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The Q-process is considered in this paper. A link between the Q-process and the Galton- Watson branching
process allowing immigration is established in the paper. Due to this link the limit theorem on the joint
distribution of the population size and the total state of the Q-process is proved.
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1. Preliminaries

We consider the so-called Q-processes. The Q-process is defined by the Galton-Watson process
(GWP) conditioned on non-extinction of its trajectory in the distant future. We show that the Q-
process may be replaced by some GWP allowing immigration (GWPI). We investigate asymptotic
properties of the joint distribution of the population size and the total state in Q-processes.

1.1. On simple GWP. Let us consider a GWP. Let Z,, n € Ny (Ng = {0} U{N=1,2,...}),
be the number of individuals in the nth generation defined recursively as

Zin—1
Zy = 1, Zy = Z Cn,lm
k=1

where independent and identically distributed (i.i.d.) random variables ¢, ; denote the offspring
of k-th individual in the (n — 1)th generation. Let P {Z; = k € Ny} =: pi, be an offspring law of
the single individual and py > 0, pg+p1 # 1. According to the branching condition the evolution

law of GWP is regulated by the probability generating function (GF) F(s) := 3. pps*,
k€Ng

|s| < 1 and F,(s) := Es?" is determined by the n-step iteration of F(s). In this interpretation
A := F'(1) = E(,, is the mean per capita number of offsprings [see, e.g., 1, pp. 1-2].

We know that when A < 1 and A = 1 the GWP is die out asymptotically. Accordingly, in
these cases the properties of GWP are investigated on nonzero trajectories. In this context we

n—1
recall the following theorem on joint distribution of Z, and Y, := Y. Z;. The variable Y,
k=0

denotes the total number of offsprings of single individual until time n in GWP.

Theorem 1.1 (see, e.g., [11, p. 143]). Let A =1 and F"(1) < oo. Then two-dimensional random
vector (ZnJE [ Z,| Zy, > 0]; Yo /E[Y,] Z,, > 0]) weakly converges to the unique vector (Z*;Y*) as
n — oo and the Laplace transform for (Z*;Y™*) is of the form

97 —1
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The limit Laplace transform has been also obtained by D.Kennedy [10] in the study of the

behaviour of Z,, conditioned on the event {Y := lim Y,, = n} as n — oco. Setting A = 0 gives
m—0o0

the well-known conditional limit law for 2Y,,/F”(1)n derived by A.Pakes [13, Theorem 4].
This theorem also contains (at § = 0) the well-known A.Yaglom’s result [19]. According to
that result, limit of conditional distribution

2Z,
= e S n+m
S m () P{F”(l)n x| Zpy >O}

exists as n — oo for any m € Ng, and lim S, ,(z) =1—e"%, z>0.
n—oo

1.2. On Q-processes and main result. It was shown that the use of the conditioning of
not-extinction in the distant future Z,, > 0 instead of fundamental conditioning Z,, > 0 gives a
new limit distribution law which is distinct from classical one (conditioning of Z,, under Z,, > 0
means P{Z,, |Z >0} = Ai_r)nooP {Zn | Zpim > 0}). T.Harris [3] pointed out that at the same

conditions as in Theorem 1.1 the following result holds:

nlingo mlgnoo Spm(z)=1—e"%—ze™™, z>0.

Later the condition Z,, > 0 was treated by J.Lamperti and P.Ney [12], K. Athreya and
P.Ney [1, pp. 56-60], A.Pakes [13,15,17], A.Imomov [5,6,8], Sh. Formanov and A.Imomov [2].
Continuous time case was discussed in [7,9,18].

The stochastic process {W,,, n € Ny} defined by GWP under conditioning of Z,, > 0 is called
the Q-process in [1, pp. 56]. In fact the Q-process {W,,, n € Ny} is homogeneous Markov chain
with zero state W = 1 and it is given by transition probabilities

Q) = P{Wann=j|Wi=i}=
P{Zpir =7l Zx =i, Z >0},

for n,4,j,k € N. As it was proved in [1, pp. 56-58] these probabilities are of the form

) J¢" . iy
Qij = Zﬂ" P{Zn+k—]|Zk—Z}, (].].)
where ¢ is an extinction probability of GWP for which ¢ = F(q) and (8 := F'(q).
Further we need the GF W,(Ll)(s) =y ng)sj . Taking into account the branching property
JEN
of GWP and (1.1), we have the following relation:

Fr(gs)

i—1
. } Wh(s), (1.2)

WG = |

where the GF W,,(s) := 7(L1)(S) =E[s"" Wy =1] is

n € N. (1.3)

We see that the Q-process {W,,, n € Ny} can be defined by GF W (s) = Wi(s). Assume that
a := W'(1) has a finite value. We find out that « =1+ ¢F"(q)/8 > 1.

We study a limit of a joint distribution of the Q-process and its total state for the case A =1
(critical case for GWP). By the total state in the Q-process we mean the variable

Sp =Wo+Wi4+---+W,_1, So=0.
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Theorem 1.2. Let A = 1. Then the random vector (W, /EW,,; S, /ES,) weakly converges to
a random vector (W*; S*) as n — oco. The vector has the following Laplace transform

Ashvd]
E[e’AW*’GS*} - [ch\/§+2$\/§ ] L N0>0.

We note that the same limit Laplace transform appears in paper of A.Pakes [17] but in the
different context.
Further we use the joint GF

Tn(siz) =Y Y P{W, =i, S, =k} s'a", (s;2) €D, (1.4)

1€Ng k€N

ontheset]D):{|s|§1, lx] < 1: \/(371)2+(x71)2>r>0}.

In Section 2 we establish a link between the Q-processes and GWPI. This link allows us to
find out the necessary relations for GF J,(s;z). In Section 3 we discuss several preliminary
results on properties of GFs when A = 1. These results are used to prove the Theorem 1.2 in
Section 4.

2. Q-processes as GWPI

By iterating F'(s), the GF (1.3) may be written as

Wa(s) = lei[:G <F’€flqs)> (2.1)

with G(s) = F'(¢s)/8. It is easy to see that the following random sum of random variables is
comparable with GF (2.1):

Wyp—1

Wo=1, Wapi =14 Y &nitk + 7t (2:2)
k=1

where &, ; are ii.d. random variables with common GF F'(¢s)/q for all n and k. Variables
Ny are ii.d. random variables with Es™ = G(s). Then we can conclude that the Q-process
may be replaced by the following branching process. In the beginning there is one particle. The
evolution process is initiated by the stream of the immigrating particles. The emergence intensity
law is described by GF G(s). The immigrating particles in prospect undergo a transformation
according to the GF F (gs)/q. In addition, the initial particle does not disappear and does not
breed. This "immortal particle" is present throughout the evolution of the process.
Upon introducing W,, = W,, — 1, relation (2.2) is written in the form

W1

k=

—

One can see that the sequence {Wm n e NO} is nothing but the GWPI with W, = 0 and
transition probabilities @E:) =P {Woip=1 ‘Wk =i} = Qgi)l,j+1' Here Z,11 = Y, & is

the "internal" GWP that obeys the GF Es** = F (gs)/q and arrival intensity of immigranting
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particles is regulated by GF G(s). We refer the reader to C.Heatcote [4] and A.Pakes [14,16]
on further details regarding the GWPI with general GF G(s).

It is obvious that relations similar to relations (1.2) take place for the GF Ws)(s) =

> 75?) s7. Thus the analysis of asymptotic properties of Q-processes may be reduced to studying
JEN

of corresponding properties of GWPI. Moreover the GWPI {Wn, ne NO} may be not super-
critical. Indeed, the mean number of the single individual offspring in "internal process" is

e R S P oh 2
The variable Y,, := n—le denotes the total progeny in the process {77“ n e NO} up to
time n. Let us define akj:ooint GF H,(s;z) := EsZraYn, (s;z) € D. Following the reasoning
given in [13], the following relations hold for the GF H,(s;x):
Hy(s;z) = s,
Hyq1(s52) = mw (2.4)
The variable S, := n_ka represents the total progeny in the GWPI, defined by rela-
tion (2.2%). We see that tk;eojoint GF J,(s;z) := EsWn25" (s;z) € D has the form
n—1
Ta(siz) = [ G (Hi(s;2)), (2.5)
k=0

where GF G(s) is given in (2.1) and H,(s;z) satisfies equations (2.4) (see also [17]).

Considering (2.2) and (2.2*) we see that S,, = S,, — n and, therefore, J,,(s;x) = sz™.J,(s; ).
Now using (2.4) and (2.5), we obtain the following representation for GF .J,,(s; x) defined by (1.4):

n—1

xF' (qHy(s;x))
Jn(s;2) =s —_— (2.6)
IT |5

3. Some discussion on generating functions in the case A =1

From now on we consider the case A = 1. In this case relation (2.6) becomes

n—1
J(sie) = s [] eF’ (Hi(s;2)), (3.1)
k=0
where H,(s;2) = EsZ»zY". We have
W _EW, & W _ES,.
5 Nsm)=(1) T =)
Using direct differentiation, it can be found from (3.1) that
-1
EW,=(a-Dn+l & Esnzo‘2 n(n+1)+n, (3.2)
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where, as before, « = W'(1) =1+ F"(1).
Further we use the GF A, (s;z) := h(z) — H,(s;x), n € Ny, where h(x) = Ez¥ is the GF
of Y = lim Y,,. This variable denotes the total number of particles participating in process

n—oo

{Z,, n € Ny} for the duration of its evolution. Since the process dies out with probability 1 in
the discussed case, the variable Y always exists.
By virtue of P{Z,, > 0} = O (1/n) as n — oo (see [1, p.11]) we have

Sup |Ap(s;z)] — 0, n— oco. (3.3)
(s;x)€eD

Using arguments given in [11, p. 127, Lemma 3|, we obtain
[Ak(s; )] < [A;(s52)], (3.4)

forall k € Ngand j =0,1,... k.
We also know that for A, (s;z) the following asymptotic expansion holds:

L ! L b@) @] S~k
An(siz)  w(@) |Bo(siz) | 1-ula) +’;sk<,> ()], (3.5)
where
F" (h(x))

u(x) = aF (h(x)), b(z):

and Sup |e,(s;2)] <&, — 0, n— oo (see [11, p. 136].
(s;x)eD

Further we consider the behavior of h(z) and u(x) in a neighborhood of z = 1. Tt is known
[11, p. 126] that

1—h(z) ~4/2(1 —2)/F"(1), ©— 1. (3.6)
On the other hand, we have

F'(h(x)) ~1—=F"(1)(1 = h(z)), 2 — 1 (3.7)
by means of Taylor expansion. Considering relations (3.6) and (3.7) together, we obtain

u(x) ~1—+/2F"(1)(1 —2x), = — 1. (3.8)

4. Proof of the Theorem 1.2

We follow the method proposed by A.Pakes [14]. Let ¥, (\;0), \,6 > 0, be the Laplace
transform of variable (W,,/JEW,, ; S, /ES,). Taking into consideration (3.1) and (3.2), we obtain

n—1

Uy (X 0) ~ T (i) = Xt [ F (Hi(An302)), n— o0, (4.1)
k=0

where A, = exp{—\/(a — 1)n}, 6,, = exp{—260/(a — 1)n?}. We sce that the term A, on the
right-hand side of (4.1) tends to unity as n — oco. It is ensured that Ay, (X;0) := F' (Hi(M\n;65))
does not decrease with k for a fixed n and A > 0, # > 0. Then using the inequality In(1 — z) >
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—z—2?/(1—x), 0 <z <1, we obtain

In 1:[ Apn(N;0) = i In{l — (1 - Agn(X;0))} =
k=0 k=0
= —Z — Apn(X;0)) + D (X 0) =
L0+ A 0) (4.2)
where .
k=0
and

n—1
1-A )\9)]
> (1))\9 > E */

1-— AOn()\, 0)

Aon (% 0) I, (X;0). (4.4)

It is easy to see that 1 — Ag,(X;0) =1 — F'(\,) — 0 as n — oo. Then pn ()\ 0) — 0if I,(\;0)
has a finite limit as n — oo.
By Taylor expansion we have

F'(t) = F'(to) — F"(to)(to — t) + (to — t)g(to; 1), (4.5)

where g(to;t) = (to — t)F"'(7)/2 with t < 7 < to. Setting t = Hy(An;6p) and tg = h(6,) in (4.5)
and using the GF A (s; z), equation (4.3) becomes

n—1
L(X0) = — [1 = F/(h(0,))]n — F"(h(0)) 3 Ae(hni ) + o2 (A:6), (4.6)
k=0
where . .
0< PP N0 =D Ar(Ans 0)gkn (X 0) < Do(Ani ) D grn(X:6). (4.7)
k=0 k=0
Here we use inequality (3.4) and relation gin,(X;0) := g (h(0n); Hi(An; 0r)). Using relation (3.6)
we get
A—2v0

Considering (3.3), we see that g, (A;68) — 0 as k — oo for all n € Ny. Hence the arithmetical
1 n=1

mean of these expressions — > ggn(A;0) — 0 as n — oo. Then it follows from (4.7) and (4.8)
7 k=0

that p% )()\; ) approaches zero as n — oo. Therefore, it follows from (3.6), (3.7) and (4.6) that

n—1

I(X0) = =2v0 — F"(1) > Ap(Ani0n) + 0(1), n — 0. (4.9)

k=0
Consider now the sum on the right-hand side of (4.9). From (3.5) we have
u* (6,)
b(0,)[1—uF (0 N
rvieeey s = u<en§ bt Skn (X 0)

Ap(An;0n) = (4.10)

—294 —



Azam A.Imomov Limit Theorem for the Joint Distribution in the Q-processes

where Y, ();0) = Z er(An; 0,)uk(0,). Since |ex(Mn;0n)| < e — 0, k — oo, and |u(z)| =
k=
|zF’ (h(z))] < F'(1) = 1 then

%an()\; ) =o(1), n — oo. (4.11)

Using relations (3.6)—(3.8), it is easy to find that as n — oo

1= u(6,) = 2\[(14—0(1)) (4.12)
bO,) — F';(l) (14 0(1)). (4.13)

Taking into account equations (4.8), (4.10)—(4.13) we see that

4\/5 Me—zk\/é/n 0 i
F/l(]_)’rL (1 _ e—2k\/§/n) o+ 1 B n2 3

Ak(An; on) -

as n — 00, where y = ()\ — 2\/5)/4\/@ Then the second term in expression (4.9) can be
transformed to

— 4M\/§e—2k\/§/n 1
' ZAk Ani ) Z (1—62’“/5/“)u+1”+0(1)'

k=0

The sum on the right-hand side of the last equation can be recognized as the upper (if p+1 < 0)
or the lower (if 4+ 1 > 0) Darboux sum of the Riemann integral

[ ap/Be2e ]
[ (-]

Then we finally obtain

I,(\0) = —2v0 — 21n lm (1 - e—Q\/@) +1

W +o(1), n— oo. (4.14)

After considering relations (4.1), (4.2) and (4.14), we complete the proof of the theorem.
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OaHa npeiesbHasi TeopeMa JJid COBMECTHBIX paclipeaesieHuii
B Q-mmporieccax

A3zam A.VIMmomoB

Mo pacemampusaem Q-npoueccol. Yemanasausaemces 2aybokuti c6asv meocdy Q-npoyeccamu u eem-

sawumuca npoveccamu Iasvmona-Bamcona ¢ ummuepayueti. Jokasveaemces npedeavHas meopema 0as

cosmecmmuulr pacnpedeneruti cocmoanutl u obwuxr cocmoanul 6 Q-npouecce.

Karoueswie caosa: semeaujuecs npoueccw, Iarvmona-Bameona; ummuepayua; Q-npoueccol; obwee co-

cmoanue Q-npoyecca; NPedesvHAA MEOPEMA.
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