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This paper is devoted to the investigation of ill-posed boundary-value problem for system of parabolic type
equations with changing time direction with two degenerate lines. The problem under consideration is
ill-posed in the sense of J. Hadamard, namely, there is no continuous dependence of the solution on the
initial data. Such equations have many different applications, for example, describe the processes of heat
propagation in inhomogeneous media, the interaction of filtration flows, mass transfer near the surface
of an aircraft, and the description of complex viscous fluid flows. As possible applications should also
indicate the task of calculating heat exchangers, in which the counter flow principle is used. Theorems on
the uniqueness and conditional stability of a solution on a set of well-posedness are proved. We construct

a sequence of approzimate (regularized) solutions that are stable on the set of well-posedness.
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tion of conditional stability, uniqueness of solution, approximate solution.
DOLI: 10.17516/1997-1397-2019-12-3-392-401.

The paper is devoted to the investigation of ill-posed boundary-value problem for a system
of partial differential equations with two degeneration lines.

1. Introduction and preliminaries

We consider the problem of finding a solution (u(z,y,t),v(x,y,t)) of the system of equations

) 0 . 0
( - 829"(95)@ - Slgn(y)@gﬂ) v(z,y,t) =0,
5 9 (1)
((f)t - SZgn(ﬂc)@ - szgn(y)ay2> u(z,y,t) = v(z,y,t)
in the region Q@ = {(z,y,t)| (-l <z <) x (-1<y<1)x (0<t<T < o0),x#0,y # 0} that
satisfy the following conditions:

initial conditions

u(x7y,0)=f(m,y)7 V(x7y70):90(x7y)7 (w7y)€H:{_1<m<17 _1<y<1}7 (2)
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boundary conditions

u(—1,y,t) = u(+1,y,t) =0, —-1<y<1, 0<t<T,
u(z, —1,t) = u(x,+1,t) =0, -1<x<1, 0<t<T, 3)
v(-Lyt)=v(+l,y,t) =0, -1<y<1l 0<t<T,
v(z,—1,t) = v(z,+1,t) =0, -1<2<1,0<t<T,
and gluing conditions
w(=0,y,t) =u(+0,y,1),  ux(=0,y,1) = ux(+0,y,1), -1<y<1, 0<t<T,
u(z,—0,t) = u(z,+0,t), uy(z,—0,t) =uy(z,+0,t), —-1<z<1, 0<t<T, )
v(=0,y,1) =v(+0,4,t),  va(=0,y,1) =va(+0,y,t), —-1<y<1, 0<t<T,
v(z,—0,t) =v(z,4+0,t), vy(z,—0,t) =vy(x,+0,t), —-1<x<1, 0<t<T.

In many cases, when solving applied problems one uses the methods of mathematical physics.
By solving theoretical and practical problems, one can often meet mixed type equations, which
are one of the main objects of the chapters of the theory of modern differential equations. In
this paper we consider an ill-posed (in the sense of J. Hadamard) boundary-value problem for a
system of parabolic type equations with a changing time direction.

For parabolic type equations with changing time directions problems were first considered by
M. Jevrey [1]. Various boundary value problems for such equations have been the subject of re-
search by several scientists, such as S. D. Pagani [2], G. Talenti, S. A. Tersenov [3], V. N. Vragov [4],
V.K.Romanko [5], A. M. Nakhushev [6] and their students. To study these problems, in these
papers such classical methods as various analogues of the Green’s function, potential theory, in-
tegral equations were used. In the work of S. A. Tersenov [3] the results of research using classical
methods are summed up.

From further research it became clear that parabolic equations with a changing time direction
can be considered as a special case of equations of a mixed type. In the works of N. V. Kislov [7],
the generalized solvability of boundary value problems for abstract type equation was proved.
A great contribution to the study of boundary value problems for equations of mixed type was
made by A.I. Kozhanov [8], I. E. Egorov [9], S. G. Pyatkov [10, 11], A. A. Kerefov [12], I. S. Pulkin
[13], K. B. Sabitov [14], and others.

The problem under investigation belongs to the class of ill-posed problems in mathemati-
cal physics, namely, in this problem there is no continuous dependence of the solution on the
initial data. Ill-posed problems for such equations was considered in the works of H.Levine,
A.L.Buchkheim, K.SFayazov [15], K.S.Fayazov and I.O.Khazhiev [16], K.S.Fayazov and
Y. K. Khudayberganov [17] and others.

Such equations have many different applications, for example, the description the processes
of heat propagation in inhomogeneous media, the interaction of filtration flows, mass transfer
near the surface of an aircraft, and the description of complex viscous fluid flows. As possible ap-
plications should also indicate the problem of calculating heat exchangers, in which the principle
of counter flow is used (see [3,18]).

In the previous works were examined correct and incorrect problems for the classic and
mixed-type equations with one degenerate lines. Correct problems for Laplas equation with two
degenerate lines was considered by A. A. Gamaltdinova in the work [19]. In this paper, based on
the idea of A.N. Tikhonov, the conditional correctness of problem (1)—(4) is investigate, namely,
theorems on uniqueness and conditional stability were proved, and approximate solutions that
are stable on the set of well-posedness are constructed.
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2. Spectral problem
Find the values of A for which the following problem
sign(x)Vzq (z,y)+ sign(y)dyy(z,y) = =N (z,y), -1 <z <1, —1<y<1, z#0, y#0, (5)

I=1,y) =9(+1,y) =0, —-1<y<1,
D(=0,y) = 0(+0,y), U2(-0,y) =0(+0,9), -1<y<1,
Iz, —1) =9(z,+1) =0, —-1<a<]1,
¥z, —0) = ¥(z,4+0), Iy(z,—0) =9,(z,+0), -1<x<]1,
has nontrivial solution.
According to the result of [11], this problem (5)—(6) has a no decreasing sequence
of )\:j, )\;;, )\,;;r, Ak, cigenvalues and the corresponding Eigne functions {19++}

{192?}:1:17 {19121*}“ ) {19;;[}:0[:1(866 also [17]).

)

k:ll

1 1

Let |lul|> = (u,u) be the scalar product of (u,v) = [ [ wvdzdy. Besides
S15

(sign(@)sign(u)oi i, 0 ) = 8115,

1, k=1,
(sign(z)Sign( )ﬂff’ﬂ?:f) —0k,i 0,5y Ok,i = { 0, k # i

(sign(x)sign( )ﬁi:F,ﬂEi) 0,

where k,1,1,7 =1,2,3,....
We represent the spectral projection -P* in the following form

P =" (sign(x)sign(y)e, 95 )0} + (sign(z)sign(y)é, 9 )0y,
El=1

P¢="Y" (sign(x)sign(y)é, 0} )08, + (sign(x)sign(y)é, 95 )0, [ -
k,l=1

See [10]
(Pt =P )p=9, (sign(z)sign(y)(P —P7)¢,¢) = ||,

(sign(z)sign(y)PEp,v) = (sign(z)sign(y)p, PEY),  ¢,9 € Hy = La(—1,1) x (=1, 1),

2N : : N ; ; + [
W15 = > 3 |sign(@)sign(y), 9;)| "+ |(sign(a)sign(y)o, of )] +

k=1
—i—’(sign(x)sign(y)ﬁ,19,;;)‘2 + ’(sign(w)sign(y)ﬁ»ﬁk,z)‘2} .

According to the results of [11], the Eigen functions of problem (5)—(6) form a Rises basis.
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3. A priori estimate

Definition 3.1. By the solution of the problem we mean a pair of functions (u(x,y,t), v(z,y,t))
having continuous derivatives entering to the equation that satisfies the system of equations (1)
and conditions (2)-(4).

Lemma 3.1. Let the function v(x,y,t) satisfy the equation vi(z,y,t) = sign(x)ve.(x,y,t)+
+sign(y)vyy(z,y,t) in the domain Q and conditions

v(=Lyt) =v(+Ly,t) =0, v(=0,y,1) =v(+0,y,1), va(=0,y,t) = va(+0,y,1),
v(z,-1,t) =v(z,+1,t) =0, v(z,—0,t) =v(z,+0,t), vy(z,—0,t) =vy(x,+0,t).
Then for v(z,y,t) we have the estimate
T—t *
Hll(.’L’,y,t)”O < \/§||V(.T,y,0)“0 T ||V(x7y7T)||OT'

Proof of this Lemma 3.1 you can find in [17] Theorem 3.1.

Remark. For the easy presentation without limiting generality, we assume that in the expan-
sion of functions f(z,y) and ¢(x,y) in series of the eigenfunctions of the spectral problem, the
coefficients in front of the eigenfunctions 19;7 and 19,2? for any k,l € N are identically zero.

Lemma 3.2. Let u(x,y,t) be a function satisfying equation
Uy ((ﬂ, Y, t) = Sign(:c)umc (93, Y, t) + Sign(y)uyy (xa Y, t) + I/(QJ, Y, t) (7)
in the region Q and the conditions:

u(_17y7 t) = u(+17y’ t) = 07 u(m7 _]"t) = u(m7 +]"t) = 07
u(=0,y,t) = u(+0,y,t), u(x,—0,t) = u(x, 4+0,t), (8)
Uz (—0,y,t) = up(+0,y,t),  uy(x,—0,t) = uy(x,4+0,1).

Then for u(x,y,t) the following inequality holds

Ir—t t
luz,y,t)llo < V2(llul@, . 0l + 7ll) ™ - (lule, . Dllg + 17llo) ™ + 175

T 3
where [1y]l, = (b/’ ||u<w,y,t>|§dt) |

Proof. We present the solutions of (7) in the form
u(z,y,t) = w(z,y,t) + w(z,y,t),
here w(x,y,t) is the solution of the homogeneous equation
we(x,y,t) = sign(2)wze (2, y, t) + sign(y)wyy (2, y, 1), (9)
and w(z,y,t) is a solution of a non-homogeneous equation.
wi(x,y,t) = sign(x)wa (2, y,t) + sign(y)wyy (z,y, t) + v(z,y,t). (10)

. . Gk +4 _ ot
We introduce the notation A" = A, 191@,1 = ﬁk,l'
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The functions w(z,y,t), @w(z,y,t) satisfy conditions (8). We represent the solution of prob-
lems (9-10) in the form

oo

+ —
w(z,y,t E 79k1+zwkl LwE
=1 k,l=1
@(z,y,1) Zwkl kl+zwkl ’91@1’
k=1 k=1

here the functions wkil(t), w,f ,(t) are solutions of the following problems

O =0 =0, [ O = )
: A%k, : T
w;ﬁ,l(O) =0, @y,,(0) = —/ e)‘WTV,C_’l(T)dT,
0
{ (Wi, (0)e + N wiy () =0, (Wi ()e + )‘k,lwk,;(t) =0, -
Wl 0) = fi w0 = i+ [ PR,
0
where
= [ [ sign@sionte,y. 10z e, ey,
fia®) / / sign(z)sign(y) f (z,y)9;;, (, y)dady.
It is not difficult to see that [20]
t o, T
wlj,l(’f) :/ e)\k’l(Tit)Vlil@')dT’ @ (t) = —/ e’\k,z(T*t)Vzg,z(T)dTa
0 t
and
r 2
eyl = S 1) + 3 (=) < [ ey olia
k=1 k=1 0
The solution of the equation (11) can be presented as
+ - T
wiy(t) = file ™t wp () = f,;le—%zw/ Ty () dr
o :
According to Lemma 3.1 for the solution w(x,y,t) the following estimate holds
leo(z, . D)llp < V2(lw(z,5,0)llg) T - (le(z, 5. T) o) T
Therefore, for the functions u(z,y,t) = w(z,y,t) + w(z,y,t), we obtain the estimate
(e, y.6) g < VE(lulz,,0)lly + 1716) ™ - Utz 5. 7)o + Illo) T + Il
1
where [l = ([ It 0lfar) 0
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4. Uniqueness and conditional stability

Let
M = {(U, V) : Hu(gjvyaT)HO + ||l/(l‘,y,T)||0 < m,m < OO}

be the set of correctness of problem (1)—(4).

Theorem 4.1. Let the solution of problem (1)-(4) exist and (u(z,y,t),v(z,y,t)). Then the
solution of problem (1)-(4) is unique.

Proof. Let the pairs of functions (u;(x,y,t),v1(x,y,t)), (ua(z,y,t),v2(x,y,t)) be solutions of
problem (1)-(4). We introduce the notation u(x,y,t) = ui(x,y,t) — uz(z,y,t) and v(z,y,t) =
=v1(z,y,t) —ve(z,y,t) then the pair of functions (u(z,y,t),v(z,y,t)) € M. satisfies the problem
(1)-(4) with u(z,y,0) =0, v(x,y,0) = 0. By Lemma 3.1 and Lemma 3.2, we have ||v(z,y,t)||, =
=0 and [lu(z,y,t)||,= 0. Hence for any (z,y,t) € Q is true ui(z,y,t) = ua(z,y,t), i(z,y,t) =
vo(z,y,t). The Theorem 4.1 proved. ]

Let U(z,y,t) = wu(z,y,t) — ue(x,y,t), Viz,y,t) = v(z,y,t) — ve(x,y,t), where
(u(z,y,t),v(x,y,t)) is solution of problem (1)—(4) with exact data, (uc(z,y,t),v:(z,y,t)) is so-
lution of problem (1)—(4) with approximate data.

Theorem 4.2. Let (u(z,y,t),v(z,y,t)) € M, (u(z,y,t),v-(x,y,t)) € M and

le(z,y) —pe(z,9)lly < & |f(zy) = fe(z,9llp < & Then by any t € [0;T] for (U V)
the estimates

N~

IV (.0l < V2(e)' T (2m) T,

t

1 t
1U(z,y,0)llo < (e + l1nello) ™ m+ l1vello) ™ + [1ello,

2

T . B
hold, where ||v:|l, = (f 2(62)17T (4m?) Tdt)
0

Proof. The pair of functions (U(x,y,t),V(z,y,t)) satisfies conditions (1)—(4), where

U(z,y,0) = f(z,y) — fe(z,9),
V(x7ya0):s0(xvy)_(p6(x7y)7 —1<£L’<1, _1<y<1

According to the conditions of Theorem
||V(x7y30)||0 = HQO(Q'J,y) - cps(xay)HO g 8’ ”V(xvyaTHO g 2m7

1U(z,y,0)llg = If(z,y) = fe(@,y)llp <&, [U(z,y,T[y < 2m.

Then from Lemma 3.1 and Lemma 3.2 it yields

S

V(@ y. )l < V2()' T (2m) T,

1—t t
U@y, 0)llo < (e + 1ello) ™ @m+ l1vello) ™ + [ello-

The theorem is proved. |
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5. Approximate solution

Let in the problem (1)—(4) f(z,y) = 0. Then the solution (u(z,y,t),v(z,y,t)) can be pre-
sented in the form

o0 o0
_E: + oAt gt }: = oMty
Z/(Z‘,y,t) = Pra€ kit 19]@,1 + P16 kol 19k,lv
k=1 k=1
o0 i o0
_ + oAt + — oAty
u(z,y,t) = E orte” H 19,“ + E Prte” k1 ﬁk’l,
k=1 k=1

where <pkl =4 f f sign(zx)sign(y)e(x, y)ﬁk [z, y)dxdy .
S15

An approximate solution of the problem is as a sequence of functions given below

N
ATt g+ e T
(z,y,1) Z ‘P A Oia+ Z Prae

k=1 k=1
t ot -
xy, E @klte k’ﬁ —|—E goklte Mgt k“
k=1 k=1

here N is the integer number of the parameter regularization. An approximate solution with
approximate data has the form

N
(z,y,1) Z Perie” k'f79+ + Z Pepa€ 10

k=1 k=1
N N N
+ ATt ot AT tg—
(g t) = Y @efyte ol + 3 o te Mty
k=1 k=1

Let [|p(z,y) — ¢e(z,y)|, < € and (u(z,y,t),v(x,y,t)) € M. Then we estimate the norm of
the difference between the exact and approximate solution

HV($7y,t) - Vév(q’.?yvt)Ho = HV(JJ,y,t) - VN(‘T7yat) + VN(it,y,t) - Vg(.’l),y,t)“o <

<, y,t) = v (@, g, )|, + | (2,9, 1) — vl (2,9, 1)),

(12)

||u(x,y,t) - u?(x,y,t)”o = HU((E,yﬂf) - UN($,y,t) + UN(ZL',y,t) - uév(x,y,t)Ho <

< Hu(z,y,t) - UN(xayvt)Ho + ||UN($7y7t) - uév(xaght)”o'

Estimating the second term on the right-hand side of (12) we get
N
||VN($aZ/7t) - VeN(va/vt)H(Q) = Z €_2>\:‘lt(@ _Q%kl + Z e ‘Pkl ‘Pg_k,l)z <
k=1 k=1
<e Pt Z ((901;1 - @;kyl) + (‘P;l - (P:k) ) < e P, nte?,
Ei=1

or
[0 (@9, 1) = VN (@9, 1), < e wnte.

- 398 —



K.S. Fayazov, Y.K. Khudayberganov Ill-posed Boundary-value Problem for a System of Partial. ..

We estimate the first term on the right-hand side of (12)

||I/(.’L’, y7t) - VN(I‘,y7t)||§ = Z (6_2)\;’Lt{§0;l}2 + 6_2Ak‘lt{§0;l}2) (13)

kl=N+1
on condition
e _ 2
E 6_2Ak,lT{g0;’l} <m?. (14)
kI=N+1

We estimate expression (13) under the condition (14) by the method of Lagrange multipliers.
One can see

B 0, k,l#N+1,
Pri = -
i eMilm, kl=N+1.
As a result, we have

o

2
E —2X, t - 2 2\ y T—t
e k,l {(pkr,l} g m-e N+1.N+1( ).
k,l=N+1

00 2 2
Let’s assume that the series »_ ({cp:l} + {cp,;l} > converges. Then it is not difficult to

k=1
see
i 2 i 2
227t + + _
E e Mkt {9%1} < E {901671 = a(N),
kl=N+1 k=1

where a(N) — 0 for N — oo . Thus we have
|v(z,y.t) — Z/N(;U,y,t)H?J < m2eP v =D 4 o (N),
Summing the above estimates, we have
0.5 ||v(z,y,t) — v (z,y, t)||§ < 2e Pt 2T 4 (). (15)

Similarly for u(x,y,t) we have

2
- t -
0.5 ||u(z, y,t) — u?(z,y,t)”i < t2emPvante? o2 <T) e (T8 4 20(N). (16)

Minimizing the right-hand side of (15) and (16) with respect to N,we find the corresponding
regularization parameter. m is selected depending from the application problem.
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HekoppekTHas kpaeBad 3aja4da JJid CUCTEeMbl YPaBHEHMIA
B YaCTHBIX ITPOU3BOAHBIX C ABYMS JUHUAMMI BBIPO2KJICHUS

Kyaparnano C. ®as30B

TypusHckuit TOUTEXHUIECKUN YHUBEPCUTET B TaImkenTe
Kununk Xanka Wymn, 17, Tamxkent, 100195

V3bekucran

Amun K. Xynaitbepranon

Hanmonanbublit yuuBepcuTeT Y30eKncTaHa
Yuusepcurerckas, 4, Tamkent, 100174

V3bekucran

Larnas paboma noceswena uccaedo8aHuI0 HeKOPPeERMHOt Kpaesol 3a0a%u OAfL CucCmemds, YpasHerul
napabosUtecK020 MUNG ¢ MEHAOWUMCA HANPABAEHUEM BPEMEHU C O8YMA AUHUAMUY 6bipodicdenus. Pac-
cmampusaemas 3adava wexoppexmua no XK. Adamapy, a umMenHO OMCYMCMEYem HenpepuieHas 3a6u-
cumocmov pewenus om dannoix 3adavu. Ilodobrvie YypasHenus UMenm MHOHCECTNBO PA3AUNHBLT TPUME-
HEeHUT, HANPUMED, ONUCHLEAIOM NPOUECCH. PACTPOCTPAHEHUA MENAG 8 HEOOHOPOOHVT CPedaT, 63aUMO-
deticmeusn GuabMPayUOHHBIT NOMOKOS, MACCONEPEHOCa 80AU3Y NOBEPTHOCTY AETNATNEABHOZ20 ANNGPATNG
CAOACHDIT MeNeHUls 8A3K0U ocudkocmu. B Kawecmee 803MOACHBIT NPUAOIAHCEHUT credyem MaKIHce YKa-
3amob 3a00MU PACHEME MENAOOOMEHHUKOE, 8 KOMOPHLIL UCTOAB3YEMCA NPUHYUN npomusomora. oka-
3aHbL MEOPEMBL 0 QUHCTNBERHOCTU U YCAOBHOT YCMOUMUBOCTNU PEWEHUSA HA MHONHCECTNEE KOPPEKMHO-
cmu. Ilocmpoena nocaedo6amesbHOCMb NPUBAUACENHVT (PELYAAPUSOBAHNGIT) DPeweHUl, YCmotuuueu
HA MHOIHCECNEE KOPPEKTMHOCTIU.

Karoueswie caosa: napabosuveckoe ypasHerue ¢ MERAOULUMCA HAMPABAECHUEM BPEMEHU, HEKOPPEKTMHAA
3a0a4a, ANPUOPHAA OUEHKA, OUEHKA YCAOBHOT YCMOTUMUBOCTNU, e0UHCTNBEHRHOCTD PEUEHUS, NPUBAUICEH-
HOE peuwerue.
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