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Let Lo (K) denotes a Chevalley algebra with the root system ® over a field K. In 1945 A. I Mal’cev in-
vestigated the problem of describing abelian subgroups of highest dimension in complex simple Lie groups.
He solved this problem by transition to complex Lie algebras and by reduction to the problem of describing
commutative subalgebras of highest dimension in the niltriangular subalgebra. Later these methods were
modified and applied for the problem of describing large abelian subgroups in finite Chevalley groups.
The main result of this article allows to calculate the highest dimension of commutative subalgebras in a

Chevalley algebra Lo(K) over an arbitrary field.
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Introduction

Let Lo (K) denotes a Chevalley algebra with the root system ® over a field K, and let II be
a fundamental system of roots. The elements {e,, h, | r € ®,p € II} form a basis of L¢(K),
called a Chevalley basis [1]. Let N®(K) denotes a niltriangular subalgebra in Le(K) with the
basis {e, | r € ®T}.

In 1945 A.I.Mal’cev investigated the problem of describing abelian subgroups of highest
dimension in complex simple Lie groups [7]. He solved this problem by transition to complex
Lie algebras and by reduction to the problem of describing commutative subalgebras of highest
dimension in the niltriangular subalgebra N®(C).

Later these methods were modified and applied for the problem of describing large abelian
subgroups in finite Chevalley groups [3-5,8,9]. Given a group-theoretic property P, we recall
that every P-subgroup of largest order in a finite group is a large P-subgroup.

The generalization of Mal’cev problem [7] for Chevalley algebras Lg(K) over an arbitrary
field K was pointed in [6].

The main result of this article is Theorem 1, which allows to calculate the highest dimension
of commutative subalgebras in a Chevalley algebra Lg(K) over an arbitrary field.
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1. Preliminary remarks and notation

Let Lg(K) denotes a Chevalley algebra with the root system ® over a field K, and let II be
a fundamental system of roots. The elements {e,, h, | r € ®,p € II} form a basis of L¢(K),
called a Chevalley basis. The elements of this basis multiply together as follows:

h.*xhg =0, r,s € I,
h,xes = Ayses, T €Il s e P,
er*e_,=h,, re o,

er*xes =0, r,se€® r+s¢o,

Cr k€ = Nrser—&-m

2(r, s)
(r,7)

elements {h, | p € II} form a basis for a Cartan subalgebra H [1].

A subset ¥ of the root system ® is called a commutative, if r + s ¢ ® for all r,s € ¥ [7]. A
subset W of the root system @ is said to be p-commutative, if in the algebra N®(K) over a field

where the elements N,.; are called the structure constants of Le(K), and A, = . The

K of characteristic p we have e, x e; = 0 for all r, s € U [§].
Further, we use a regular ordering of roots [1, Lemma 5.3.1]. Let € Lg(K) and

T =ayep, +agen, +---+h+cies +egeg, .., (1)

where r; € P, 5, €D, ri <rg < ..., 8 <83<..., h = bihp, + bahp, + ..., p1,p2,--- € IL
We consider the first non-zero term in (1). If this term has the form te,, r € ®, then we denote
b(x) = e, else we denote b(xz) = h. For M C L we set b(M) = {b(x) | x € M }.

Lemma 1. Ifxxy =0 for x,y € Lg(K), then b(z) = b(y) = 0.

Proof. Let
T =aier, +ager, + -+ h+cies, +coes, +...,
y:a'leri+a’26r/2+~'+h'+c’168/1+c'26$/2+...,
where r1 +71 € @7, 711 <rg < -+ < §3 < S2 < ..., 7] <7rh < --- <) <shH<.... Then

in the expression of x * y as a linear combination of e,, r € ®, every e, (r € ®7) has the form
Critrls Critsls Csitrly €, OF €pr. Since r; —ry € Vvl — 11 € VF (i # 1), where V¥ is a certain
positive subspace, then (r; + i) — (r1 + 7)) = (ri —r1) + (ri — 7)) € VT, s0r + 7] <ri+7l.
Since ht(rq +711) < ht(r;) and ht(ry + 1)) < ht(r}), we have 11 + 7 < r; and 1 + 7] < r}. Hence
b(x*y) = €ry 4115 S0 Txy 7 0, that gives a contradiction. Analogously, the remaining cases when
b(x), b(y), b(z) *b(y) are not in H give a contradiction.

Let b(z) = h, b(y) = aje, and hxaje,; # 0. Then b(x * y) = e,, so again z * y # 0.

In the case
T = cC1€s + g, + ...,
y = ayey +age, +---+h' +ceq +chey + ..,
where 1} = —s1, the expression of z * y contains a term hy;. If %y =0, then in the expression

of x and y there exists another pair of terms of form e, e_g,, respectively. Hence s; < s; and
—s1 < —s;, a contradiction. This completes the proof of Lemma 1. O

Note that in the case b(M) = {e, | r € &1} the set of corresponding roots r € T coincides
with the set £1(M) ([2,4]).
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2. The highest dimension of commutative subalgebras

Theorem 1. Let Ly(K) be a Chevalley algebra with the root system ® over an arbitrary field
K of characteristic p. Let m be a mazimal order of p-commutative subsets of roots in @, and let
k be a dimension of the center of Le(K). The highest dimension of commutative subalgebras of
Lo(K) equals m + k.

Lemma 2. Let A be a commutative subalgebra of L = Le(K). Then there exists an automor-
phism of L transforming A to a subalgebra B in L such that for all x € B either b(z) = e,,
r€®, orb(x) =h € H, where h is an element of the center of L.

Proof. Let x,.(t) denotes an automorphism of a Chevalley algebra, effecting on the elements
of a Chevalley basis as follows:

e'r‘ — 67‘7 (2>
hs = hs — tAgre, (s € 10), (3)
e_r = e_p + th, — t?e,, (4)
q .
es = Y My git'eiys (s € @\ {£r}), M. 0:=1, (5)

=0
M, ;=% (p(r,s) +i//i).

Let
r=nh+cres, +coes, +....

Suppose that there exists a fundamental root p such that h x e, # 0 and s; # p. Since
hxep,=(bihp, +bahp, +...) e, = (b14p, p +b2Ap, p,+ ... )ep,
then the automorphism z_,(1) transforms h to
h4+ 014y, p+b2Ap, p+ ... )ep,

where b1 Ay, p, + b2A,, p + -+ # 0. Hence b(z_,(1)(x)) = e_p.

If s1 = p, then first we obtain ¢; = 0, up to a certain automorphism z,(t), p € II, and again
b(o—p(1)(2)) = ey,

Suppose that there exists y € A such that b(y) =e,, r € &, and b(x+,(1)(y)) equals h € H
or e, 7 € ®*. Taking into account the relations (2)—(5), we deduce that b(y) = e_,. Since
h* e, # 0 hence h*e_, # 0. By Lemma 1, this is a contradiction.

If

T = C1€s, + Co€g, + ...
then b(z_s, (1)(2)) = e_s,.

Suppose that there exists y € A such that b(y) =e,, r € &7, and b(z_s, (1)(y) equals h € H
or e., 7 € ®T. Taking into account the relations (2)-(5), we deduce that b(y) = e_s,. By
Lemma 1, this is a contradiction.

The lemma is proved. O

Now the Theorem 1 follows from Lemma 1 and Lemma 2.
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HauBrbiciiasg pa3zMepHOCTb KOMMYTATUBHBIX MOJIAJITEOP
aareop IlleBaJiie

l'asmna C. CyseiimanoBa

XakacCKuil TEXHUIECKUH UHCTUTYT

Duyman Cubupckoro deepajsbHOrO YHUBEPCUTETA
IMTerunkuna, 27, Abakan, 665017

Poccust

ITyemov Lo(K) — aneebpa Ilesanne nad nosem K, accoyuuposannan ¢ cucmemots kopneti ©. B 1945 e.
A. U. Maavues uccaedogan npobaemy onucarus abesesvir nodepynn Hausucwed pa3dmeprHocmu 6 Kom-
naekcHulr npocmux epynnaxr Ju. On pewun smy npobaemy neperodom x KOMNAEKCHbM anrzebpam JIu
u pedykyuel K npobaeme ONUCAHUA KOMMYMAMUSHHIT 1006A2e0D HAUSHICWET, PA3MEPHOCTIUY 6 HUADIIPEe-
Yy2oavHOU nodanzebpe. [losorce amu memodor MOOUPGUUUPOBAAUCD U NPUMEHAAUCH OAA PEWEHUS TPOdAE-
Mol onucarus boavwux abesesvix nodepynn xowewnwux epynn Llesasnre. Ocrosrnoti peayivmam daHHOU
CMaAMbU NO3BOAAETN, BLIYUCAUMD HAUBHLCULYIO PA3MEPHOCTNL KOMMYMAMUBHHLT nodaszebp arzebpv, [le-
sannre Lo (K) 1ad npoussosvrvm nosem.

Knouesvie caosa: anzebpa Illesannre, Kommymamusras nodanzebpa.
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