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A lower estimate for number of nodes of cubature formulas possessing the Haar d-property (d > 2) is
obtained in the two-dimensional case. Examples of minimal cubature formulas with Haar d-property for
d=2 and d = 3 are given.
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Introduction

The problem of constructing cubature formulas that integrate a given collection of functions
exactly has been earlier considered mainly in the cases when these functions are algebraic or
trigonometric polynomials. The approximate integration formulas exact for finite Haar sums can
be found in the monograph [1], the accuracy of approximate integration formulas for finite Haar
sums was used there for deriving the error of these formulas.

A description of all minimal weighted quadrature formulas possessing the Haar d-property,
i.e., formulas exact for Haar polynomials of degree at most d, was given in [2].

In the two—dimensional case, the problem of constructing cubature formulas exact for Haar
polynomials was considered in [3,4]. In those papers the following lower estimate for number N
of nodes of cubature formulas possessing the Haar d-property was obtained:

N =27 - \(d), (1)
where
25+l _ 2 d=2k
Ad) = 1 ’ 2
(@) {3x2d212, d=2k—1, @)
k=1,2,...If d > 5, then the estimate (1) is used for constructing minimal cubature formulas

possessing the Haar d—property, because in the case of d > 5 the number of nodes of these
formulas is equal to 2¢ — \(d), where A(d) is defined by (2). In [4] examples of minimal formulas
for d = 5,6,7 were given, and for any integer d > 8 minimal cubature formulas possessing the
Haar d—property based on those formulas were constructed.

In this paper in the two-dimensional case the following lower estimate for number N of nodes
of cubature formulas possessing the Haar d—property is derived:

N =20t 41, (3)

where d > 2 (see the Theorem 3). If d > 4, then the estimate (1) is more accurate than (3). In
the cases of d = 2 and d = 3 the estimate (3) refines (1). If d = 2 or d = 3, then the estimate
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(3) is used for constructing minimal cubature formulas possessing the Haar d—property, because
in the cases of d = 2 and d = 3 the number of nodes of these formulas is equal to 24~ 1 + 1.
In this paper for d = 2 and d = 3 examples of minimal cubature formulas possessing the Haar
d-property are given (see the Examples 1 and 2).

Moreover, in this paper in the two-dimensional case the following statement is proved: if the
coordinates of nodes of cubature formula possessing the Haar d-property (d > 2) not are the
points of discontinuity of any Haar function of the (d — 1)-th group, then

N > 24

)

where N is the number of nodes of the formula (see the Theorem 1).

1. Basic definitions and auxiliary statements

In the present paper we use the original definition of the functions x,, ;(z) introduced by
Haar [5], which differs from the definition of these functions at discontinuity points used in [1].

Binary intervals [,,, ; are intervals with their endpoints at (j — 1)/2™~! and j/2™~! (m =
1,2,..., j=1,2,...,2m 1), If the left endpoint of a binary interval coincides with 0, this
interval is considered closed on the left. If the right endpoint of a binary interval coincides
with 1, this interval is considered closed on the right. The other binary intervals are considered
open. The left and right halves of I,, ; (without its midpoint) are denoted by I, ; and I},
respectively.

The set [, j; X lm,,j, is called a binary rectangle, and its closures we call a closed binary

rectangle, where m, =1,2,..., j,=1,2,...,2™ "1 n=12.
The system of Haar functions is constructed in groups: the group indexed by m contains
2™=1 functions X, j(z), where m =1,2,... and j = 1,2,...,2™ 1. The Haar functions X, ;()

are defined as

m—1

277, ifwel,
_2%’ ifexe l:;,j’
Xm,j (z) = 0, if z € [0,1] \lmaj’
5 Xmj(2 = 0) + xm,j(z +0)],  if z is an interior discontinuity point,
=1

where E = |51 gme1 form =1,2,... and j = 1,2,...,2™~ 1. The function xo1(z) =1
is also included in the system of Haar functions (it forms a zero group).

Let d be a fixed nonnegative integer.

Below is the definition of Haar polynomials in the two—dimensional case. The Haar monomials
of degree d are the functions Xm, j, (¥1) Xms,j» (T2), Where mq +mg = d, j, = 1,2,...,2mn"}
for m,, # 0, j, = 0, for m;, = 0 and n = 1,2. The Haar polynomials of degree d are linear
combinations (with real coefficients) of Haar monomials of degrees not exceeding d such that at
least one of the coefficients multiplying the monomials of degree d is nonzero.

Consider the cubature formulas

11 N . '
1) = [[ foraa)dondes = 3" €1 o) = @ulf), ()
00 j=1

where (:cgj)wéj)) € [0,1]? are the nodes of a cubature formula; C; are the coefficients of the

formula at the nodes (real numbers); and j = 1,2,..., N.
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Formula (4) is said to possess the Haar d-property if it is exact for any Haar polynomial
P(x1,12) of degree at most d; i.e., Qn[P] = I[P].

To establish the inequality (3) for cubature formulas (4) possessing the Haar d-property, we
need to recall the following auxiliary statements.

It was shown in [2]| that there exist Haar polynomials of degree m that satisfy the equality:

2m if v € lta,j,
Km,j(@) =< 2771 if 2 € Lngr j \ lint1,s (5)
0, if x€0,1]\ lpmt1,5s
where m=1,2,...and j =1,2,...,2™
Lemma 1 (see [2]). The functions km. 1(x), Km2(x), ...Kmaom(x) form a basis in the linear

space of Haar polynomials of degrees not exceeding m.

The k-monomials of degree d are by definition the functions kgqr(z1), Kak(T2),
K1,i(21)Km,j(z2), where k=1,...,2¢ I+ m=d,i=1,...,2" and j =1,...,2™.
Lemma 1 implies

Lemma 2. Cubature formula (4) possesses the Haar d-property if and only if it is exact for all
Kk-monomials of degree d.

Identity (5) implies that each closed binary rectangle of area 2~ is the support of some

rk-monomial of degree d, namely, l,41,; X lnt1; = supp{n,i(1)km, j(x2)}, loy1s x [0,1] =
supp{tn,i(z1)}, [0,1] X Lyy1,; = supp{km,j(z2)}, where n,m = 1,2,..., i =1,...,2", j =
1,...,2m

Prove the following propositions.

Lemma 3. If Ky(x1,22) is an arbitrary k-monomial of degree d, then the following identity
hold:

I[Kd / Kd 331,5!1‘2) d.fl?l dl’g =1. (6)
00

Proof. Tt follows from (5) that Ky(x1,x2) = 2% for every interior point (z1,72) of the set
supp{K,}. Since supp{K,} is a binary rectangle of area 2-¢, we obtain (6).

Lemma 4. At the points of continuity of the Haar functions xm j(z) (m = 1,2,..., j =
1,...,2m71) the identity
Xon () = Fm—1,() (7)
holds true. Everywhere except the points at which the functions xpi(x) and Xm ;(z) are si-
multaneously discontinuous (if such points exist), the product of these functions can be written
as
k —
oz Xm](x), if Img S gy
Xk,i (%) Xom,j () = ot ij(x) if Ly C lk,i’ (8)
othwerwise,
wherem =2k, i #j asm =k.
Equality (7) follows from (5), the equality (8) is proved directly.

Lemma 5. If the cubature formula (4) possesses the Haar d-property, then every closed binary
rectangle of area 2% contains at least one node of this formula.

Proof. Suppose that some closed binary rectangle of area 2% does not contain any node of
cubature formula (4). Let K4(x1,x2) be the k—monomial of degree d, such that supp{K4(x1,x2)}
is the mentioned rectangle.

Then Qn[K4) = 0, while by Lemma 3 I[Ky] = 1. This contradiction to the condition of the
accuracy of the formula for Ky(xz1,x2) proves the lemma. |
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2. A lower estimate of the number of nodes of cubature
formulas possessing the Haar d-property

In the present section we prove Theorems 1,2. These theorems imply a lower estimate of the
number of nodes of the cubature formula (4) possessing the Haar d-property (Theorem 3).

Theorem 1. Let the cubature formula (4) possesses the Haar d-property (d > 2). If the coor-
dinates of nodes of this formula not are the points of discontinuity of any Haar function of the
(d — 1)-th group, then the number N of nodes of the formula satisfies the following inequality:

N > 24,
Proof. We use the technique applied in [6,7].

Let fi(z1,22) =1, fa(z1,22) = x1,1(21), f3(x1,22) = x1,1(@2), fa(z1, 22) = x1,1(21)x1,1(22),
f5($817$2) = X2A,1(CC1)7 f6($17x2) = X2,2($1),f7($1,332) = X2,1($1)X1,1(9U2)7 f8($1,902) =

X2,2($1)X1,1($2)7~-~, f2471+1($17$2) = Xd71,1($1)7 f2d71+2(3317332) = Xd71,2<331)7 s
Ja0a—2(21,22) = Xg—1,20-2(71), faoa-241(T1,22) = xa-1,1(x1)x1,1(72), fpa-2q0(T1,22) =
Xd-1.2(z1)X1,1(22), ..., foa(w1,22) = Xg—1,2a-2(21)X1,1(72).

Consider the equality
Zcfl xl 7x2 )f ($g "ng)) QN[flfl’] l7ll:17"'72d'

There are no points of discontinuity of the functions y, ; (m=1,2,...,d—1, j=1,2,...,2m71)
among the xgl),xé ), x§2), 52), . 7ng),ng). Hence, by Lemma 4 the function f;f; is a Haar
polynomial of the degree at most d. Then by the fact that the cubature formula (4) possesses

the Haar d—property the following equalities holds:

Qnlfifel = Ilfifv],
where 1,1’ = 1,...,2% Since the system of Haar functions is orthonormal (see [5]) then
11 )
0, if 141,
/ fil@e, z2) fv (21, 22) doy dzp = { 1 ;f lil’.
00
Thus, we have
N . .
Zijl (@, 29 fur (28, 2§)) = 61, 9)
j=1
where ;- is the Kronecker delta, and [,I' =1, ..., 2¢. Let
2 N) (N
h <x§;x§§> f<x§;x§§> ...... h (xﬁNi’”%Ni) e 0
Fe folxy /2y ’)  falxy”,2s) onnn. folzi ™ 2s ) Cand € =
fgd(acl ,xgl)) foa (ml ,ng)) ...... f d(mg ),xéN)) 0 On
Then the equalities (9) can be rewritten as
FCFT =

where E is an identity matrix of order 2¢. Since the rank of a product of matrices does not
exceed the rank of each factors, then

N > rankF > rank(FéFT) =rank F = 2%
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Theorem 2. Let cubature formula (4) possesses the Haar d-property (d > 2). If one of the
coordinates at least one of the nodes of this formula is a point of discontinuity of Haar function
of the (d—1)-th group, then the number N of nodes of the formula holds the following inequality:

N >29"1 41, (10)

Proof. For definiteness, assume that the first coordinate of a node (xgp ), xép ) of the cubature
formula (4) is a point of discontinuity of some Haar functions of the (d — 1)-th group, i.e.,

mgp) — Jp 1< ]p 2d 1 _ 1.

2d—1’
Consider the following closed binary rectangles of area 27 [0,54] x [0, 1] (2, 2] x
[0, 1], (2572, 2] < [0, 1], [, 252] [0, 1], 252, 255 % [0, 1], .., [L — 5, 1] x [0, 1].

By Lemma 5 each of them contains at least one node of the cubature formula (4). These rect-

angles are pairwise disjoint and number of their is equal to 2¢~!. Taking into account that no

one of these rectangles does not contain the node (srgp), :cép)) we obtain (10). O
The Theorems 1 and 2 imply

Theorem 3. If the cubature formula (4) possesses the Haar d-property, then the number N of
its nodes satisfies the inequality (10).

3. Examples of minimal cubature formulas possessing the
Haar d-property

In the cases of d = 2 and d = 3 we give examples of cubature formulas (4) possessing the Haar
d-property. It is easy to seen that the formula given in Example 1 is exact for all k-monomials
of degree 2, and the formula given in Example 2 is exact for all k-monomials of degree 3. Hence
by Lemma 2 they possess the Haar d-property for d = 2 and d = 3, respectively. The number
N of nodes of these formulas satisfies the equality N = 29=! + 1, therefore (10) implies their
minimality. The formulas mentioned were obtained by experiment (see Fig 1).

Example 1. d =2, N =3 : (", 2") = (1/4,1/2), (@\?,2?) = (5/8,1/8), (2\¥,2)) =
(7/8,7/8), C1 =1/2,Cy =1/4, C5 = 1/4.

Example 2. d =3, N = 5: (2" 2{") = (1/8,1/2), (2, 2{?) = (5/16,1/16), (2, 2{?) =
(1/2,7/8), (239, 2{Y) = (3/4,1/4), (xg"),xg’)) (15/16,11/16), C1 = 1/4, Cy = 1/8, Cs = 1/4,
Cy=1/4,C5 =1/8.

X, X,
1 1

12 12

0 112 1 0 12 1
a) b)

Fig. 1. Location scheme of nodes of minimal cubature formulas possessing the Haar d-property:
a) — for the formula given in Example 1; b) — for the formula given in Example 2
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Conclusions

In [1] one considered the following cubature formulas

1 1 N
~ () ()
/0.../0f(xl,...7xn)dx1...dxn ~ sz(xl yersy))) (11)
j=1
with nodes (acgj), . ,a:(j)) € [0,1]", generating Il -nets, i.e., nets that consist of N = 2 nodes

such that each of the binary parallelepipeds of volume 27~ contains 27 nodes (v > 7).

In [1] it is proved that these formulas possess the Haar (v — 7)-property, and in the cases of
n = 2,3 Il.-nets with an arbitrarily large number N = 2" of nodes exist for any 7 = 0,1,2,...
Therefore, in the two-dimensional case for a fixed d minimal cubature formula among the formulas
(11) possessing the Haar d-property is a formula, such that consists of N = 2¢ nodes, generating
II;-nets. Note that the number of nodes of cubature formulas given in the Examples 1 and 2 is
less than 2¢.
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O MUHUMAJIBHBIX KyOaTypHBIX (popMyIax, TOYHBIX
JJIs MOJIMHOMOB Xaapa MaJIbIX CTeleHell B JByMEePHOM CJly4dae

Kupunan A. Kupusiio

THoayuena HUNCHAR OULHKA YUCAA Y308 KYOAMYPHOLT GOPMYA, MOUHBLT IAA NoAUHOMOE Xaapa 6 08ymep-
Hom cayuae. Jas d = 2 ud = 3 npusederv, nPUMEPHL, MUHUMAALHLLET HOPMYA, 06aadarowur d-ceoticmeom
Xaapa.

Karoueswie cnosa: munumasvuve kybamypuve gopmyan, dynxuyuu Xaapa, moaunomv. Xaapa, d-
ceoticmeo Xaapa.
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