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Abstract. The main task of the theory of phenomenologically symmetric geometries of two sets is the

classification of such geometries. In this paper, by complexing with associative hypercomplex numbers,
functions of a pair of points of new geometries are found by the functions of a pair of points of some well-
known phenomenologically symmetric geometries of two sets (FS GDM). The equations of the groups
of motions of these geometries are also found. The phenomenological symmetry of these geometries
is established, that is, functional relationships are found between the functions of a pair of points for
a certain finite number of arbitrary points. In particular, the s 4+ 1-component functions of a pair of
points of the same ranks are determined by single-component functions of a pair of points of the FS
of GDM ranks (n,n) and (n + 1,n). Finite equations of motion group and equation expressing their
phenomenological symmetry are found.
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Introduction

0.1. In the works [1-3] the definition of one-dimensional phenomenologically symmetric
geometry of two sets (PS of GTS) of rank (n+1, m+1) is given, which is given by a differentiable
non-degenerate function of a pair of points with open and dense in R™ x R™ domain:

f:R™xR"— R.
The axiom of phenomenological symmetry is fulfilled: the functional relation

D(f(u1,v1), flpr,va)y ooy f(fnt1, Vms1)) = 0,

for an open and dense subset of the sequences (11, 2, - . -, fhns fint1; V1, Y2, - « - s Vi, Vm+1) Of length
n+m+2 from neighborhood V' ({(iu1, i, - . .y fn, fhn 15 V1, V25 - - s Vs V1)) © R™HD s grim+1),
The function ® is differentiable and rang® = 1. Points from the first set are denoted w, u1, po - . -,
and points from the second set are v, vy, vs ...
In the coordinates, the function of a pair of points of the PS of GTS of rank (n+ 1,m + 1)
is given as
f(/‘v v)= f(xl(ﬂ)v s wm(ﬂ)agl(y)7 s &(W),
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where (z'(p),...,2™(u)) are the coordinates of the point u € R™, and (£'(v),...,£"(v)) are
the coordinates of the point v € R"™.

There is a complete classification of one-dimensional PS of GTS [4], according to which there
are PS of GTS only of the ranks (n + 1,n+ 1), (n 4+ 2,n+ 1) and (4,2), where n > 1.

PS of GTS rank (n+1,n+ 1):

flv) =2 (e W) + -+ 2" (g (v); (1)

Flpv) =2l (e ) + -+ 2" (e" T (v) + 2™ (1) + € (v), (2)
where n > 1;
PS of GTS rank (n+2,n+ 1):

f=Ffuy) =2 (We W)+ + 2" (We" (v) + " (v), (3)

where n > 1;
PS of GTS (4,2):

2t (p)Et(v) + (v
f= flpy) = TE LS W) (1
zt(p) + & (V)
0.2. As above, one can define a s-metric PS of GTS of rank (n+ 1,m + 1), which is given by
a differentiable non-degenerate function of a pair of points with open and dense in R*™ x R*"

domain:
f/ . RS'HL X RSTL — RS.

The axiom of phenomenological symmetry is fulfilled: the functional relation

O (f (1, 1), f1(pa,v2), oo f (g1, Vmg1)) = 0,

for an open and dense subset of the sequences (fi1, 2, . . ., ln, fnt1; V15 V2, - « - s Vi, V1) Of length
n+m 42 from V({fu1, (12, - fhns Bng 15 V15, V2, -+ Viny V1)) C RE™HD 5 Rsn(mA1) (3] The
function @’ is differentiable and rang®’ = s. There is no complete classification of s-metric PS
of GTS.

0.3. This work is a continuation of the research published in the article [3]. Here, complex-
ifications of one-dimensional PS of GTS of ranks (n + 1,n 4+ 1) with n > 3 and PS of GTS of
ranks (n + 2,n 4+ 1) with n > 2 by associative commutative hypercomplex numbers of rank are
constructed s. For example, hypercomplex numbers of rank 2 are: ordinary complex numbers
(i = —1), double complex numbers (i> = 1) and dual complex numbers (i? = 0) [3,5, 6], asso-
ciative but noncommutative hypercomplex numbers of rank 4 are quaternions [5]. As a result of
complexification, functions of a pair of points of s-metric PS of GTS are obtained. This method
was tested in [3] and [5].

Note that the cases n = 1 and n = 2 for PS of GTS rank (n + 1,n + 1), as well as the case
n = 1 for PS of GTS rank (n + 2,n + 1) was previously considered in [3] over the algebra of
associative hypercomplex numbers.

1. Algebra of hypercomplex numbers and matrix algebra
over hypercomplex numbers

1.1. The results of this item are given by article [3]. Consider the real associative commutative
algebra L of hypercomplex numbers of order s ( [7], p. 462). An arbitrary hypercomplex number
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has the form: x = xg + 191 + - -+ Ts_195_1, where xg,z1,...,2s_1 € R, g =1, 41,...,1,_1 are
imaginary units. Addition and multiplication by a real number are component determined, and
the product is written so: for arbitrary z,y € L,

n
xy = E TRY1ikll.
k,1=0

The product of imaginary units ixi; € L is defined by a special table. Denote by U(L) C L the
set of invertible elements. The set U(L) is open and dense in L and is a group by multiplication.

1.2. Let M,, be the set of matrices of size m x m over the algebra of associative commutative
hypercomplex numbers L, m > 1. The addition of such matrices and multiplication by a hyper-
complex number is determined in the usual way. The product of matrices is also determined by
the rule "row by column". One can prove that M, is a linear associative algebra ([7], p. 184).

Consider the matrix A = (a;;) € M,,, where ¢, = 1,...,m. Denote by |A| the determinant
of this matrix, and by A;; — the algebraic complement of the element a;;. Further we use the
well-known statement from linear algebra.

Proposition 1.1 ([8], p. 50). A square matriz A with elements from a commutative ring K
with unity has an inverse matriz with elements from K when and only if the determinant of the
matriz A is invertible into K.

From this statement it follows that over an algebra of associative commutative hypercomplex
numbers L, the matrix A is invertible if and only if |A| € U(L). The set of invertible matrices in
M,, is denoted by UM,,). This set is open and dense in M,,. The inverse matrix to the matrix
A € U(M,,) is denoted A~! = (a;;) and its element ayy, is calculated by the formula ([9], p. 26):

Qi = Aki‘A|_1.

2. Classification of one-metric phenomenologically
symmetric geometries of two sets (PS of GTS)

2.1. In the introduction, the definition of a one-metric PS of GTS of rank (n + 1,m + 1) is
given, and the functions of a pair of points for a PS of GTS of rank (n+1,n+1), of a PS of GTS
of rank (n + 1,n) and PS of GTS rank (4,2). For them, functional connections are known [1]
and [4]:

For PS of GTS rank (n+1,n+ 1):

first solution (function of a pair of points (1)):

flpr,vn)  flpa,ve) oo flua,vn)

fluz,v1) - flpz,v2) oo flpz,vn) -0 (5)
[, v1)  flpn,v2) o fpn, vn)
second solution (function of a pair of points (2)):
0 1 1 1
Flp,v) - flpa,ve) oo fp,vm)
L fluz,vn)  flpz,ve) - flpz,vm) | =0. (6)
L flun,vn)  flpnsva) o fins vn)
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For PS of GTS rank (n+ 1,n):

f(,ulayl) f(:ulvVQ) f(.ulal/n—l) 1

S B ®
f Nn,Vl) f(:unaV2) f(Mnaanl) 1

For PS of GTS rank (4,2):
flprvn)  flunsve)  flpa,vn) f(pa,ve) 1
Flpzsvn) - f(pz,ve)  fluz,v) f(pzsve) 1| 8)
flus,vn)  flus,v2)  flps,vi)f(ps,ve) 1 .
flua,ve)  flpa,ve)  flpa,vi) f(pa,v2) 1

2.2. The concept of motion in GTS is introduced as a set of locally diffeomorphic transfor-
mations

x' = )\(1’)7 6/ = 0(5)

of R™ and R'™ varieties preserving the function pairs of points:

f@', ) = f(Mx), o(&)) = f(x,8). (9)

Relation (9) is a functional equation for a group of motions, solving which are the equations of
this group:

For PS of GTS rank (n+1,n+ 1):

first solution:

X' =AX, = =A"'g, (10)
IL‘/l 1171 fll 51 all - CLln

where X' = ’X: 75/: e, 2= ’A: is nonde-
z'm " é-/n gn anl oo g

generate matrix;
second solution:
X' =AX+B, 2"=a2"+CTX +b",

2 =AY E-0), ¢"=¢"-BTATN(E-0)-V, (11)
2/ ol ¢n ¢l pl
where X' = ], X = ], B = |, 2= .|, B= ]
=1 21 g1 gn-1 pn—1
P all . agln=1)
c=|.--- |, A= e e e nondegenerate matrix.
en—1 am=D1 . g(n=1)(n—1)

For PS of GTS rank (n + 1,n):

X' =AX+B, Z=A"1g, ¢n=¢"—-BTA 5, (12)
2/ ! €/1 51 bl
where X' = ], X = , 2= ], 2= - |, B= o
m/n—l xn—l g/n—l gn—l bn—l
all o qln—1)
A= . o .. nondegenerate matrix.
ar=D1 .. g(r=1)(n-1)
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For PS of GTS rank (4,2):
ol = (az' +0)/(cx’ +d), €' =(dg" —c€?)/(d ~ ),
€% = (ag? = b€")/(d — &), € = (a&® ~b)/(d~c£’),

where ad — bc = 1.

(13)

It should be noted that group and phenomenological symmetries for PS of GTS are equivalent
in the following sense: by the function of a pair of points, you can find a group of motions, and
by a group of motions — a function of a pair of points [1,2,4].

3. Complexification of one-metric PS of GTS
rank (n+ 1,7+ 1) hypercomplex numbers

3.1. Consider a one-metric F'S of GDM rank (n + 1,n + 1), which exists in two variants
([1], p. 63), defined by the functions of a pair of points (1) and (2) in R™ x R™. For n > 2
these options are not equivalent. For the first solution, the functional relationship is expressed
by equation (5).

The group symmetry of degree n? is determined by the n2-parametric group of motions with
equations (10) for the function of the pair of points (1), which satisfies the identity (9).

3.2. We carry out the complexification of the function of the pair of points (1), passing to
the corresponding hypercomplex functions and coordinates, assuming

S S S
F=0 ek, @ = axin, €= Ckik.
k=1 k=1 k=1
As a result, we obtain the s-component function of a pair of points
fK:$1£1+"'+l’"§n7 (14)
where 2!, ..., 2" &', ..., ", fi € L. Phenomenological symmetry, as is easily seen, if we use the
formula (14), is given by the identity:

fK(/,Ll,Vl) fK(,ulvVZ) fK(/J’hVn)

fK(,LLQ,l/l) fK(,LLQaV2) fK(,u‘27V7L) = 0.

fK(,uanI) fK(:un7V2) fK(/Man)

3.3. Let us find the group of motions for the complexification PS of GTS rank (n+1,n+1).
To do this, we solve the functional equation

I/1€/1+.“+Z‘/n€/n:$1€1+“'+xn§n (15)
on a set of motions.

Theorem 1. The group of motions of the complexification PS of GTS of rank (n+1,n+1) with
the function of a pair of points (14) is given by the equations

X' =XA, = =A"'g, (16)
¢ ap --oaf

in which X = (' --- a"),E= |-+, A=[-+ -+ - | =const € U(M,).
e a
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Proof. We write the identity (15) for n pairs of points (uvy),. .., (uv,):
.Z‘/l /1(V1) N +l'm€m(l/1) _ $1§1<V1) 4. +l‘n§n(V1),
xllf/l(l/n) S ZL'/nf/n(Vn) _ :lel (Vn) R xngn(l/n)

For convenience, the last equalities are rewritten in a matrix form:
X'D =XD,

&) o &)
where D = S € U(M,). Resolving, we have

') o €M)

X' =XDD'™.
at - ay
It can be seen that the variables are divided. Therefore A = DD'"! = | ... ... ...| =
al .- a?
= const € U(M,,). In this way,
X' = XA.
Similarly, identity (15) is written for the sequences (1v), ..., (unv), and then rewritten in a
matrix form:
U'E' =U=
at(pn) - 2™ (m)
where U = e U(M,), U =UA. Then
et (pn) o 2™ (pn)
UAZ =UE, = =UA)'UWE=A"'U'U=E=A4""'E.
Thus, we obtain (16). a

2 real

Obviously, the group of motions (16) is a sn?-parametric group, which includes sn
parameters.

3.4. For the second solution, the functional relationship is expressed by equation (6). The
group symmetry of degree n? is determined by the n2-parameter group of motions with equa-
tions (11) for the function of the pair of points (2), which satisfies the identity (9).

3.5. When passing to hypercomplex coordinates in expression (2), we obtain the s-component

function of a pair of points
fe=algl 4o 4TI a4 (17)

where 2!, ..., 2™, &', ..., €, fi € L.
Phenomenological symmetry, as is easily seen, if we use the formula (17), is given by the
identity:

0 1 1 1

L felpr,vn)  felpn,ve) oo fulpa, vn)

1 fK(U%Vl) fx(ﬂ27V2) fK(,UQaVn) =0.
1 fK(NmVl) fK(Nan2) fx(:um’/n)
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3.6. We find the group of motions for the second complexification PS of GTS rank
(n+1,n+ 1). For this, we solve the functional equation

m/lf’l N _i_aj/n—lgln—l =+ m/n +£ln _ wlgl N —i—a:"_lf"_l +x7L +€n
on a set of movements.

Theorem 2. The group of motions of the complexification second PS of GTS of rank (n+1,n+1)
with the function of a pair of points (17) is given by the equations

X' =XA+B, z"=a"+XCT +b™;

E=ATNE-0"), ¢"=¢"-BATNE-CT) -0, (18)
fl bl Cl
in which = = ,X:(x1 x”fl),B: = const, C' = = const,
gnfl bnfl Cnfl
a% . aj”lq’_l
b =const, A= -+ - - | =const€ U(M,_1).
al an=l
n—1 n—1

The proof of this theorem is similar to the proof of Theorem 1; therefore, it is omitted.
It is obvious that the group of motions (18) is a sn?-parametric group, which includes sn?

real parameters.

4. Complexification of one-metric PS of GTS rank (n+1,n)
hypercomplex numbers

4.1. We now turn to a one-metric FS of a GDM of rank (n + 1,n), ([1], p. 63) defined by
the function of the pair of points (3) in R"~! x R". The functional relationship is given by
formula (7). The group symmetry of degree n(n — 1)2 is determined by the n(n — 1)-parametric
group of motions with equations (12) for the metric function (3), which satisfies the identity (9).

4.2. In the transition to the hypercomplex coordinates in expression (3), we get the s-com-
ponent function of a pair of points

fK:xlfl_F._'_'_xnflgnfl +§n’ (19>

where z!,..., 2"t &1, ..., €7, fc € L. Phenomenological symmetry, as is easily seen, if we use
the formula (19), is given by the identity:

Jelpr,vn)  felpn,v2) o fulpa,vn—r) 1
Slpz, 1) fulpz,v2) - flpo,vn-r) 1| 0.
fK(:umVl) Jx(pn,v2) -+ fK(/‘manl) 1

4.3. Let us find the group of motions for the complexification PS of GTS rank (n + 1,n).
For this, we solve the functional equation

x/lg/l L x/n—lgln—l < g/n — .%'1§1 L xn—lfn—l _|_€n

on a set of movements.
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Theorem 3. The group of motions of the complezification second PS of GTS of rank (n+1,n)
with the function of a pair of points (19) is given by the equations

X' =XA+B, Z=A71'g, ¢"=¢"—-BA'E, (20)
El bl
in which the notation is entered = = | --- |, X = (acl x"_l), B=| - = const,
gn—l bn—l
a% e a’f’_l
A= AR = const € U(Mp_1).
I

The proof of this theorem, as well as the previous one, is similar to the proof of Theorem 1;
therefore, it is omitted.

It is obvious that the group of motions (20) is a sn(n — 1)-parametric group, which includes
sn(n — 1) real parameters.

5. Complexification of one-metric PS of GTS rank (4,2)
hypercomplex numbers

5.1. Finally, we turn to a one-metric PS of GTS of rank (4,2), ([1], p. 63) defined by the
function of a pair of points (4) in R x R3. The functional relationship is given by formula (8).
The group symmetry of degree n(n — 1)2 is determined by the n(n — 1)-parametric group of
motions with equations (13) for the metric function (3), which satisfies the identity (9).

5.2. In the transition in expression (4) to hypercomplex coordinates, we obtain the s-
component function of a pair of points

fo= (@€ + €)@ + )7, (21)

where o, 1,62 €3 f. € L, 2! +¢% € U(L). Phenomenological symmetry, as is easily seen, if we
use the formula (21), is given by the identity:

felprsvn)  fulpr,sve) o felpns va) f(pn,v2) 1
Flpz,vn) - flpz,ve) - ficlpz, vi) fi(pz,ve) 1)
felps, v1)  flps,v2)  fu(ps, v1) fu(ps,ve) 1 '
Jelpa,v1)  filpa,v2)  fi(pa, v1) f(pa, vo) 1

5.3. Let us find the group of motions for the complexification PS of GTS rank (4,2). For
this, we solve the functional equation

(:L,llgl/ +52/)(391/ +£3/)71 _ (58151 +§2)(1‘1 +§3)71 (22)
on a set of movements.

Theorem 4. The group of motions of the complexification second PS of GTS of rank (4,2) with
the function of a pair of points (21) is given by the equations
oV = (ax! +b)(cat +d)7L, &V = (d¢r — e€?)(d — c£3) 7, (29)
€ = (ag® = b&')(d - c€®)7", &% = (ag® —b)(d — €)1,

where ad —bc =1, a,b,c,d € L, cx'+d,d—c&* € U(L).
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Proof. Identity (22) is solvable with respect to 2!/, after which we fix the coordinates of the
points of the second set. After redefinition, we obtain the first equation of system (23).
Further, the identity (18) we write for sequences (u1v), (uav), (usv):

(@ ()€Y 4+ ) (" (u1) + €)1 = (2" ()€ + ) (@' () + &%) 7,
(" (u2)€" 4+ €2 (x" (n2) + €¥) 71 = (2" (n2)€! + &) (@' (u2) + &%),
(2" (u3)€" + E¥) (" (us) + €¥) 7" = (" (us)&" + &) (a" (us) + %)~

Then the resulting system is resolved with respect to £V, €% and £, whereupon fix the coordi-
nates of the points of the first set and go to the identity (22). As a result, after redefinitions, we

get equalities (23). |
Obviously, the group of motions (23) is a 3s-parametric group, which includes 3s real param-

eters.

Conclusion

Complexification by ordinary complex numbers PS of GTS rank (2,2), (3,3), (4,4) and (5,5)
are interpreted by Yu.S. Vladimirov in the theory of physical interactions [10,11]. They are given
the definition of spinors through the PS of GTS rank (2,2), which are used to describe elementary
particles. Complex PS of GTS high ranks are used to describe the fundamental interactions of
elementary particles.

In works [12-14], respectively, the complexification affine group and the complexification
projective group are investigated as the PS of GTS.
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KOMMYTaTI/IBHbIe IruilepKOMILJIEKCHbIE€ YM1CJIa 1 I'eoMeTpud
ABYX MHOX>KeECTB

Baagumup A. KsipoB
TopHO-AJrTaiicKuii TOCYIApCTBEHHBIN YHUBEPCUTET
Topno-Aurraiick, Poccuiickast @eneparust

Aunnorauus. ['asHoii 3a1adeii Teopun (heHOMEHOJIOTMYECKU CUMMETPUYHBIX €OMETPUH IBYX MHOYKECTB
SABJISIETCSA KJIacCuUKAIMA TaKUX reomeTpuit. B mamnuoit pabore mo (pyHKIMSAM Hapbl TOYEK HEKOTOPBIX
M3BECTHBIX (PEHOMEHOJIOTMYECKH CHMMETPHUHBIX reomerpuii aByx muoxects (®@C [ZIM) c¢ momorbio
KOMILIEKCUDUKAIIUN aCCOIMATUBHBIMUA TMIIEPKOMILIEKCHBIMU YUCJIAMU HAXOAUM (DYHKIMHA Tapbl TOYEK
HOBBIX reoMerpuii. Haxomum Tak»kKe ypaBHEHUsI MDY JBUXKEHUI 9TUX reoMeTpuii. YcranasiuaeMm ¢e-
HOMEHOJIOIMYECKYIO0 CUMMETPHUIO ITHX I'€OMETPHil, TO €CTh HAaXOAUM (DYHKIMOHAJIbHBIE CBS3U MEXK/Ly
GYHKIMSAMA Tapbl TOYEK JIJIsI OMPEJIEIEHHOTO KOHEYHOIO YHCJIA ITPOU3BOJIBHBIX TOYEK. B 1YacTHOCTH,
0 OJTHOKOMIOHEHTHBIM (DyHKImsaM napbl Touek ®C I'JIM panros (n,n) n (n+1,n) onpexnensiem s + 1-
KOMITOHEHTHbIe (DYHKIIUU [1apbl TOYEK TeX Ke paHros. Jjis HUX HAXOJUM KOHEYHbIE YPaBHEHWSs DYIII
JBUKEHUN W ypPaBHEHUsl, BhIpaXkarolye ux (heHOMEHOJIOIMIECKYI0 CUMMETPHUIO.

KuaroueBrbie ciioBa: reomerpusi IByX MHOYKECTB, (DEHOMEHOJIOTHYECKAS CHMMETPHs, I'PYIIIOBAas CHM-
MeTpHus, TUIEePKOMIIJIEKCHbIE YHCIA.
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