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In the mid-twentieth century, Alfred Tarski asked whether two arbitrary non-abelian free
groups are elementary equivalent. To answer this question, it was necessary to investigate systems
of equations over groups. Makanin and Razborov proved that the existence of solutions for
systems of equations over free groups is a decidable problem and an algorithm to solve such
systems of equation is discovered (Makanin-Razborov diagrams, see [10] and [14]). The work of
Makanin and Razborov as well as many other mathematicians was the beginning of algebraic
geometry over groups. Since then, this new area of algebra was the subject of important studies in
group theory. The work of Baumslag, Myasnikov and Remeslennikov provides a complete account
of this new subject, [1]. Positive solution to the problem of Tarski is discovered by Kharlampovich,
Myasnikov and Sela at the the beginning of the recent century (see [7-9] and [15]). After that,
many mathematicians investigated the algebraic geometry over general algebraic systems and
this new area of algebra is now known as universal algebraic geometry. The reader can see the
works of Daniyarova, Myasnikov, and Remeslennikov as well as the lecture notes of Plotkin as
introduction to this branch, [3-6], and [13].

One of the very important notions in the algebraic geometry of groups (as well as other
algebraic structures) is the property of being equationally Noetherian. Note that if S is a system
of equations over a group A, then we say that the system S implies an equation w = 1, if every
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solution of S in A is also a solution of w ~ 1. This gives us an equational logic over the group
A which is not in general similar to the first order logic. For example, the compactness theorem
may fails in this equational logic. There are examples of groups such that the compactness for
the systems of equations fails (see [1] and [5] for some examples). In some groups, every system
of equations is equivalent to a finite subsystem, such groups are called equationally Noetherian.
Free groups, Abelian groups, linear groups over Noetherian rings and torsion-free hyperbolic
groups are equationally Noetherian. To see interesting properties of this types of groups, the
reader can consult [11] and [16]. This kind of groups have very important roles in algebraic
geometry of groups. There are many equivalent conditions for the property of being equationally
Noetherian, for example, it is known that a group A has this property, if and only if, for any
natural number n, every descending chain of algebraic sets in A™ is finite. According to this
equivalent condition, in [11] and [12], the dual property of being equationally Artinian is defined.
A group A is equationally Artinian, if and only if, for any natural number n, every ascending
chain of algebraic sets in A™ is finite. In [12], many equivalent conditions to this property is
given.

In 1997, Baumslag, Myasnikov, and Romankov proved two important theorems about equa-
tionally Noetherian groups: first, they showed that a virtually equationally Noetherian group is
equationally Noetherian. They also showed that quotient of an equationally Noetherian group
by a normal subgroup which is a finite union of algebraic sets, is again equationally Noetherian
(see [2]). In this Article we prove similar results for the case of equationally Artinian groups.
These results will provide a large class of examples for equationally Artinian groups. Also,
we study irreducible closed subsets of the radical topology in the case of equationally Artinian
groups and we obtain a necessary and sufficient condition for an Abelian group to be equationally
Artinian.

1. Preliminaries

Let G be an arbitrary group and suppose that X = {z1,...,z,} is a finite set of variables.
Consider the free product G[X]| = G x F'[X], where F[X] is the free group over X. Every element
w € G[X] corresponds to an equation w = 1, which is called a group equation with coefficients
from G. f w = w(x1,...,Tn, g1, .-,9m) € G[X], then the expression w ~ 1 is a G-equation with
coefficients g1, ..., gm € G. Suppose H is a group which contains G as a distinguished subgroup.
Then we say that H is a G-group. A tuple h = (h1,...,hy,) € H" is called a root of the equation
w= 1, if

whi, . hn, g1y gm) = 1.

An arbitrary set of G-equations is called a system of equation with coefficients from G. The set
of all common roots of the elements of S in H is called the corresponding algebraic set of S and
denoted by Vg (S). Clearly, the intersection of a non-empty family of algebraic sets is again an
algebraic set but the same is not true for unions of algebraic sets. If we define a closed subset of
H™ to be an arbitrary intersection of finite unions of algebraic sets, then we get a topology on
H™, which is known as Zariski topology.

For a subset E C H", we define the corresponding radical Rad(E) to be the set of all elements
w € G[X] such that every element of E is a solution of w a2 1. This is a normal subgroup of G[X]
which is called the radical of E and the quotient group I'(E) = G[X]/Rad(FE) is called the coor-
dinate group of E. Similarly, for a system S, we define its radical to be Rady (S) = Rad(Vi(.9)).
This is the largest system of G-equations equivalent to S over H. The corresponding coordinate
group is I'gr (S) = G[X]/Radu (S). It is proved that the study of coordinate groups is equivalent
to the study of Zariski topology, i.e. algebraic geometry of H reduces to the study coordinate
groups, [1].
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A G-group H is called G-equationally Noetherian, if for every system S, there exists a finite
subsystem Sy, such that Vi (S) = Vi (Sp). Such G-groups have important role in the study of
algebraic geometry over G-groups. There are two extremal cases: if G = 1, we say that H is
l-equationally Noetherian or equationally Noetherian without coefficients, and if G = H, then
we say that H is equationally Noetherian (or equationally Noetherian in Diophantine sense).
It is proved that a l-equationally Noetherian finitely generated group is equationally Noethe-
rian as well, [1]. The class of equationally Noetherian groups is very large, containing all Free
groups, Abelian groups, linear groups over Noetherian rings and torsion-free hyperbolic groups
are equationally Noetherian. It is not hard to see that the following statements are equivalent
for a G-group H:

i- H is G-equationally Noetherian.
ii- the Zariski topology on H™ is Noetherian for all n.

iii- every chain of coordinate groups and proper epimorphisms

is finite.

The authors of [2] proved two important theorems about equationally Noetherian groups.
The first theorem shows that a finite extension of an equationally Noetherian group is again
equationally Noetherian. The second theorem says that if G is equationally Noetherian and N
is a normal subgroup which is a finite union of algebraic sets (in Diophantine case), then G/N is
also equationally Noetherian. In this article, we are dealing with the dual notion, the property
of being equationally Artinian and we prove the similar statements for this type of groups.

2. Equationally Artinian groups

Equationally Artinian algebras are introduced in [11] and [12]. In this section, we review this
notion for the case of G-groups. We say that a G-group H is G-equationally Artinian, if for
any n, every ascending chain of algebraic sets in H™ terminates. This is not equivalent to the
property of being Artinian for the Zariski topology, instead we define a new topological space
which becomes Noetherian if H is equationally Artinian. Suppose

T ={uRad(FE): EC H", uec G[X]}.

Note that for arbitrary cosets uRad(FE) and vRad(F), if their intersection is non-empty,
then for an arbitrary element w € uRad(E) N vRad(F'), we have wRad(F) = uRad(E) and
wRad(F)=vRad(F'). Hence uRad(E) NvRad(F) = w(Rad(E)NRad(F')) = wRad(E U F). This
shows that the intersection of two cosets of radicals, is again a coset of a radical subgroup (or it
is empty). The set T is a subbasis of closed sets of a topology on the set G[X] which is called the
radical topology on G[X] corresponding to H (this topology is finer than the previous one defined
in [12], in fact the subbasis introduced in [12] is a fundamental system of closed sets containing
the identity of G[X]). Every closed set in G[X] is an arbitrary intersection of finite unions of
cosets of the form vRad(E), with E C H" and v € G[X]. In [12], it is proved that the following
statements are equivalent for a G-group H:

i- H is G-equationally Artinian.

ii- for any n and any subset E C H", there exists a finite subset Ey C FE, such that
Rad(E) = Rad(Ejp).

ili- the corresponding radical topology over G[X] is Noetherian.
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Remark 1. The proof is essentially the same as in [12], but since we used here our enhanced
definition of finer radical topology, so we show that why the proof remains unchanged. We only
need to show that for a G-group H, being G-equationally Artinian is equivalent to the property
of being Noetherian for the corresponding radical topology on G[X]. So, let H be G-equationally
Artinian and

T ={uRad(E): EC H", uec G[X]|}.

We first prove that T" satisfies the descending chain condition. Suppose
uiRad(E1) D ugRad(E3) D ugRad(FE3) D ---
is a descending chain of elements of 7. Then we have also the following chain
Rad(E;) 2 Rad(F2) 2 Rad(E3) 2 - .

Therefore,
VH(Rad(El)) Q VH(Rad(EQ)) Q VH(Rad(Eg)) g ety

and this later chain terminates, as H is G-equationally Artinian. So, for some k, we have
Vi (Rad(Eyx)) = Vu(Rad(Ek+1)) = Ve (Rad(Ek42)) = -+ .
Taking one more radical, we get
Rad(Ex) = Rad(Ek+1) = Rad(Eg42) = - .
This shows that
upRad(Ey) = up+1Rad(Ek41) = upr2Rad(Egq2) = -,

and hence T satisfies the descending chain condition. Now, let 77 be the set of all finite unions
of elements of T" and T3 be the set of all arbitrary intersection of elements of T7. Note that 75 is
the set of all closed subsets of G[X] with respect to the radical topology. We show that T also
satisfies the descending chain condition. Suppose that

Ml = ulRad(El) u...u umRad(Em), M2 = lead(Fl) U...u kaad(Fk)

are sets in 77 and My C M;. For every i < m and j < k, we have w;Rad(E;) N v;Rad(F;) C
u;Rad(F;). Hence we can gain a tree with root vertex u;Rad(E;) and with a unique edge from
the root to every proper subset u;Rad(E;) N v;Rad(F;) C u;Rad(E;). Suppose there exists a
strictly descending chain of subsets in T:

MlegDMgD"'.

As we mentioned, we obtain a tree for any inclusion M; D M; 1, such that each vertex is a finite
intersection of sets in T', hence each vertex is in T itself, since as we saw above, the non-empty
intersections of a finite number of elements from 7' are again belong to T'. Since each vertex is
connected to only finite number of other vertices, so each vertex has finite degree. So, every path
corresponds to a strictly descending chain of radicals and since H is G-equationally Artinian, so
the path is finite. By the well-known Ko6nig’s lemma of graph theory, this implies that the graph
is finite. Therefore the above chain is also finite. So T} satisfies the descending chain condition
and is closed under finite intersection.

Now, we prove that 75 satisfies the descending chain condition too. Suppose ()=, R; is an
infinite intersection of elements of 77. Then we have the following chain:

RIDRINRy, DR NRy,NR3 D ---.
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Since T satisfies descending chain condition and is closed under finite intersection, so the chain
terminates. Therefore

o0
3k:RiNRyN...N Ry =) Ri.
i=1
Hence, every infinite intersection of subsets of 77 is in fact a finite intersection in 77 and so
it belongs to T7. Consequently, we have T, = T} and hence it satisfies the descending chain
condition. This shows that the radical topology on G[X] is Noetherian. The proof of the
converse statement is trivial.

By (EA)q, we denote the class of all G-equationally Artinian G-groups, by (EA)1, the class
of 1-equationally Artinian groups and EA will be used for the class of Equationally Artinian
groups (Diophantine case where G = H). In this article, we first prove the following theorem.

Theorem 1. Let G € EA be torsion-free and E C G™ be an algebraic set. Then the set Rad(F)
is @rreducible and all irreducible closed subset of G[X] is a coset of some radical.

Our main tool to prove this result is a well-known theorem of B. Neumann which says that
if a group covered by a finite set of cosets of subgroups, then at least one of those subgroups has
finite index. This result of Neumann also will be used to prove the following result.

Theorem 2. Let G € EA be torsion-free and E C G"™ be a non-empty algebraic set with
Rad(E) # G[X]. Then the interior of Rad(FE) is empty.

Note that every Noetherian topological space has finite number of irreducible components. In
the case of a torsion-free equationally Artinian group G, the space G[X] has a unique irreducible
component, say G[X] itself. Theorem 2, also shows that if G € F'A is torsion-free, then G[X] is
connected. We will prove the converse for coefficient-free case.

Theorem 3. Let G € (EA)1. Then G is torsion-free if and only if, F[X] is connected.

Note that there are many equationally Noetherian groups which are not equationally Artinian,
for example, the additive group Q/Z, the multiplicative group of complex numbers, the quasi-
cyclic groups Zp (see also Theorem 8). Many other groups like non-Abelian free groups and
torsion-free hyperbolic groups are failed to be equationally Artinian (as they are domains and
every equationally Artinian domain is finite). It must be said that, at the time of writing
this paper, we don’t know if there is equationally Artinian group which is not equationally
Noetherian. But, both classes are included in a larger class of groups which we call equationally
semi-Noetherian. A group G has this property, if for every system of equations S C G[X], almost
every finite subset 7" C S can be omitted solving the system over G, i.e. there exists a finite
subset Sy € S such that for all other finite subset ' C S\ Sy, we have Vg (S) = Ve(S\ T).
Clearly, every equationally Noetherian group has this property. We will prove,

Theorem 4. If G € EA, then G is equationally semi-Noetherian.

Our next theorem concerns about an important relation between the classes (EA); and
FEA)q. We prove
( prove,

Theorem 5. Let G be a finitely generated group and let H be a G-group. If H € (EA)q, then
H € (FA)g, and as a result, any finitely generated element of (EA); is equationally Artinian.

In our sixth theorem, we deal with finite extensions of equationally Artinian groups. We
prove,

Theorem 6. Let a group A contains a finite index subgroup H which is equationally Artinian.
Then A is also equationally Artinian.

- 587 —



Mohammad Shahryari, Javad Tayyebi On the Equationally Artinian Groups

This theorem enables us to conclude that any virtually finitely generated Abelian group is
equationally Artinian as well as any finite extension of the additive group of any field. This gives
us a large class of examples of such groups. This theorem is F A-version of the similar theorem
in [2].

Note that the quotient of an equationally Artinian group is not necessarily equationally
Artinian (for example the group Q/Z), but, there exists an important situation, the quotient
in which, has this property. Our nest result concerns with these situations. Note that in this
theorem, we use the group G[t] = G * (t).

Theorem 7. Let G be an arbitrary group such that G[t] is equationally Artinian. Let R be
a normal subgroup of G[t] which is closed in the radical topology of G[t]. Then G[t]/R is also
equationally Artinian.

Finally, we will show that an Abelian group G is equationally Artinian, if and only if, it has
finite number of periods: let p(G) be the set of orders of torsion elements of G. We will prove,

Theorem 8. An Abelian group G is equationally Artinian, if and only if, p(G) is finite.

3. The proofs

Proof. (Theorem 1 and 2) Suppose G is equationally Artinian. Let Y be an irreducible closed
subset of G[X]. Since Y is a finite union of cosets of the form uRad(E), so W = uRad(FE), for
some algebraic set £ C G™ and u € G[X]. Now, for an algebraic set F, we show that Rad(FE) is
irreducible. Note that every closed subset of Rad(E) has the form v1Rad(L;)U...Uv,Rad(L,),
where v; € G[X] and F C L;. Now, if Rad(FE) can be written as a union of two closed subsets,
then we have

Rad(E) = |_J wiRad(K;),
i=1

for some elements u; € G[X] and algebraic sets K; with £ C K;. It is a well-known theorem
of B. Neumann which says that if a group is covered by a finite number of cosets of subgroups,
then at least one of those subgroups has finite index. So, we have for example [Rad(FE) :
Rad(K7)] < oo. Suppose now that G is torsion-free and Rad(K;) # Rad(F). Choose an element
w € Rad(FE), such that for some @ € K7, we have w(a) # 1. Then, for all non-zero integers k
we have also w*(@) # 1 and hence all cosets w/Rad (K1), (1 < j), are distinct. This shows that
Rad(F) = Rad(K;) and so Rad(F) is irreducible. Note that in any Noetherian space, there is
a finite number of maximal irreducible sets (irreducible components) and in the case of G[X],
Rad(@) = G[X] is the only irreducible component.

Now, we show that the interior of Rad(FE) is empty for any E # &. Let an open set
GIX]\UjL, wjRad(E;) be contained in Rad(E). Then we have

G[X] =Rad(E)U 6 w;Rad(E;),

j=1
and again using the theorem of Neumann, some of these subgroups has finite index, which is
shows that G[X]\ Jj_, wjRad(E;) = @. Hence Rad(E) has empty interior. O

Proof. (Theorem 3) In this proof, we denote the coeflicient-free radical of a subset E € G™ by
Rad’(E), i.e.
Rad’(E) = {w € F[X]: Va e E w(a) = 1}.
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Suppose first that F[X] is not connected. Then we have

FX] = 6 uRad’(Ey),

i=1

for some elements u; € F[X] and subsets E; C G™, where m > 2 is minimal. Again by the
theorem of Neumann, there is an index i such that [F[X] : Rad’(E;)] is finite and is not equal
to 1 by the minimality of m. This shows that the coefficient-free coordinate group I'(E;) is finite
and non-trivial. But, we know that this coordinate group embeds inside a direct power of G. So,
G is not torsion-free, a contradiction.

Conversely, assume that G is not torsion-free. Let a € G be a non-trivial element of finite
order m and put @ = (a,1,...,1) € G*. Let w = x;. Then clearly, w™ € Rad’(a@). Consider
the subgroup (w)Rad’(@). This subgroup contains all elements x1,...,z,, and so we have
F[X] = (w)Rad’(@). Now, we have

m—1
FIX] = | w'Rad’(@),
i=0

and hence, F[X] is not connected. O

We now prove Theorem 4. Note that the proof can be applied for arbitrary algebraic structures
as well.

Proof. (Theorem 4) Suppose G is equationally Artinian and S C G[X] is an infinite system.
For simplicity, assume S = {v1, va,vs,...}. We have the ascending chain

VG(S) = VG(U17'U2,U37 H ) g VG(’U27’U37’U43 N ) g VG(U3; VU4, Vs, - - ) g Tt
This chain terminates as G is equationally Artinian, so there exists k such that

Ve (Vk, Ukt 1, kg2 - - ) = Va(Vkg1, Vkt25 Vk43, - - -) = Vo (Vka2, Uk, Vkgds - -) -0

This shows that

(Ve = ] Vo) = ] Vo) =,

jzk j=k+1 j=k+2
and hence
Vg(S) = Vg<v1,...7vk,1)ﬂﬂVG(Uj)
jzk
= V(;(’Ul,...,’uk_l)ﬁ m Vg(’Uj)
j=k+1
= V(;(’Ul,...,’l}k_l)ﬁ ﬂ Vg(vj).
j=k+2

In other words, this argument shows that the algebraic sets Vg (v;) can be drop in the intersection
for j > k. Let So = {v1,...,vx—1}. Then by this argument, for any finite subset T' C S\ S, we
have VG(S) = Vg(S \ T). O

Proof. (Theorem 5) Let aj,...,a; be a finite set of generators for the group G. Suppose
E C H™. We prove that there exists a finite subset Fy C F, such that Radg(E) = Radg(Ep)
(note that, here Radg denotes the radical with coefficient in G). Let S = Radg(FE) C G[X].
Every element of S has the form

W=w(T1, ..., Ty, A1,y ..., Q).
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We replace every coeflicient a; by a new variable y;, and then a coefficient-free system of equations
S(Z,y) appears. Let T = E x {(ay,...,ax)} € H""*. Now, since H € (EA), so there is a finite
subset Ty C T, such that Rad;(T") = Rad;(Tp). Clearly, we have Ty = Ey x {(a1,...,ax)}, for
some finite subset Ey C E. Obviously, S(Z,7) C Radi(T). Let u(Z,7) € Rady(T). Then for all
€ € E, we have u(e,a) = 1, so u(T,a) € Radg(FE), and therefore v € S(7,7). This proves that
S(7,y) = Rad;(T), and hence S(%,y) = Rad; (Tp).

Now, we show that S(Z,a) = Radg(Ep). Suppose w(Z,a) € S(z,a). For any € € Ey,
we have w(e,a) = 1, so w(Z,a) € Radg(Ep). Conversely, if w(z,a) € Radg(Ey), then for
w(Z,7y) € Rad; (Tp) = Rady(T), and this shows that w(Z,a) € Radg(E) = S(Z,a). This proves
that Radg(E) = Radg(Fop) and hence H € (EA)¢. O

Theorem 5, enables us to prove that every finitely generated Abelian group belongs to the
class FA (we also can deduce this from Theorem 8). Here we give an elementary proof which
shows the infinite cyclic group is equationally Artinian.

Lemma 1. Let H = (a) be infinite cyclic group. Then H is equationally Artinian.
Proof. We first show that H € (FA);. Let E C H". Every element of E has the form € =

= (ajl,..wqj") for some integers ji, ..., jn. Let w = 27'25* ... 20" € Radi(£). Then w(e) =1
and hence g/t + " +/n% — 1, This shows that
Rad;(E ﬂ {z{tx5? .. xgn e (a?',...,a"") € B, jiay + -+ jna, = 0}.
J1seedn
Suppose
(1) .(2) . .(3) L
E={(a"",. ..a), (@ .. ..a), (@ .. 4", .. ).

Suppose S is the following set of equations
iPay 4+ 4P, =0, (t=1,2,3,...).

Since the additive group Z is equationally Noetherian, so there exists a finite subset Sy C S,
such that Vz(S) = Vz(Sy). Suppose Sy consists of the equations

j£t)a1+"'+j£f)04n:0 (t=1,2,...,m).

2 (1) (1) i(2) i(2) (m) §im)
Let By = {(a’1",...,a/n ), (a/r ,...,a% ),...,(a"t ",...,a’» )}. Then we have obviously,
Rad;(E) = Rad; (EO). This shows that His 1—equationa11y Artinian and hence by Theorem 2,
it belongs to FA. D

Now, we show that any direct product of finitely many element of (EA); is again in (EA);.
This will prove that every finitely generated Abelian group belongs to (EA); and hence to EA.

Lemma 2. Suppose A and B are equationally Artinian (1-equationally Artinian). Then so is
A X B.

Proof. For a number n and a subset E C (A x B)", suppose that
E={c;= (ui,ub,...,ul): iel},
where I is an index set. We have uf = (al , bz) for some ag € A and bg € B. Now, let

T={t;=(a},ab,...,a’): i €I},

and 4
S ={s; = (b%,b,...,b.): i€}
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Since A and B are equationally Artinian, so there are two finite subsets Ty C T and Sy C S,
such that

RadA(T) == RadA(To), RadB(S) = RadB(So).

Suppose for example Ty = {t1,...,t;} and So = {s1,...,8,} and k > [. Suppose t; = (al,...,a’)
and s; = (b%,...,b}). Using these elements, we can define a finite subset

r'n

Eo={c; = ((at,b%),...,(al,b') 1 <i <1},

n’-n

such that Rad(E) = Rad(Ep). This shows that A x B is equationally Artinian. O

Summarizing, we have
Corollary 1. Ewvery finitely generated Abelian group is equationally Artinian.

There are also infinitely generated Abelian groups which are equationally Artinian: let K be
a field and consider its additive group H = (K, +). Every equation with coefficient in K has
the form a1y + -+ + apx, = b for some elements ay,...,a, € Z,b € K, so the corresponding
algebraic set is an affine subspace of K™. This shows that every ascending chain of algebraic
sets terminates and hence H is equationally Artinian. However, some Abelian groups are not
equationally Artinian. For example, consider the additive group H = Q/Z. Let

1
E:{+Z: p:prime}ng.
p

1
If w(z) = ma + (% + Z) € Rad(FE), then for any prime p, we have w(p + Z) = Z, and this

m a
means that for any prime p, — + — € Z, which is not true. Another example is the quasi-cyclic
p

b

groups G = Zpe, for prime numbers p. This is because, the ascending chain of algebraic sets
Vg(zP" ~ 1), (n > 1) does not terminate (this fact will be used in the proof of Theorem 8).

Before proving Theorem 6, we introduce some notations from [2]. Let a group A be
the semidirect product of a finite subgroup T and a normal subgroup H. Assume that
T={t; =1,ta,...,tx}. Let w(z1,...,Zn,91,...,9m) be a group word with coefficients in A
and v € A™. We can express v uniquely in the form v = (s1hq,...,8,h,) with s; € T and
h; € H. We also have g; = r;b; for unique elements r; € T and b; € H. Define the map
A A" = T" by AMv) = (s1,-.-,8,) and

WL,y Ty) = W(T1y e ooy Ty Ty e ey T )

Note that w is an element of T[X] which depends only on w. For any 1 <i <nand 1 < j <k,
define h;; = t;lhitj € H. Denote the tuple

(hllu"'7h1k7'°'7hn17~~'7hnk)

by v’. Consider the new variables y;; for 1 <¢<nand 1 < j < k. In [2], it is proved that there
exists a unique element

w; 6H[yll...,ylk,...,ynl,...,ynkL

such that w(v) = W(A(v))wl (v'), and w!, depends only on the value of A(v). As a result, it is
shown that v € A™ is a root of w ~ 1, if and only if, A(v) is a root of W ~ 1 and v’ is a root of

w!, ~ 1. We are now ready to prove Theorem 6.
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Proof. (Theorem 6) Replacing H by its core, we can suppose that H is a normal subgroup of
A with finite index. Let T'= A/H. Then A embeds into the wreath product H ! T. Recall that
this wreath product is the semidirect product of T and H!TI. We know that (Lemma 2), HIT! is
equationally Artinian and any subgroup of an equationally Artinian group is again equationally
Artinian. So, it is enough to prove our theorem using the further assumption A = TH, with T
finite, H normal and T'N H = 1. We will use all the above notations.

Suppose E C A" is an algebraic set and S = Rad4(E). We must show that there exists a
finite subset Ey C F, such that Rada(FEp) = S. Let S = {w : w € S} (see the above discussion).
Suppose
VT(S) - {Ulv ceey Ud} Cc ™.

)

For any 1 < i < d, put L; = Vi (S, ) € H™ . Here S} denotes the set of all w/ , such that
w € S. Define also 7 7

K; = {hEHn : (h)/ S L,} C H™
We have (K;)’ C H™ and since H is equationally Artinian, there exists a finite subset K C K;,
such that

Rady ((K?)") = Rady ((K;)).

Assume that Fy = Ufl:lviKiO C A™. We show that Ey C E. Let v;h € Fy. Then h € K; and
hence

S(A(vih)) = S(vi) = 1,

and B
S;l((vlh)’) S S:h (Ll) =1.

This means that v;h € Va(S) = E. Therefore Ey C E.

Now, we claim that Rad4(v;K?) = Rada(v;K;). To prove this claim, assume that w be-
longs to the left hand side. Then w(v;K?) = 1 and hence w'((v;K?)’) = 1. This shows that
w,, € Rady((v;K?)"). Recall that, by the definition of the map v — v’, we have (v; K?)’) = (K?)’
and hence w], € Radp ((K?)") = Rady((K;)') = Radg ((v;K;)"). Therefore, for any h € K;, we
have w!, ((v;h)") = 1, and since in the same time W(A(v;h)) = 1, we have w(v;K;) = 1. This
proves the claim.

We now, prove that Rada(Ep) = Rada(F). Let w be an element of the left hand side and
v € E. We have S(v) =1 and

w e ﬁRadA(fuiK?).
i=1
Note that v = A(v)h, for some h € H". We have S(A(v)) = 1, so there is an index i such that
A(v) = v;. Therefore, v = v;h. On the other side, since S, (V') =1, so
1=S,(v') =8, ((vih)').
Hence, (v;h)" € L;, and therefore h € K;. Now, by the above claim, we have
w € Rad 4 (v; KY) = Rad 4 (v; K;),
and hence w(v) = 1. This shows that w € Rad(E). O

Theorem 6 shows that any virtually finitely generated Abelian group is equationally Artinian
as well as any finite extension of the additive group of any field. This gives us a large class of
examples of such groups. We now come to Theorem 7. Note that the similar theorem ([2]) for
the equationally Noetherian case deals with the Zarizki topology of G' and its closed normal
subgroups. The dual case here deals with the radical topology of G[t] and its closed normal
subgroups.
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Proof. Assume that
R= U Radg (K:),

i=1
where K; C G. Note that G is equationally Artinian as G[t] is so. Hence every K; can be chosen
finite. Let H = G[t]/R be not equationally Artinian. Hence there exists a number n and a subset
E € H™ such that Rady(FE) # Rady(Ey), for any finite subset Ey C E. Assume that eg € F
is an arbitrary element. As Rady(F) # Rady({eo}), there exist elements f; € Rady({eo}) and
e1 € E, such that fi(e;) # 1. Similarly, we have Rady(E) # Radg({eg,e1}), so there exist
elements fo € Radg({eg,e1}) and e5 € E, such that fa(ez) # 1. Repeating this argument, we
obtain two infinite sequences

f17f2af37' - € H[X]v

€p,€1,€2,... € F,
such that for any i, fi;(eq) = fi(er1) = -+ = fi(e;—1) = 1, but fi(e;) # 1. Note that, here
X ={z1,...,z,} and so every element of H[X] is a word in ¢ and elements of X with coefficients

in G. Suppose ¢ : G[t, X] — H[X] is the canonical map sending elements of G to their cosets,
and fixing elements of X and the element t. Suppose also that ¢ : (G[t])™ — H™ is the map

Y(ug, .. uy) = (W R, ..., uyR).

Choose a pre-image f; for fi under ¢ and a pre-image €; for e; under ¢. Hence, we have
f; € G[t, X] and €; € (G[t])™. For any i, we have f;(eq) = 1, so f;(€y) € R. This shows that,
there exists an infinite sequence of numbers

i1(0) < i2(0) < iz(0) < -+,

and a number 1 < pg < m, such that

Jir(0)(€0)s fiy0)(€0)s fig(0)(€0)s - - - € Rada(Kp,)-
Equivalently, this shows that for all s, we have
?z‘s(o) € Radgy(€o(Hp,))-
By a similar argument, we obtain an infinite subsequence of {is(0)} of the form
il(l) < 22(1) < 23(1) < -,
and a number 1 < p; < m, such that for all s, we have
?is(l) € Radgyy(€1(K5,))-
We continue this process to find an infinite subsequence
i1(k) <ia(k) <is(k) <---,
of the previous sequence, and a number 1 < p < m, such that
Fi.e) € Radgpy(r(Ky,)),

for all s. Note that all sets €;(K,,) are finite as K;’s are finite. Let

o0

K = Je(K,) € (Gl)"

=0
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By assumption, G[t] is equationally Artinian, so there exists an index [, such that
1

Radg(K) = Radgp (| @(Kp,))-
=0

Assume that j > [. Then for any s, we have

1
Finiy € [ Radgpei(K;,) = Radgy (K).
i=1
Suppose k = i1(j). Then f; € Radgy(er(Kp,)), and hence fy(€;) € Radg(K,,) € R. This
shows that fr(er) = 1, a contradiction. Hence H is equationally Artinian. O

Finally, we give a proof for Theorem 8.

Proof. (Theorem 8) We first, show that a divisible Abelian group G is equationally Artinian,
if and only if, it is torsion-free. Recall that a divisible Abelian group has the form G = Q! @
Zpe j Lo, for an index set I and a set J of prime numbers. If G is torsion-free then G = Q,
and since the additive group of rationales is equationally Artinian, so is G. Now, suppose that
G is equationally Artinian but is not torsion-free. Then for some prime p, we have Zy~ < G,
and this implies that Z,~ is equationally Artinian, a contradiction.

Now, suppose that G is an arbitrary Abelian group. Assume that p(G) is finite. We know
that G = Tor(G) @ G1, where Tor(G) is the torsion part of G and G; is a torsion-free sub-
group. We know that G; can be embedded in some divisible Abelian group and hence it is
equationally Artinian. The torsion part has finite exponent and hence can be written in the
form Tor(G) = D,,ep(c) ZIn where for all m € p(G), an index set I,,, is associated. Clearly, ev-

ery component Z.m is equationally Artinian and since p(G) is finite, so the direct sum is also so.
This shows that G € EA.

Finally, suppose that in a group G, the set p(G) is infinite. Let m; < ma < m3 < --- be
elements of p(G) such that for all ¢ the integer mims ... m;_1 is not divisible by m;. For any 1,
assume that a; is an element of order m,;. Consider the ascending chain

VG(Z‘ml ~ 1) C Vg(l‘mlm2 ~ 1) C Vg(l‘mlm2m3 ~ 1) C...
This chain does not terminate, because for any i, we have
ay,...,a; € Vg™ ™ ~ 1),

but a;y1 does not belong to it. Therefore G is not equationally Artinian. O
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OO0 3KBMBAJIEHTHO apTUHOBBIX T'PYIIIaX

Moxammen Ilaxpuapn

Maremaruaeckuit dakynasrer, Komnemx Hayku

Vuusepcurer Cynrana Kabyca

Myckar, Oman

H>xaBang Taitebu

Kadempa aucroit maremaruku, PakyabreT MaTeMaTUIECKUX HAYK
Yuusepcurer Tebpusa

Tebpus, pan

Amnsoranus. B sToil crarbe Mbl mM3ydaeM CBONCTBO ObITh apTHHOBBIM B rpynmnax. OmnpejessieM pa-
JIUKAJIBbHYIO TOIIOJIOTHIO, COOTBETCTBYIONIYIO TAKMM TIPYIIIAM, U HCCJIEIyEM CTPYKTYPY HEIPUBOINMBIX
3aMKHYTBIX MHOXKECTB 3TUX TomoJioruit. /lokazkeMm, ITO KOHEYHOE DPACIIHPEHUE YPABHOBENIEHHO apTH-
HOBOH I'DYIIIBI CHOBa YPaBHOBEIIEHHO apTHHOBO. MBI Tak»Ke IIOKa3bIBA€M, YTO YaCTHOE OT apPTHHOBO-
yPAaBHOBEIIEHHO} rpynisl Buga G[t] 10 HOpMAaJIbHO HOArpYIIIe, sSIBJIAIOIEiiCs KOHEYHBIM 00'beINHEeHnEM
PaINKAJIOB, OMSATHL-TAKYM yPABHOBEIIIEHHO apTHOBO. B KadecTBe mMoCIeHero pe3yibrara OyaeT JaHo HeoO-
XOZMMOE U JIOCTATOYHOE YCJIOBHE, YTOOBI abesieBa rpyna Oblia SKBUBAJIEHTHO aPTUHOBON. D10 obecriednt
GOJIBITION KJIACC MIPUMEPOB YPABHOBEIIIEHHO APTUHOBBIX TPYIIIL.

KuaroueBrle ciioBa: anrebpamtdeckasi TeOMETPUsl HAJ[ TPYIIIAMH, CHCTEMbI TPYIIOBBIX YPAaBHEHUI, pa-
JMKAJIbI, TOIIOJIOTUs 3aPUCKOr0, paJUKaJIbHasl TOIOJIOIUsl, HETEPOBbI I'PYIIIIbI, SKBAIMOHAJIHLHO APTHHOBLI
TPYIIIIBL.
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