functions k(¢),a1(d), AN(@),&1(0) and their derivatives up to the second order are
continuous for ¢ € (0,1), 6 € (0,00) and satisfy the conditions

ko ' (1= 9)® < k() < kod™ (1 — )™,
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ko 167 (1= 9)% < M) < koo™ (1= )™, &1(6) >0, 6 € (0,00),
1

fg) ~ (@9 (1= 0< Ry <ao(6) < Re < ox,

where ko, i, R;,i = 1,2 are positive constants, q, ..., qs are fized real numbers.
2) the function g, the initial functions ¢° and 0° satisfy the following smoothness conditions:

c Cl+a’1+6(QT), 90’¢0 c C«2+(J4(Q)7
and the inequalities
0<mo< () K My<1l, 0<m<Oz)<M<oo, |glz,t)]<go<oo, €, te(0,T),

where mq, My, m, M, gg are given positive constants.

Then problem (1)-(5) has a local solution, i.e., there exists a wvalue of to such that
6(o,8), Gu(,0),0(x,8) € CHE3(Q), (uaa,t), vy(2,1) € CHP(Quy), (py(a,t),ps(2,8)) €
Cl+a,[3(@t0).

Moreover, 0 < ¢(x,t) < 1, 0 < 0(z,t) < 00 in Q-

Theorem 2. Let, in addition to the conditions of Theorem 1, the functions k(¢), (¢, 0) satisfy

the conditions K (9)
plo) - & g) = 1\
(@) =" &@0) =",

where K, u are positive constants.

Then for all t € [0,T], T < oo uniqueness solution of problem (1)-(5) exists, and there are
numbers 0 < my < My < 1, 0 < mg < My such that m; < ¢(x,t) < My, mg < 6(z,t) < M,
(LU,t) € QT-

2. Local solvability

Proof of Theorem 1. When proving Theorems 1 and 2, it is convenient to use the Lagrange
variables [17]|. Suppose that T = Z(7,z,t) is a solution of the Cauchy problem

% =vs(Z,7), T |r=t=x.
We set & = z(0,z,t) and take & and ¢ for the new variables. Then J(i,t) = %(x,t) =
= (1 —¢(2,t))/(1 — ¢°(2)) is the Jacobian of the transformation. Following [5], we rewrite the
system (1)—(4):
0 ¢ \ 0 1 0G(9)\
o (155) = 5 (M0 -07 (5252 - Kol +00) . (©)
0 1 0G
<(]- - d))% <W8t) ptot + Pf > |z 0,z=1— Oa (rb |t:0: ¢O(w)7 (7)
o6 86 0 a0
(Csps + Cfﬂf&) ¢ T erpro(vs —vs)o = o (/\(1 - ¢)8$> : ®)
872 lem0,0=1=0, 0 |i—0= 0°(z), 9)
0G(p) aG 1
L e (10)
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In the system (6)—(10), the basic equations are (6) and (8) for the required functions ¢ and 6.

We substitute in the coefficients of the equation (6) and the boundary condition (7) instead
of §(x,t) an arbitrary smooth function 6y(z,t) € C2+1:14+51(Qr), which satisfies the inequalities
0 <m < 6%°z) < M < co. We retain the previous notation ¢ for solving the arising problem and
the latter is called Problem I.

Lemma 1. Let the data of problem I satisfy the conditions of the theorem. Then problem I has
a unique local solution, i.e., there exists a value of tg such that

(¢, ¢) € C2T1B(Qy), ¢ € (0,1).

1 090G . .
Proof. Suppose that z = m§7 we arrive at the following problem for G, z :
1 090G
Z= maa G |i=0= G(¢°) = G°(x), (11)
i (0% -uE)) =0 (aG)FE <O beasm=0. (2
where
a(G.00)) = —— A a(@) = K@(G)(1 - 6(C)). B(G) = k(O(C)glprar + ).
)= @) a @) | ’

Since 0 < my < ¢°(z) < My < 1 and the function G(¢) is monotone, then G(mg) < G°(z) <
G(My). From (11) when the inequality max, 4) |§1(0)2(x,t)| < co we have that there is a value
to, such that for all ¢ < ¢y the estimates take place

Gl(mo) = G(mo) — cotg < G(l’,t) < G(M()) + cotp = G’g(]\fo)7
(13)
0 < G HG1(mo)) < ¢, t) < G7HG2(Mp)) < 1.

Let Go(z,t) be a function continuous in z and ¢, satisfying inequalities (13) and having a
continuous derivative 0Gq/0x with respect to x, t. Substituting Go(x,t) instead of G(z,t) into
the coefficients of the equation (12) and the boundary conditions, we arrive at a linear problem
for z, in which a > 0, b > 0 and d > 0. The solution to this problem is unique. Existence follows,
for example, from Hilbert’s theorem [18] for ordinary linear equations of the second order. The ¢
variable plays the role of a parameter. Thus, (z, 2z, 2z2) € C(Q4,). After finding z(x,t), we can
find a new value G(x,t) from the equation (11). This value will satisfy the condition (13).

To prove the solvability of problem I, we use the method of successive approximations. Let
2%(z,t) and G*(z,t) be a solution to the problem

i+1 ) )

T =), 6w 0) = 6),
Zi—i—l o ; azi+1 ;

d(G) oz (“(G) g oC )> =0

aZiJrl

(ate)

where i = 0,1,2,.... Substituting G°(x) into the equation for z at the first step, we find 2! (x, ).
After that, from the equation for G we find G*(z,t), etc. For each i there is a unique solution

- b(GZ‘)) R
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24 (z,t) and G*(z,t), satisfying (13). It is checked in a standard way that for a small value of g
the solutions 2%(z,t), G%(x,t) and their derivatives up to the second order inclusive are bounded
uniformly in .

We put ¢t = 2+ — 21 it = G+l — G We have

awi—i-l
ot

=& (00)y T, Wt o= 0,

y N .
— + Ajw' — = (ayit + Asw') =
aGry A gy (T + Aw) =0,

(ay;ix+1 + A2wi)|x:0,m:1 - 07

where the coefficients A, As are easily recovered and are limited. We have from this system the
following inequalities

1 1
/ ("™ + Jyz ) d < Cl/ ! P < ey max o[,
0 0

t
max [w' | < cl/ max |y |dr,
x 0 xr

where the constant ¢; does not depend on i. Taking into account the last inequality for the
¢

function v'(t) = max, [y'(z,t)]* we get v'T1(t) < ¢ [v(7)dr and therefore [19], vi(t) <
0

(e2T)%/i! — 0 for i — oo. After that it is easy to establish that the sequences 2%, G are
fundamental in C'(Qy,) and have limits z(z,t) € C(Q4,) and G(z,t) € C(Qy,). The sequences
i, 2L, G are also fundamental. Passing to the limit as ¢ — 0o, we obtain that the limit func-
tions satisfy the problem (11), (12). The uniqueness of the solution is proved similarly to [7].
Increasing the smoothness of the initial data to those specified in the conditions of Theorem 1
allows us to obtain that ¢(x,t), ¢¢(z,t) € C2H148(Q,).

Lemma 1 is proved. U

Y2

Z xrx)

z

Substituting 6y (z,t) and the solution to Problem I into the coefficients of equation (8), we
arrive at a linear problem for 6(x,t) of the form

06 20 0 00
Qa JrV% = 9z (A(l - d))@x) .
a0

% le—0,20=1= 0, 0 |i—o= 0°(x),

where
o 0z
Q= pscs + PICIT Vi=crprd(vy —vs) = presk(9) <(1 — )5+ 9(Pror + Pf)) :

The unique solvability of this problem in Holder classes follows from [19], and the solution
satisfies the estimate

0<60=mind"(z) <O(z,t) <maxf’(x) = 0 < oo.

x

After these remarks, the local solvability of the problem (6)—(9) can easily be obtained using the
Schauder theorem according to the scheme used in [7].
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After finding ¢, 0, the remaining functions from the system (1)—(4) can be defined as follows.
We find the phase velocities from (1)

© 09

5 | e @),

vp(z,t) =

val,t) = 1_¢/ e e c2o8(qy,).

From (3) we find pyoi(z,t) = fptotgdg € C3FTIHB(Qy).

—%x‘ £(6,0) € C+09(Qu,), then

From (2) we have p.(z,t) =

pr(x,t) = prot —pe € C'T*P(Qyy),  ps(w,t) = 1pft¢ - %pf € C'TP(Qy,).

Theorem 1 is proved. O

3. Global solvability

Proof of Theorem 2. By Theorem 1, we will assume that on the interval [0, ¢o] there exists a
solution to the problem (1)—(5), and 0 < ¢(x,t) < 1,0 < O(z,t) < o0, x € Q, t € [0,%0]. After
obtaining the necessary a priori estimates that do not depend on the value of ¢, the local solution
can be continued to the entire segment [0, 7.

Lemma 2. Under the conditions of Theorem 2, for allt € [0,T] the following relations hold:

1 1
/Os(a:,t)dx:/o s(z)dx, 52%, sY = s(x,0), (14)
0<0= Zgl[g}l] 0°(x) < O(z,t) < Jmax, 6°(z) = 6 < oo, (15)
L1 e oG\, 1! o ( 1 9G\|
[ amis(5) dr g [ o005 (gmar )| o
1
< %/O %QQ(Ptot+pf)2dx<N- (16)

Hereinafter, N denotes a constant that depends only on the data of the problem (1)-(5) and does
not depend on tgy.

Proof. Let us integrate the equation (6) over  from 0 to 1 and take into account the boundary
condition (7). After integration over time from 0 to the current value of ¢, we arrive at the
equality (14).

The equation (8) is written in a divergent form:

0 9 06
ot ( (esps +cppry— 0 (z))) t9. (9Cfpf¢(vf — ) = A(1 — (/))&1:) —

9 0
.y L% (csps + CfPflf(b) + g (crprolvy — Us))} : (17)
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The right-hand side of this equality is equal to zero, since the second equation from (1) in
Lagrange variables becomes [5]

5 (155 + 3 (000 =) =0,

In particular, from (17) we have

/1 (Cfpfgzs + csps) fdz = /1 (Cfpf ¢O + Csps> eodxa
o \PIT 5 o \PIT g0

and therefore 6(z,t) € L1]0,1] for all ¢t € [0, T7.

Let the smooth function x(f) satisfy the condition x”(0) = d?k/df#* > 0. Multiplying the
equation (8) by k’(0) = dr/df, and following the equality (17) we reduce the resulting equality
to the form

0 0

i ((come b ermr 2 ) <) + 5erprotos — ve(e) =
) A (0) A
— 5 (M=% ) o) (5) aa-o, (19)

In the case k(0) = 6P, p > 1, from (18) we deduce
1 0
cips ¢ (x) 0(
/0 0P (z,t)dx < mrél[%}i] <Csps 1= (= + 1) / |60° (2)|Pdz.

Whence, in the standard way, we get that 6(z,¢) < maxxe[o 1 0°(z) for all t € [0,T), z € [0,1].
Put ¢, = 1/60 and the equation (6) can be represented as’

o\ 06, 9, 9 ael 96, \>
(Csps terrir—g ) ar T crpr(vp —vs) 5= oo (AL =) 5= | =2AA = 9) | 7~ | 0.
Multiplying (8) by ] (01) = dk1/df:1, k1 = 6%, and integrating over x, we arrive at a relation of

the form (14) for 61 (x,t). Therefore 6(x,t) > mingc 4 00( ) for all t € [0,T],z € [0,1].
1

oG
&1(0) ot

(20 s [Mhoa - o (2 e =

! o ( 1 oG
:/0 k((b)g(Ptot-i-pf)aTE (51@315) dr <

<3 [ H0-0)|2 (2N ao st [ ED 5 4

The last term on the right—hand side is bounded uniformly in ¢y, since ¢ < 1 and, therefore,

Multiplying the equation (6) by

Ptot < max(py, ps). Finally, due to (14) we have

/01 1d_x¢ = 1—|—/01 s9(z)dx.

Lemma 2 is proved. O
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Lemma 3. Under the conditions of Theorem 2, for all t € [0,T], z € [0,1] the estimate takes
place
0<m< Plx,t) < M <1. (19)

5 1/2
dx) .

Proof. From the inequality (16) by the conditions of Theorem 2 it follows

[ (awar )| ([ 1%)1/2 </01(1_¢) o (awar)

From (6) it also follows that

1
ay 5‘G .

oG
and, therefore, there is a point zo(t) at which —(z¢(t),¢) = 0. Therefore

ot
L Lol [ |2 (0
51(6) 51(9) (’% = 0 8x 51(0) 8t

Taking into account (15) and the conditions of Theorem 2, from the last inequality we have

H@G < dr < N.
ot

min
z€(0,1)

lins(z,t)] < |G(x,t)] < |G%(2)| + NiT < No.

Then we arrive at (19) with m = (1 +e™2)~1 M = (1 + e N2)~ L.

Let z = &0 88—6; The problem (6), (7) takes the form
a )z 0 0z
MO _ 2 (MO =95~ KOl +01)).

(MO = T~ K@lg(pur + 7)) Lm0

By Lemmas 2 and 3, we have

t ol 1
/ / 02 dxdr +/ (22 + 22 4 02)dx < N,
0o Jo 0
where N3 is a positive constant depending on the initial data, parameters and problem constants,
but does not depend on .
Using the representation

co) - | 61 (0)zdr + O(6°),
we get t i
' ($)6s = / (2260(0) + 2610,)dr + G (6°).
Therefore

1
/ $2dr < Ny.
0

The equation for function z(x,t) takes form

a0(¢7 6>Z =ai (¢)Z:vw + a/l((b)(bwzw + aé((b)(bw
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The coefficients ag(¢,8) > 0, ai1(¢p) > 0, az(¢$) are limited and easy to calculate.

We have ) ) )
/ 22 dx < Oy (/ (2% + ¢2)da —|—/ |zmzx¢w|d:ﬂ> ,
0 0 0

1 1 1/2
0 0

1 1/2 1 1/2 1
<01<</0 zixda:> (/0 ¢Id:1:> +(/0 zfmdas>

The constant C; is not depend on .
1
max |z, —|—/ 22.dr < Ny.
z 0

where
1/2

1
([ e)"
0
3/4 1 1/2
(o))
0

Therefore

The equation for the function 6(x,t) has the form
et + a/3(¢a Zm)ew - a4(¢)9x;v + a5(¢)¢m9w7

where the coeflicients as(¢) > 0, az(¢, 25), a5($) are limited and easy to calculate.

Since
1 1
/ 020200, |de < max |6, | (/ Hiwdx>
0 z 0

1
([ )
0
1 3/4 1/4
<c </ Gfmdx)
0

1 1/2 1
() (] 5e)
0 0
then from the equation for 6 we have

1 t el
/ 02dx —I—/ / (67 4 02,)dxdr < Ns.
0 0 Jo

To complete the proof of Theorem 2, it is necessary to obtain the Holder continuity in x,t¢
of the functions ¢, and z, included in the coefficients of the equations for z and 6. From the
embedding z,, € L3[0,1] and the representation for ¢ we have ¢,, € L2[0,1]. Then for w = 6,
we get

1/2 1/2

1 t 1
/ Ch +w§)dz+/ / (w} +w?,)drdr < Ng.
0 0 JO

After that we deduce that |¢.:| < N7. Finally, following [7] for the function o = z; we get
oz € Ly [0, 1]
Theorem 2 is proved. O

Conclusion

The local solvability in the Holder classes of the initial-boundary value problem of one-
dimensional fluid motion in a nonisothermal viscous porous medium is proved. An example of
decidability is given at any finite time interval.

The work was carried out in accordance with the State Assignment of the Russian Ministry
of Science and Higher Education entitled ‘Modern methods of hydrodynamics for environmental
management, industrial systems and polar mechanics’ (Govt. contract code: FZMW-2020-0008,
24 January 2020).
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