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Elementary net (carpet) o = (0i;) is called closed (admissible) if the elementary net (carpet) group E(o)
does not contain a new elementary transvections. The work is related to the question of V. M. Levchuk
15.46 from the Kourovka notebook( closedness (admissibility) of the elementary net (carpet)over a field).
Let R be a discrete valuation ring, K be the field of fractions of R, o0 = (0i;) be an elementary net of
order n over R, w = (wi;) be a derivative net for o, and w;; is ideals of the ring R. It is proved that
if K is a field of odd characteristic, then for the closedness (admissibility) of the net o, the closedness
(admissibility) of each pair (oij,05:) is sufficient for all i # j.
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Let K be a field, v a discrete valuation of the field K, R be discrete valuation ring, that is,
R be the valuation ring of the v of the field K (field of fractions of the ring R). We consider
an elementary net of order n (elementary carpet) o = (o;;) additive subgroups of the ring R,
associated with o derivative net w = (w;;). It is proved that if K is a field of odd characteristic
and w;; are ideals of R, then for the closedness (admissibility) of the net o, the closedness
of each pair (0;5,0;;) is sufficient for all ¢ # j. In the considered case, a positive answer was
received to the question of V.M. Levchuk (Kourovskaya notebook [1, question 15.46]) for a special
linear group about reduction of the admissibility of an elementary carpet 2 = {2, : r € ®} to
its admissibility subcarpets {2,.,2A_.}, r € ® of rank 1. In other words, for the case under
consideration it was proved (Theorem 1) that the inclusion elementary transvection of ¢;;(«)
into an elementary group E(o) is equivalent to including ¢;;(«) in the group (t;;(oi;),tji(c:))
(for any i # j). In fact, in theorem 1 it is proved (without restrictions on the characteristic of
the field K'), which of the inclusion t;;(«) € E(o) follows inclusion t;;(2c) € (t;;(045),t;i(0;i))-
In the final part of the article, we look at an example a symmetric elementary net over the
field of rational functions F'(x) (over the field of coefficients F') and investigate it (Theorem 2)
on closedness for an arbitrary field F' other than the field F4 of four elements. Built examples
(see Remark 1) show that the closure of the elementary net is arithmetic character, namely, it
essentially depends on the characteristic of the field.

Note that the description of elementary (and complete) nets over locally finite field and the
field of fractions of a principal ideal ring are obtained in [2, 3].

In the paper the following standard notations are adopted: R is an arbitrary commutative
ring with a unit (in Sections 3 and 4 of R is discrete valuation ring); n is a natural number,
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n > 3, 0 = (0;;) is an elementary net over the ring R of order n. Let e is the identity matrix
of order n, e;; is the matrix, its entries at (i; j) are equal to 1, and all other entries are equal
to zero; t;;(o) = e + ae;; is an elementary transvection. Let further ¢;;(A4) = {t;;(a) : @ € A}.
For elementary net (carpet) o we consider the elementary net group E(c) and its subgroup
Eij(0), i#j:

E(O’) = <tij(0'ij) 01 § 7 7éj S n), Eij(O') = <tij(0'ij)7tji(0'ji)>-

Let F be a field, then through F(z) = {i : f,g € Flz], g # 0} denotes the field of rational
g

functions with coefficients from F'.

1. Discrete valuation rings

Let K be a field. A discrete valuation on K is a mapping v of the group K* = K\0 onto Z
such that [ 4, ch. 9]

v(zy) =v(z) +v(y), v(z+y)=min(v(z),v(y))

(i.e., v is a surjective homomorphism). The set R consisting of 0 and all z € K* such that
v(x) > 0 is a ring, called the valuation ring of v (it is a valuation ring of the field K). An integral
domain R is a discrete valuation ring [4, ch. 9] if there is a discrete valuation v of its field of
fractions K, such that R is the valuation ring. Let R be discrete valuation ring, then R is a local
ring, and its maximal ideal m coincides with the set of those elements = € K, for which v(z) > 1:
m=R; ={x € R :v(r) > 1}, every ideal of R has the form R, = {x € R : v(z) > n}, (n € N).
Let z € R be an element such that v(z) = 1. Then R,, = (2") = 2"R, in particular, m = R; =
zR. The group of invertible elements R* of the ring R coincides with the set {z € R: v(z) =0}
and 1 +m C R*.

Consider an example of a discrete valuation ring, which we will be used further in Section 4.
Let F be a field, F(z) be a field of rational functions with coefficients from F. We define

the function v : F(2)\0 — Z as follows. For S # 0 we set 1/(5) = deg(g) — deg(f). So the
g
et : : F g fi f2\ _ ,(f f f1 [
defined surjective function v satisfies the properties: 1/(9—1 : g—;) = ’/(gT) + 1/(9—2), 1/(?1 + ;z) >
min (Z/(%),I/(%)). Therefore, K = F(z) is a discrete field of the valuation v, R = Ry = {% €
F(z) : deg(g) > deg(f)} is a discrete valuation ring. For non-negative integer m > 0 consider
the set

Rm:{g EF(x):V(g) zdeg(g)—deg(f)Zm}. (1)
Then every ideal of the discrete valuation ring R = Ry has kind R, and is the main ideal
1
Ryp=—R= (R1)™, next R is a local ring, m = Ry = —R is the maximal ideal of a local ring
x x

R, R* = {5 € R:deg(g) = deg(f)}, 1+ Ry C R*.

2. Preliminary results

System o = (045), 1 < 4,7 < n, additive subgroups of a ring R are called net (carpet) [5, 6]
over ring R of order n if 0.0,; C 0y; for all values of the index 7,7, j. A net viewed without a
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diagonal is called elementary net (elementary carpet) [5-6, 1, question 15.46]. The elementary
net 0 = (0y;),1 < i # j < n, is called supplemented if for some additive subgroups (more
precisely, subrings) o;; of the ring R table (with diagonal) o = (0y;),1 < 4,5 < n, is (full) net.
It is well known (see, for example, [5]) that the elementary net o = (0;;) is supplemented if and
only if 0;05;0:5 C 0y for any ¢ # j. Diagonal subgroups o;; are defined by the formula

i = Y OkiGik, (2)
ki
where summation is taken over all k£ other than :.

A full or elementary net ¢ = (0;;) is called irreducible if all additive subgroups o;; are
different from zero. The elementary net o is called closed (admissible) if the subgroup E(o) does
not contain new elemental transvection. Closed are, for example, elementary nets, the diagonal
of which can be supplemented with subgroups, getting at the same time (full) net.

Let 0 = (0y;) is an elementary net over the ring R of order n > 3. Consider the set w = (w;;)
n

additive subgroups w;; of ring R, defined for any i # j as follows: w;; = ) 0,0%;, where
k=1
summation is taken over all k other than ¢ and j. Set w = (w;;) is a supplemented elementary

net. We will add elementary net w to (full) net in a cyclical way, proposed in [7], setting

Wii = Y OikOksOsi, Where summation is done by all 1 < k # s < n. We call the constructed net
k#s
a derivative net (for elementary net o). Further, for arbitrary i # j we set Q;; = 04; + 04575,

where
oo

Yij = Qi Qi = > _(o5i03)™, i # .
m=1
The table Q = (£2;;) is an elementary net, moreover supplemented, then there are fair inclusions
0;;€;,Q;; C Q;; for any i # j. By virtue of (2) we add the elementary net 2 to the (full) net,

putting Q;; = > Q;xQ%;, where the summation is taken by k, k # i. The net Q is called the
k#i
net associated with the elementary group E(o0).

Lemma 1. For any pairwise distinct i,r,j there are inclusions: ;805 C wjj.
Proof. Let i,r,j be pairwise distinct integers. In the beginning, we note that
Uir(ajrarj)s g Oir, arj (UiTUT‘i)k g Urj
(the first inclusion is obvious, the second follows from the fact that o,;(0ri0:r) = 0ri(0iror;) C
orj). Therefore
(Uir + Uir(UirUri)k)(Urj + Urj(ajrarj)s) = O04rOrj + Uirarj(ajrgrj)s+
(Jirgrj)(Uirgri)k(gjrarj)s + (Uirarj)(girgri)k = Uirgrj + [Uir(arjo—jr)s}o—rj“i’
+[O'ir(0'rj0'jr)s][(O'rio'ir)ka'rj] + Uz'r[(Um'Uir)kUrj] C 0irorj; Cwij C Q.

U
Lemma 1 and Theorem 1 [7] imply the following proposition.

Proposition 1 ( [7], Theorem 1). Elementary net o induces a derived net w and the net €,
associated with the elementary group E(c), with w C o C Q, and for any i,r,j relations are
fulfilled

wWirrj Cwij, Qirwrj C wij.

Further, for any pairwise different i,7,j there are inclusions: ;€5 C wy;.
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Proposition 2 ( [8], Proposition 2). Let be o is an elementary net of order n over R, Q - a
net associated with the elementary group E(o). If a = (0;5 + ai;) € E(o), then a;; € Q.

Using the nets w = (w;;) and Q = (£;;), which are defined for the elementary net o, we will
build a new net 7 follows. In the elementary net Q to the position (1, 2) instead of Q5 we put
w12, and the position (2, 1) instead of 21 we set wa;. According to proposition 1 table thus
obtained will be an elementary net, and it is a supplemented elementary net. We will add its up
to the (full) net as follows: we set 7;; = Qy;, i =3,...,n,

i1 = w1 + Q13031 + ...+ D11, T = waz + Qoagllzo + ...+ Q2 Qo

According to proposition 1, the table 7 is a net and has the form:

1 wiz $hs oo Qi
w21 Tog  Slaz ... Qg
T = 931 Qgg 933 an
in QnZ Qnd an

Proposition 3 ([9], Theorem). Let n > 3, to1(c) € E(0). Then tai1(a) = ah, a € E13(0),
heG(r). If

o 14+ a; ai2 o 14~ hio
a = dzag( < asy 1+ a22> aen—2>7 h = dzag( < h21 1+ h22) 7en—2)7

1 0\ _ (1+an a2 14~y hi2 3)
a 1 a2 1+ az ha1 1+ho)’

then a;;, hi; € T11 NTe2 N y12. 1 =1,2,

a11 = hoa, a,a21 € a1, a—ag1 € wa, 12, h12 € wig, hoy € wat,

a2 + ayi, azz — hii, aza + haa, hiy + hoo, hi1 + a1 € wir Nwaa.

Proposition 4. Let the conditions of proposition 3 be satisfied. Then
(1) aj1a21 € war;
(2) Zf t21(2a21) S Elz(a), then t21(2a) c Elg(U).

Proof. (1) By the condition of proposition 3 ag; € Q21, a1; = hag € T2, but then according
to Lemma 1 [9] we have 1928221 C wa1, whence aj1as; € way. (2) According to proposition 3, we
have

a— a9 € wo C 091 = t21(2(0£ — (121)) € Elg(O') — t21(201) S Elg(U).

3. The main result

Let K be a field, v a discrete valuation of the field K. In this section R is a discrete valuation
ring, that is R = {x € K : v(x) > 0} — valuation ring of the v of the field K (fields of fractions
of the ring R).

Theorem 1. Let 0 = (0;;) — elementary net over a discrete valuated ring R, w = (w;j) is a
derivative net, and w;; is the ideal of R for all i # j. If t;;(a) € E(o), then t;;(2a) € E;;(0) =
= (tij(0ij), tji(0ji)). In particular, if K is a field of odd characteristic, then t;;(a) € E;;(o).
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Proof. Without loss of generality, we set + = 2, j = 1. Let m be the maximal ideal of
R. If wey = R (and then o091 = R), then the conclusion of the theorem obviously, so we
will assume that we; € m. Let to;(a) € E(0o). Then, according to proposition 3, we have
tgl(Ol) = (Zh, a € E12(O'), h e G(T),

a = diag L+ an 12 e h = diag L+hu Iz e
as1 l+ag) ") ha1 1+ hyy)  "72)

and equality (3) holds. To prove the theorem according to Proposition 4 (2), it suffices to show
that ta1(2a21) € F12(0) = (t12(012),t21(021)). From (3), according to Proposition 3, we have
(a12h21 € woy - wi2)

(14+a11)1+h11)€l4wr w2 Cl+mC R = (14+a11)(1+h11) € R".
Therefore
0= V[(l + 0,11)(1 + hll)] = I/(l + CL11) + I/(]. =+ hll) = I/(]. =+ (111) =0.

Consequently, 1 + a7 is an invertible element of the ring R. Further, because a2 € wio 1 wio is

an ideal of ring R, then —a2

T € w12 C o12. Therefore, the inclusion a € Ej2(0) implies what
a1

atin(122) = (Ha“ 0 ) € Fra(o). (4)

az1 (1+a;)™?

Further, since ( ( )7 is the transposition of the matrix and (12) is matrix-permutation)

a2 (] (l’)T(m:(; 0). g f)Tm):(é D)

then the matrix

T

(12) (1;?“ (1+2u)_1> (12)=((1+;:111)1 (1+Oa11)>

also is contained in the group Ej2(0). Here it should be noted that the matrix (4) is represented
as a product of elementary transvections from ts1(021) and t12(012). It follows that the matrix

( 1 O> B ((1—|—a11)1 0 > (1+a11 0 )
2a91(1 +a11) 1 as1 (1+a11) as1 (1+a;)™?

is contained in Ej2(0). According to proposition 4 (1) agiai; € wey C a1, hence to1(aziarr) €
E15(0), and therefore t21(2a21) € F12(0). Then, according to proposition 4 (2) t21(2a) € Eya2(0).
g

4. Examples of not closed symmetric nets over a field
of rational functions

Let F be a field, F(x) be a field of rational functions with coeflicients from F. Consider the
discrete valuation v of the field F(x) (see section 1): 1/(5) = deg(g) — deg(f). Then R = Ry =
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= {i € F(x) : deg(g) > deg(f)} is the valuation ring of v. The ideals of the ring R have the

g
1
form R,,, m >0 (see (1)). Further, m = Ry = — R is the maximal ideal of a local ring R.
x
F

Put B = — + Ry. Consider the table 7 = (7;;) of order n > 2, for which 712 = 721 = B,
T
Ti; = R4 for the remaining ¢ # j:
x B Ry .. Ry
B * R4 R4
T = R4 R4 R4 vee R4
Ry Ry Ry .. =x

The table 7 is an elementary net since R4yRy C R4y C B, R4B C R4, and 7 is not supplemented

1
clementary net as — € B*\B.
x

F
Theorem 2. Let B= — + Ry. If |F| > 5, then elementary net o = (;
x

f) is not closed (in

particular, T is not closed).
1 .
Proof. Put z = — € B, B = Fz+ Ry. Then for any £ € F, £ # 0 an element 2% = 3
x x
is not contained in the subgroup B. For the proofs of the theorem are sufficient to show that
t12(£2%) is contained in E(0) = {(t12(B),te1(B)) for some & € F, £ # 0. Now the proof of the

theorem follows from the following Lemma 2. O
Lemma 2. Let |F|>5. Putqe F, ¢#0, q#1, ¢> —q+1#0. Set
) %25 — 28
b=qg"—q+1€F, 21:T€R6,1+21€1+R6€R*.

Then ; ;

t t ot tio[ —= )t - 1))t (7)

[t21(2), t12(2)] - t21(q2) 12(q_ 1) 21(Z(q ) ) 12 G- 1b X

5 7 2.5 7 2.3

—qz° +q(q—1)z q°z° + qz —qz+q°z
o (P (BT (SR

where £ € Ry C B, _qu € B. In particular, since _qu + & € B, then tlg(qifs) € E(o).

Proof. We set

S = [tar(2), tr2(2)] - tor (g2)tro (q 1)t (o = 1)tz (g —an)

It is easy to check the formula

[1—q2® +¢*2* —qlg— 1)z

0 [—qz +¢%2° —q(q—1)2° — qz7]

b
2.6 8
bz + 2% — qlq — 1)27] {1 _ M]

b
_ 225 — g8
Note that (S)22 =1+ 21 € R*. Recall that z; = — Therefore
_ 2.3 _ — )25 — a7
S~t21(_q25+q(q_1)27) _ [ - g2 + @2t 4 €] [ Gzraz qb(q )2 gz }
L+ 2z bz 1+
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where £, € Rg. Therefore

5 7 2.5 7
—q2° +q(q—1)z 2> +qz
S't t =
21 1+ 2 21 b2 )
—gz +q%23
1-g?+ 2t +a) [ 4]
bz 1

where £ € R; C B. Consequently,

5 7 2.5 7 2.3
—qz +q(q—1)2) (qz +qz) (—qz—i—qz )

-t t ———)to1(=b2) =t _ .
S 21( 1tz 12 12 21(—b2) = t12 b +¢

O

Remark 1. If F =Ty, then the elementary net T is closed (see [10]). Theorem 2 is also valid for
the case of a F' =3 field of three elements (we do not provide evidence because of its bulkiness).

Thus, for a full study on the closure of the elementary net T remains to consider the case of a
field F =Ty of four elements.

Remark 2. Ezample of the elementary net 7 allows you to build similar examples over arbitrary
a field in which there is a transcendent element over the simple subfield of K.

Remark 3. An example of the elementary net 7 allows you to build similar examples over

arbitrary a discrete valuation ring R (valuation ring of the discrete valuation field of v (see

section 1)), which in addition is a F-algebra over the field F: set B = Fz + z*R, where
v(z)=1, m=(2) =2R, R={zcK:v(z) >0}, F2NB=0.

For example, if ¢ is an irreducible polynomial of the ring Fx] and the valuation of v in the field
of rational functions F(x) is determined according to the degree of a polynomial ¢ in a rational

Jraction =, (f,g) = 1. Then R = F(x)(,) coincides with the localization of the polynomial ring
g
Flx] with respect to a prime ideal (p), further, m = (p) =¢ - R, B=F - ¢+ ¢*-R.
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DaeMeHTapHbIe ceTu (KOBPbHI) HAJ JUCKPETHO
HOPMUPOBAHHBIM KOJIBIIOM

Buaagumup A. Koiibaen
CeBepo-OceTnHCKMIT TOCYAAPCTBEHHBIN YHUBEPCUTET
Baryruna, 44-46, Bnanukaskas, 362025

OMU BHII PAH

Mapkyca, 22, Baranukaskas, 362027

Poccus

Aaemernmapras cems (koeep) o = (04;) Hazweaemca 3aMKHYMOL(0ONYCMUMOTL), €CAU INEMERTMAPHAA
cemesasn (xosposas) epynna E (o) ne codepotcum nosvx asemenmaproir mpancsexyul. Paboma cesaszana
¢ eonpocom B. M. Jlesuyxa 15.46 uz Koyposcroti mempadu o samxrymocmu (donycmumocmu) saemer-
maproti cemu (xoepa) nad nosem. Ilycmo R — duckpemmno Hopmuposarnoe koavyo, K — noae wacmmour
xoavya R, 0 = (0i5) — saemenmapnas cemo (xosep) nopadka n nad R, w = (wij) — npoussodnas cemy
ona o, npudem wi; — udeaavt koavya R. Jloxazarno, wmo ecau K — noae newemnol rapaxmepucmuruy,
mo daa 3amrnymocmu (donycmumocmu) cemu o docmamowha 3amkrymocms (donycmumocms) Kaokc-
0ot napwvt (045,05;) 0an 6cex i # j.

Karoueswie caosa: cemu, K08pvl, INEMERTNAPHAA CEMb, 3GMKHYMAA CEMB, NPOU3BOOHAA CEMb, INEMEN-
MAPHAA CEMEBAA 2PYNNA, MPAHCEEKUUA, JUCKPEMHO HOPMUPOSAHHOE KOADUO.
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