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Abstract. We investigate the finite semifields which are distributive quasifields, and finite near-fields
which are associative quasifields. A quasifield @ is said to be a minimal proper quasifield if any of its
sub-quasifield H # @Q is a subfield. It turns out that there exists a minimal proper near-field such that
its multiplicative group is a Miller—-Moreno group. We obtain an algorithm for constructing a minimal
proper near-field with the number of maximal subfields greater than fixed natural number. Thus, we find
the answer to the question: Does there exist an integer N such that the number of maximal subfields
in arbitrary finite near-field is less than N? We prove that any semifield of order p* (p be prime) is a
minimal proper semifield.
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1. Introduction and preliminaries

Closely related problems of classification and construction of projective translation planes
and their coordinatizing quasifields have been studied from the beginning of the 20th century
(Dickson [1], Veblen and Maclagan-Wedderburn [2]; see also [3,4]). Recall that a set L with a
binary operation o is called a loop if L contains a neutral element and equations a o z = b and
x o a = b are uniquely solvable for any a,b € L [5,6]. So, a group is an associative loop. A set
@ with binary operations of addition 4+ and multiplication - is called a right quasifield [3] if the
following conditions are satisfied

1) (Q,+) is an abelian group with zero 0,
2) Q* = (Q\ {0},") is a loop with an identity e,
3) 20 =0 for any z € Q,

4) @ satisfies the right distributivity (z + y)z = 2z + yz for any z,y,z € Q,

5) if a,b,c € Q and a # b then the equation xza = b + ¢ has an unique solution in Q.

A left quasifield is defined in the same way by replacing the right distributivity with the
left distributivity. Any associative right quasifield is called a right near-field. Any distributive
quasifield is called a semifield.

As for finite quasifields the following problems are studied ( see also [7]).

(A) Enumerate mazimal subfields and their possible orders.
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(B) Find finite quasifields Q with not-one-generated loop Q*.

The hypothesis is as follows: a loop Q* of any finite semifield Q) is generated by one element.
(C) Define a spectra of a loop Q* if Q is a finite quasifield or a semifield.

(D) Find the automorphism group Aut Q.

The problems were studied earlier for certain semifields and quasifields of small orders [7-9].
See also Theorem 3.4 in Section 3. In Section 2 of the paper the question (A) is studied on
maximal subfields for the finite near-fields.

Clearly that a field is a trivial example of a quasifield. Any finite quasifield which is not a
field is said to be a proper quasifield. A quasifield @ is called a minimal proper quasifield if any
of its sub-quasifield H # Q is a subfield. For instance, any of non-trivial quasifields of order p?
(p is a prime number) is evidently a minimal proper quasifield. Therefore, by the well-known
Zassenhaus theorem, studies of question (A) are reduced to Dickson near-fields.

According to Dancs [10, 11] and Felgner [12], the maximal subfield of Dickson near-field
containing the center is unique. Certain near-fields have only two or three maximal subfields
[13]. However, earlier V. M. Levchuk noted that the answer to the following question is unknown:

Does there exist an integer N such that the number of maximal subfields in arbitrary finite
near-field is less than N ?

The Dancs description of sub-near-fields in a Dickson near-field is used (see also [13]). Devel-
oping Dancs and Felgner approach, the method of construction of some minimal proper near-fields
is proposed (Theorem 2.1). Main theorem 2.2 in Section 2 provides the negative answer to the
question above even in the class of minimal proper near-fields.

In the case of a finite semifield (Section 3), it is proved that any semifield W of order p* is
a minimal proper semifield, and any of its sub-semifields H # W is a subfield of order p or p?
(Theorem 3.3). A semifield of order p? > 8 is also a minimal proper semifield. According to
Knuth’s theorem [14], such semifield contains only the prime subfield.

2. Subfields in finite near-fields

First examples of finite near-fields were constructed by Dickson in 1906. All finite near-fields
were described by Zassenhaus [15] in 1936. His construction of Dickson near-field is based on the
special expansion of a Galois field GF(q), ¢ = p' for a prime p. The additive group of a Galois
field GF(g™) is used and it is characterized by the Dickson pair (q,n), where

1) any prime divisor of n divides ¢ — 1;

2) if ¢ =3 (mod 4) then n #£ 0 (mod 4).

By Zassenhaus theorem [15], all finite near-fields are Dickson near-fields, except seven near-
fields of order p* where p=5,7,11 (two near-fields), 23, 29 and 59 (see also [6]).
Clearly that the prime subfield P = {ke | k € Z} of any finite near-field @ is in the kernel

KQ)={reQlaly+tz)=ay+az, (y+z)v=yz+22VyzecQ}

However, the center Z(@Q) is not necessary a subfield. In fact, it was shown [13, Th. 1] that
for any finite near-field the center coincides with the kernel except Zassenhaus near-fields Q of
orders 52, 7%, 112 and 29% with |Z(Q*)| = 2, 2, 2 and 14, respectively.
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According to [16], the prime subfield is a unique maximal subfield in a near-field of order
p" for any prime number r. So, in this case the near-field is a minimal proper near-field, and
question (A) is reduced to the case of Dickson near-fields, where r = In is not prime number.

The class of all Dickson near-fields of order ¢" with the center GF(q), ¢ = p' is denoted by
DF(g,n). The well-known correspondence between the subfields in a Galois field GF(p™) and
the divisors of m may be generalized to Dickson near-fields and their sub-near-fields (see [10,11]).
The following lemma describes this generalized correspondence.

Lemma 1. For any sub-near-field H of a Dickson near-field Q € DF(p',n) there are h|(In)
and 0 < j < n such that |H| = p", H € DF(p*, h/z), z = GCD(jl, h) and

pln_l

= phj(mod n). (1)

J
Inversely, if h| (In) then Q contains the unique sub-near-field H of order p™.

Felgner [12] proved that any Dickson near-field @ has the unique maximal subfield M(Q)
containing the center Z(Q). By [13], if |M(Q)| = ¢*, then for the canonical decomposition of n
and A\ we have:

(na/2) fna/2]

n=ppytp, A=p /.

p
Example 1. Let Q be any near-field of order 2!%° from the class DF(2*,45). Lemma 1 is used
to construct the lattice of sub-near-fields of @ (see Fig. 1). The commutative sub-near-fields, i.e.

subfields, are shown in colour. The near-field () contains three maximal subfileds, their orders
are 245, 230 and 212 = |M(Q)|. Maximal sub-near-fields of orders 20, 236 260 are not subfields.

Further, examples of minimal proper Dickson near-fields @ will be given. Next we consider
the following Lemma.

Lemma 2. Let H be a sub-near-field of order p" in a Dickson near-field Q € DF(p',n) and
H € DF(p®,h/z). Then (h/z)|n.

Proof. Tt is enough to consider the case where k = (In)/h is a prime number. Let k divides
n. Then n = kn/, h = In/,

z = GCD (jl,h) = GCD (jl,In") = - GCD (j,n') = In",

where n” divides n. So, we have

= fn// =

Let k divides . Then [ = kl’, h = I'n,

h In n’'
z !

2 = GCD (jl, h) = GCD (jkl',I'n) = ' - GCD (jk,n) = U'n/,

where n/ divides n. So,
h IUn n

z Un n
divides n. O

Let us denote the set of all prime divisors of m € N by w(m). Firstly, we consider the case of
the minimal expansion degree n = 2.
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Fig. 1. Sub-near-fields lattice in the Dickson near-field of order 2'8 with the center GF(2*%)

Lemma 3. The center Z(Q) ~ GF(p') is the unique mazimal subfield in any finite Dickson
near-field Q € DF(p',2).
Proof. Tt is evident that p > 2 and Z(Q) is a maximal subfield of Q. Let H be another

maximal subfield of Q. Then H ¢ Z(Q) and |H| = p*', where I’ divides I. Let us consider the
sub-near-fields sequence

Q:H(]DHlD“'DkalDHk:H,

where |H;| = p" and h;_1/h; are prime numbers. The maximality of subfield H leads to
Hy, € DF(le,, 1) and Hy_; € DF(pl”, 2), where I’|l”, "]l and I" /I' = m is a prime number. Let
us determine parameter j (1) for the sub-near-field Hy in Hj,_; and obtain

p2l” -1 p2ml/ -1
p2l —1 - p2l —1
thatisj=1ifm >2and j =2 if m =2.

If m > 2 then z = GCD(jl”, h) = GCD(I'm,2l') = I' so Hy € DF(p",2) and Hj, is not a
subfield. This is contradictory to the supposition.

If m = 2 then z = GCD(jI”,h) = GCD(20",2l') = 2I'. We have H;, € DF(p?"',1) and
Hy_1 € DF(p?,2), where 2!’ divides I, so Hy, is in the center Z(Q) and it is not a maximal
subfield. This is contradictory to the supposition. |

= = 2 (m=1) 2" (m=2) 4 2 4 ) = p(mod 2),

If the expansion degree n is greater than two then one can choose the prime number p such
that a Dickson near-field @ € DF(g,n) is a minimal proper near-field.

Theorem 2.1. There exist infinitely many minimal proper near-fields Q € DF(q,n) for any
fized prime number n > 2.
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Proof. Let n > 2 be a prime number. Let us consider the field GF(n) and choose its primitive
element pg, pp~' = 1(modn) and pj* # 1(modn) for any 0 < m < n — 1. The arithmetical
progression {pg + nt}{2, contains infinitely many prime numbers. Let p = pg + nt be one of
them. Then (p"~!,n) is a Dickson pair. Indeed,

pnl = (po + nt)’“1 Epg'_l = 1(modn),

that is, n divides ¢ — 1 = p"~! — 1. Now let Q be any near-field from the class DF(p™~!,n).
Let us consider all its maximal sub-near-fields. Number n is a prime number. It is clear that the
center Z(Q) ~ GF(p"~!) is a maximal sub-near-field in . Suppose that H # Z(Q) is another
maximal sub-near-field of Q. Then |H| = p", where h = nl’ and k = (n—1)/I’ is a prime number.
Let us determine parameters j and z (1) for H and obtain

) p(nfl)n -1

j= W(modn),

p"~I" —1 = 0(modn), p" = p(modn),
PPr—1=0p"" —1=p" —1(modn) # 0(modn),

so j = n. Further, z = GCD(jl,h) = GCD(n(n — 1),nl') = nl’ = h and H € DF(p", 1), that
is, H is a subfield of ). So, all maximal sub-near-fields of ) are subfields, and their number is
equal to |r(n —1)| + 1. a

The following theorem proposes a method to construct the minimal proper near-field where
the number of maximal subfields is greater than any fixed integer.

Theorem 2.2. For any s € N there exists a minimal proper Dickson near-field that has more
than s mazximal subfields.

Proof. Let s be any integer. Let us consider the product of s different prime numbers
N =ry-rg-----15. Then the arithmetical progression {1 + Nt¢}72, contains infinitely many
prime numbers. Let n = 14 Nty be one of them. According to Theorem 2.1, one can choose the
prime number p such that the class DF(p"~!,n) contains a minimal proper near-field Q. The
number of maximal subfields in @ is equal to 1 4 |r(n —1)] > 1+ s. O

Example 2. Using these results, one can give an example of a minimal proper near-field with
five maximal subfields. Let n =2-3-5-7+ 1 = 211. It is a prime number. The Galois field
GF(211) contains the primitive element 3: 3% = 1(mod211) and 3™ # 1(mod211) for any
0 < m < 210. Then the near-field Q € DF(3%'°,211) contains five subfields H; of orders 3":,
t=1,...,5, where

210211 210 - 211 210 - 211 210 - 211 210 - 211
hl = 0 ) h2 = 0 ) h3 = 0 ) h4 = 0 ) h5 = 0 .
2 3 5 7 211

Indeed, the calculation of j and z (1) shows that j = n and z = h; so h;/z = 1 and H; ~ GF(3").
Numbers n/h; are all prime numbers so these subfields are maximal sub-near-fields in Q.

A minimal proper near-field with exactly one maximal subfield is also determined.

Lemma 4. A Dickson near-field QQ is a minimal proper near-field that has unique mazximal
subfield iff Q is from one of classes DF(p,r), DF(p,r?), DF(p",r), where p and r are possible
prime number.

- 108 —



Olga V. Kravtsova Minimal Proper Quasifields with Additional Conditions

Proof. According to [16], in a near-field @ € DF(p,r) the center Z, is a unique maximal
subfield, and @ has no another sub-near-fields by Lemma 1. For a near-field Q € DF(p,r?)
or Q € DF(p",r) of order p"” the unique maximal sub-near-field is the subfield M (Q) because
A = r. Inversely, let Q € DF(p',n) satisfies the condition. It is clear that In is a degree of
one prime number, In = 7. The maximal subfield M (Q) which contains the center GF(p') has
the order p*, where A = r[t/2l. If H # Q is a maximal sub-near-field in Q of order prtf1 then
H = M(Q). So,t=1ort=2. The case DF(p", 1) is evidently corresponds to the field GF(p").

O

Clearly, that the multiplicative group Q* of the minimal proper near-field Q € DF(22,3) is
a Miller—Moreno group [17]. On the other hand, the multiplicative group Q* of the near-field Q
from Example 2 is not a Miller-Moreno group.

3. Subfields in finite semifields

Let (W, +,0) be a semifield of order p™ (p is a prime number). The universal method to
determine a finite semifield (see, for example, [3,18]) is to introduce n-dimensional linear space
over the field Z, with a multiplication law

zoy=x-0(y) (z,yeW).

Here, 6 is an injective linear mapping from W to GL,(p) U {0} with the property 6(e) = FE
(the identity matrix) for some vector e € W (neutral under the multiplication o). Then, the set
R={0(y) | y € W} is called a spread set of a semifield W. The notation W = W (n,p, ) is used.
Elements of the prime subfiled P ~ Z, correspond to the scalar matrices kE = §(koe) € R.
Note that koa (k € N, a € W) is the sum of k items equal to a. According to the definition of
a semifield, the following result is evident (see also [19)]).

Lemma 5. Let W be a semifield of order p™, and R C GL,(p) U{0} is its spread set. Then, for
any non-scalar matriz A € R the characteristic polynomial x a(x) € Zp[z] has no linear divisors

T — A
Proof. Indeed, let A = 6(a), a € W, and x — X divides x4(x). If b € W is a correspondent
eigenvector then
bd(a) = Ab, bl(a—Aoe)=0, bo(a—Aoe)=0, b#0.
So, we have a = X o e because a semifield has no zero divisors. O
In what follows the results on minimal polynomials in finite semifields which were proved
in [20] are used. For any polynomial f(z) € Z,,
f@)=cnz™ +cpmo1a™ P+ et vty (¢ €7y, i=0,1,...,m),
and any element a € W the right- and left-ordered value of the polynomial are defined:
f(a)) =cmoa™ +cem10a™ V4 teg0a’+ci0a+cgoe,
f((a) =cmoa™ +cem10a™ V4 deg0a+ci0a+cpoe.
Here, a® and a(® are the right- and left-ordered degrees of an element a, respectively. They are

determined inductively by the rule

o) :=a"Yoa, a®:=ao0a®, aY:=a=a"
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Evidently, in the case of degree < 2, the right- and the left-ordered values f(a)) and f((a) are
equal.

The right-ordered minimal polynomial of an element a € W(n,p,0) is said to be a monic
polynomial p,(x) € Fp[z] of the minimal degree such that p,(a)) = 0. The left-ordered minimal
polynomial ! (z) is defined in a similar way. According to [20], we have

Lemma 6. If a € W(n,p,0) and A = 0(a) then the right-ordered minimal polynomial of an
element a is a factor of the minimal polynomial of the matriz A.

Now consider semifields of small orders p* and p* and their subfields. It is well-known [14]
that a semifield of order p? or 8 is a field. So, it is clear that any semifield of order p® > 8 is a
minimal proper semifield. Let us specify the possible orders of subfields in such a semifield.

Lemma 7. Let W be a semifield of order p™ with the multiplicative identity e. If a non-zero
element a € W has the right-ordered minimal polynomial ul(x) € Zy[x] then deg(ph) =1 iff a
belongs to the prime subfield P and deg(u,) = 2 iff K = {oqoe+agoa | ar,a0 € Zp} is a
subfield in W of order p?.

Proof. The first proposition is evident. Let deg(u}) = 2. Then the system of vectors e,a

is linear independent over Z,, a’ € K, so |[K| = p?. Moreover, K is closed with respect to
multiplication and multiplication in K is associative. Inversely, if K is a subfield of order p? then
a ¢ Panda’cK. m]

Corollary 1. Let W be a semifield of order p™. The subset of elements with the minimal
polynomial of degree 1 or 2 (together with 0) is the union of all subfields of order p* in W.

Let us note that for a sub-semifield (or a subfield) U of order p™ in a semifield W of order
p" the condition m|n need not be satisfied. This fact can be explained by the absence of multi-
plicative associativity: in general a semifield W is not a linear space over U. Moreover, a finite
semifield may contain more than one sub-semifields (subfields) of the same order.

For example, there exists the semifield of order 32 containing the subfield of order 4, and also
semifields of order 81 with three disjoint subfields of order 9 (see [7,9,21]).

The evident examples of subfields in the finite semifields are the left, middle and right nuclei 3|

N={zeW|zo(yoz)=(roy)ozVy ze W},
N ={o €W |yo(woz)=(yox)oz Vy,z e W},
N, ={zeW |yo(zox)=(yoz)ox Yy ,z€ W},

the nucleus N = N; N N,, N N, and the center Z = {z € N | zox =z o0z Vo € W}. Let us
consider now another example of a semifield of order p* with a subfield of order p? (see [18]).

Lemma 8. Let W be a semifield of order p* and ¢ be an involutory automorphism of W. Then
the stabilizer U = {x € W | ¢(x) = x} is a subfield of order p*.

It is natural to assume that for a semifield of order p™ any sub-semifield is of order p", where
m < n/2. Let us show that it is true, at least, for the semifields of order p* and p*.

Theorem 3.3. For a semifield W of order p", where n = 3 or n = 4, any proper sub-semifield
is a subfield of order p™, m < n/2.

Proof. Let W be a semifield of order p3, U be its subfield of order p?, and the element a € U
does not belong to the prime subfield P. Then, its minimal polynomial u,(z) € Z,[z] is of degree
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two and it divides the minimal polinomial p4(x) of the correspondent matrix A = 6(a) € GL3(p)
from the spread set. Then, the characteristic polynomial y 4(x) of matrix A has a linear factor
that is impossible.

Let W be a semifield of order p*, U be its sub-semifield of order p3. It was proved above
that it does not contain the subfields of order p%. So, any of its elements a € U, not from the
prime subfield P, has the right-ordered minimal polynomial u}(x) € Z,[x] of degree 3. Then,
the characteristic polynomial x 4(x) of the correspondent matrix A = 6(a) € GL4(p) from the
spread set has a linear factor. O

One can generalize the obtained result using the notion of the right-cyclic semifield. An
element a of a semifield W of order p™ is called right-cyclic over Z,, if elements

e, a,a2,a3), . ,a”fl)
form a base of W as a n-dimensional linear space over Z,. So, the semifield W is called right-
cyclic over Zj,,. A left-cyclic element and a left-cycllic semifield are defined in a similar way. Let
us note that all known up to now finite semifields are right- and left-cyclic even non-primitive
semifields of order 32 and 64 (see, for example, [19,22,23] and [7].

Corollary 2. A semifield W of order p™ contains no right-cyclic over Z, sub-semifields of order
n—1
P

Proof. 1t is enough to consider the right-ordered minimal polynomial of a right-cyclic element
a of a sub-semifield of order p”~!. The characteristic polynomial of correspondent matrix A =
f(a) from a spread set has a linear factor. O

Let us now illustrate these results by the examples of semifields of order 5* and 13* with
additional condition to autotopisms. Remind that the triple of automorphisms («, 3,~) of the
additive group (W, +) is called an autotopism of a semifield W' if for all z,y € W the equality
1% oyP = (zoy)” is satisfied. It is simple to prove (see [18]) that fixed o and v defines the
automorphism f.

Let W be a semifield of order p* (p is a prime number, p = 1(mod4)) determined as a
4-dimensional linear space over Z,. Now consider its mappings

a1 : (21, 22,23, 24) — (—ixy, —ixa,1T3,iT4), @)

Qg . (1‘1,1'2,.7537.'174) — (—1‘3, —1‘4,1'1,.’152), xj S Zpa ] = 17 27 3) 47
where i € Z,, i*> = —1. Let 01 = (aq,B1,01), 02 = (a2, 2, a2) be the autotopism of W,
where a; and «ay are defined by (2), and H = (01, 02) be the autotopism subgroup. Then, H is
isomorphic to the quaternion group (Js. It can be verified by direct calculation. Let us denote
the numbers of non-isomorphic and non-isotopic semifields of order p* admitting H by n(p) and
n/(p), respectively. Questions (A)—(D) from the introduction can be solved with the use of
computer constructions.

Theorem 3.4. Let W be a semifield of order p*, where p = 5 or p = 13, which admit an
autotopism subgroup H = (01,09) ~ Qs. Then W is not commutative. It is left- and right-
primitive, and it has the center of order p and the left nucleus N; of order p?, and

n(5)=9, n'(5)=3, n(13)=99, n'(13)=33.

The number of mazimal subfields of order p?> in W equals 1, 2 or p+2. The automorphism group
Aut W is the cyclic group Zo or Zpy1.
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Note that any such semifield is a minimal proper semifield but it may contain more than one
subfiled of order p?. It is anomalous property in comparison with the properties of finite fields
and finite near-fields. The theorem does not concern the question (C) on the spectra of elements
of multiplicative loop because of its complicated statement. But it is another anomalous property
of finite semifields that the spectra contain the integers which does not divide the order of W*.

This work was funded by Russian Foundation for Basic Research (project no. 19-01-
00566 A).
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MuaumaJjbHbIe COOCTBEHHBIE KBA3UIIOJIA
C JIONOJIHUTEJIbHBIMU YCJIOBUSIMM

OJabra B. Kpasmosa
Cubupckuii desepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Pejreparimst

Awnnorarusi. Mbl paccMaTpuBeM KOHEYHBIE TTOJIYTIOJNS, TO €CTh JUCTPUOYTUBHBIE KBA3UIIOJIs, U KOHEU-
HBIE TTOYTH-TIOJIsI, TO €CTh aCCOIMATUBHBIE KBa3umoJisa. KBazumose () Ha3bIBaéM MUHUMAJIbHBIM COOCTBEH-
HBIM KBA3UIIOJIEM, €CJIU BCSIKOE ero noaksasunoie H # @ sisiercs nojnoseM. OKa3bIBAETCS, CYIIECTBYET
MUHUMaJIbHOE COOCTBEHHOE MOYTHU-TI0NE, MYJIbTUILTHKATUBHAS IPYIIa KOTOPOro ecTh rpymnmna Muiiepa—
Mopeno. Haiiien aaropurm moOCTPOEHHS MHUHUMAJIBHOTO COOCTBEHHOTO IMOYTH-TIONSA, B KOTOPOM KOJIU-
9eCTBO MAKCHUMAJbHBIX OO0l 60JibIe JII000ro 3ajlaHHoro ducia. TakuM oOpasoM, MOJIydYeH OTBET
Ha, BOIIPOC: CYIIECTBYET JIM TaKOe HATypaJibHOE 4HucyIo [N, 9TO KOJUIECTBO MAKCUMAJBHBIX TMOJIIOEH B
HPON3BOJILHOM IOYTH-1I0/1e MeHbte N? JIOKazaHo, 9To BCSKOE IOJIYIIONE HOpsiaKa p (p — mpocroe) ecThb
MHUHHAMAJIbHOE COOCTBEHHOE IOJIYIIOJIE.

KiroueBblie ciioBa: KBa3UIIOJIe, MOJIYII0JIe, TOYTH-I10JIe, IIOAII0JIe.
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