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Introduction

In the paper we study multiplicative meromorphic functions and differentials on Riemann sur-
faces of type (g,n). Recently the interest in this subject has increased in relation with applications
in theoretical physics, in particular, in description of vortex-like patterns in ferromagnetics [1].

Theory of functions on compact Riemann surfaces differs significantly from that on Riemann
surfaces of finite type even for the class of single-valued meromorphic functions and Abelian
differentials, since some of basic spaces of functions and differentials on Riemann surfaces F’ of
type (g,m), g = 1, n > 0 are infinite-dimensional.

In this paper we continue constructing the general theory of functions on Riemann surfaces
of type (g,n) for multiplicative meromorphic function and differentials. We prove an analog
of P. Appell’s formula about the expansion of a multiplicative function with poles of arbitrary
multiplicity into a sum of elementary Prym integrals. Also we construct explicit bases for some
important quotient spaces and prove a theorem about fiber isomorphism of vector bundles and
n!-sheeted mappings over Teichmiiller spaces. This theorem gives an important relation between
spaces of Prym differentials (abelian differentials) on compact Riemann surfaces and Riemann
surfaces of finite type.
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1. Preliminaries

Let F' be a smooth compact oriented surface of genus g > 2, with the marking {ay, br}]_;,
i.e. an ordered collection of standard generators of 71 (F'), and Fy be a compact Riemann surface
with the fixed complex-analytic structure on F. Fix different points Pi,..., P, € F. We assign
type (g,n) to a surface F/ = F\{Py,...,P,}. By I we denote the Fuchsian group of genus 1
acting invariantly in the disk U = {z € C : |z| < 1} and uniformizing the surface F{. Thus,
F} =U/T’, where I" has the representation [2, 3]

g
= <A1,...,Ag,Bl,...,Bg,Cl,...,Cn : HA]BJAJ_lBj_lclcn :I>
Jj=1

Any other complex analytic structure on F” is given by a Beltrami differential p on F{, i.e. by
an expression of the form p(z)dz/dz, invariant with respect to the choice of the local parameter
on Fg, where p(z) is a complex-valued function on Fg and [|ull, ry < 1. We denote this
structure on F' by FY,.

Let M(F’) be the set of all complex analytic structures on F’ with the topology of C*
convergence on F}, Dif fT(F’) be the group of all orientation preserving smooth diffeomorphisms
of F’ onto itself, which leave all punctures fixed, and Dif fo(F’) be the normal subgroup of
Difft(F’") of diffeomorphisms homotopic to the identity diffeomorphism on FJ. The group
DiffT(F’") actson M(F") by u — f*u, where f € Dif f*(F'),u € M(F’). Then the Teichmiiller
space T, (F}) is the quotient space M (F')/Dif fo(F') [2].

Since the mapping U — Fjj = U/T” is a local diffeomorphism, any Beltrami differential p on
F{ lifts to a Beltrami I"-differential p on U, i. e. p € Loo(U), |||l = esssup.cu |p(2)] < 1,
and pu(T(2))T (2)/T (z) = u(z), z € U, T € T", see |2].

If the I'-differential 4 on U is continued on C\U, setting p = 0, then there is a single
quasiconformal homeomorphism w* : C — C with fixed points +1, —1,4, which is a solution of
the Beltrami equation wz = u(z)w,. The map T — T}, = w*T (w")~! defines an isomorphism of
the group I" onto the quasi-Fuchsian group I, = w*T” (w*)~".

In the work [2, p. 99] there were constructed abelian differentials Ci[u], ..., (y[u] on Fi,y,
that form a canonical base dual to a canonical homotopy base {a}, b} }{_, on F},, which depends
holomorphically on moduli [p] for a class of conformal equivalency of a marked Riemann sur-

face F,. Further on, for brevity we shall write simply F), for the class of equivalence Fj,). Here we

ul:
assume that the class [u] has Bers coordinates hq, ho, ..., hgg—3 when embedding the Teichmiiller

space T,(Fp) of compact Riemann surfaces into C3973. Moreover, the matrix of b-periods
B ()
Qu) = (mjx[p]) =1 on Fy, consists of complex numbers mjx[u] = [ ([p], w)dw,§ € w(U),
3

and depends holomorphically on [u].
For any fixed [u] 6 Ty and & € w*(U) define the classical Jacobi mapping ¢ : w*(U) — C?

by the rule: ¢;(& f Gi([p),w)dw, j =1,...,g. The quotient space J(F) = C9/L(F') is called

the marked Jacobi manlfold for F' = Fy, where L(F) is a lattice over Z, generated by the columns
e e 7MW 709 of the matrix (I4,9?), where I, is an identity matrix of order g. The
universal Jacobi manifold of order g is a fibered space over T, with a fiber over [u] € T, being
a marked Jacobi manifold J(F},) for a marked Riemann surface F), [4]

A character p for F), is any homomorphic p : (m1(F},), ) = (C*,),C* = C\ {0}. Further on
we shall assume that p('yy) = 1, where 7;-‘ is a simple loop around only one puncture P; on I/ l’“
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j=1,...,n.

Definition 1. A multiplicative function f on F! for the character p is a mermorphic function
[ onwh(U) such that f(Tz) = p(T)f(2), z € w'(U), T € T'),.

Definition 2. A Prym q-differential with respect to a Fuchsian group T for p, or a (p,q)-
differential, is a differential w(z)dz? such that w(Tz)(T'2)? = p(Tw(z), z € U, T € TV,p :
I — C*~.

If a multipicative function fy on F), for p does not have zeroes or poles, then the character
p is called non-essential and fj is called a unit. The characters which are not non-essential are
called essential on m(F),). The set L, of non-essential characters form a subgroup in the group
Hom(T',,,C*) of all characters on I',. A divisor on F,, is a formal product D = P;"* ... P'*,
Pj EFM, nj €el,j=1,...,k.
Theorem (Abel’s theorem for characters, [3,5]). Let D be a divisor on a marked variable compact

Riemann surface [F,,,{a},... ,al, bl .., bi}] of genus g > 1, and p be a character on m (F),).

Then D is a divisor of a multiplicative function f on F), for p if and only if degD = 0 and

o) = 55 D10 p0)e — 53 Ttow (= o ),

where @lu] : F,, — J(F,,) is the Jacobi mapping.

The class M(p) consists of those Prym differentials for p on F},, which have finitely many
poles on F li and admit meromorphic continuation to F),.

In [6] it was proved that for any essential character p, a point Q1 € F),, and natural ¢ > 1
or a non-essential character p, a point Q1 € F),, and natural ¢ > 1 there exists an elementary
(p, q)-differential 7, 4., of the third kind with a unique simple pole Q1[u| on F),. For any non-
essential character p, a point Q1 € F), if ¢ = 1 there is no elementary (p, 1)-differential 7., . Also
it is proved there that on a variable surface F), of genus g > 2 for any natural ¢ > 1 there exists
an elementary (p, ¢)-differential 7, 4.0,¢q, of the third kind with simple poles Q1,Q2 € F),, and

1
TéTZ.)Ql = (7 + O(l))dzq, 2(Q1) = 0, of the second kind with the pole @Q1[u] of order m > 2.
2y Z’n’L

These differentials depend locally holomorphically on [u] and p.

Let p : E — B be alocally trivial holomorphic vector bundle of rank m, i.e. E, B are complex
analytic manifolds, the base B is covered by a system of open simply-connected sets {U,} such
that there exists a system of holomorphic fiber coordinate homeomorphisms ¢, : U, x C™ —
p~1(Uy) for all . On intersections U, NUps # () there are given pg, = <pg1g0a : (UanUg) xC™ —
(UaNUg) x C™, holomorphic matrix transition functions, which satisfy on (U,NUgNU,) xC™ the
relations Qo8P 8a = id, where id is the identity homeomorphism for all indices. The transition
functions ¢gq (7, 2) = (x, Ppa()z) define holomorphic mappings @gq : Uy N Ug — GL(m,C),
where z € B, z € C™ u $4,948Ppa = 1. These conditions on B,C™,{U,} and such ¢gq, Pga
are sufficient to define a locally trivial holomorphic vector bundle E of rank m over B [7].

Any holomorphic section s : B — F, i.e. ps(z) = z,x € B, may locally be described as
oo ts: Uy — Uy x C™, which define holomorphic vector-valued functions s, : U, — C™ by the
formula (p;1s)(z) = (z, 5a()),z € U,. On intersections U, NUg # () these functions satisfy the
compatibility conditions sg(x) = @ga(sa(x)).

Conversely, given a set of holomorphic vector-valued functions s, : U, — C™ with the com-
patibility conditions satisified, then the formula s(z) = ¢, (z, so(x)) uniquely, i.e. independently
of the choice of the covering {U,}, defines a holomorphic section s: B — E.
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If E is a locally trivial holomorphic vector bundle of rank m over B, then there exists a base

of locally holomorphic sections for {U,} given by sio = @u(z,ex), k =1,...,m, x € Uy, where
€1,...,en is the standard base in C™.
Conversely, given a base of locally holomorphic sections sxo, k =1,...,m, x € U, of E, the
m m
coordinate homeomorphisms can be defined by ¢ (x,2) = Y 28, Where z = > z;e;, which
j=1 i=1
are holomorphic in € B and z € C™. Besides, from (s14(2), .. ., Sma(z))! = @as(z)(s15(x), . ..

v 8mp(z))t it follows that the transition functions @,g(x) are holomorphic on intersections
Uo NUs # 0. In this manner (E,p, B) is endowed with the structure of a holomorphic vector
bundle of rank m over B.

2. An analog of Appel’s decomposition formula
for a multiplicative function on a variable Riemann
surface of finite type

Denote by T(l) — f Tp Q an elementary Prym integral of second kind on F), for an essential

character p with only snnple pole at @ and with residue +1 in @ that depends holomorphically
on [u] and p, where TIE;C?? has zero residue at Q [5,6,8].

Let f be a function on F),’ of the class M; for an essential character p with s simple poles
Poi1, Poyo, ..., Pyys and residues ¢,41, - . ., ¢hys at these poles respectively for some its branch.
Consider an analytic continuation of this function f (denoting it by the same symbol) from F),’

to F),. Consider the expression f; = f— cn+1T/511)3n+1 - cn_s_sT‘Slanrs Z Cj f (j, where ¢; € C,
i=

j=1,...,9—1,and 1,..., fg_l is the base of Prym differentials of the first klnd for an essential
character p on F), depending holomorphically on [¢] end p [2]. Then f; is a meromorphic single-
valued branch of the Prym integral with an essential character p on the fundamental polygon A,
1
where the surface F), is uniformized [3], with the divisor (f1) > w, ¢ =20,7=1,...,n,
on F),. Here we assume Py, Ps,..., P, € IntA,. Besides, the Prym integral f; for p has a
branch whose principal parts of Laurent series coincide with principal parts of Laurent series at
P, j=1,...,n, for f and Z€ro am,-periods, m = 1,...,9 — 1, on F, or on A, [2|. Therefore
f= chﬂ pP+]+Zlc]f<J+f1
j_
If P, is a pole of order ¢;,q; > 2, then in the formula above one should instead of clTp(ll)gl

l=n+1,...,n+s, (for simple poles), and also for poles P, I = 1,...,n, of the branch of f;
write sums of the form

1 1 — 1
an( 1)31 @ aQTﬁ(’;I):'z .. Alv(Il o 1Tp(;1)’z
813[ 2 813[2 (CIl _1)! af)lm_l )

Al1T,§1)al+A 12— 55—

where A; ; are coefficients of the principal part of the Laurent series for some branch of f at
P,j=1,...,q(P),l=n+1,...,n+s, and for a branch of f; at Py, P,..., P,. Indeed, in a

1 1
neighborhood of P; we have expansions Tp(;ll)% = ) +0(1); ( p(ll),l)al = G + O0(1),
|
z(P)=ayp; ...; (Tlg;lggz)‘([ln) = (Z_mw +0(1), 1 <m < q(P)—1, where ¢;(P,) is the order
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of the pole at P, for branches f and f1,1=1,...,s+ n. From that follows the theorem.

Theorem 1. Let f be a branch of a function of class My for an essential character p on a variable

Riemann surface Fl; of type (g,m), g = 2, n > 0, with pairwise distinct poles at Pyy1,..., Pyys
of multiplicities qn41, - .., Qnts with given principal parts:
Aj q; Aj
— 24— j=n+1,...,n+s. (1)
(z — 2(F;))% (z —2(P))
Then for an analytic continuation of f we have (f) > qulmlqus, g =20,5=1,....n, on F,
and
n+s 4j om (1) g—1
A3 [ S
j=1m=1 :
Ay, Ao A
where f = D944 ek + ek +0(1) for some branch in a neighborhood
(z — 2(F;))% (z—2(P))* z—2(F)

of P;, j=1,...,n+s, na F,, and all summands depend holomorphically on [u] and p.

Let now p be a non-essential character. The proof of the previous expansion formula for an
essential character does not work since in this case there is no Prym integral of the second kind
with only simple pole on F},. Therefore we need a Prym differential 7 2:Q2Q2 of second kind for a
non-essential character p with two poles of second order at two dlstlnct points @1 and Q2 on A,
with zero residues at Q1 and Q- [5 6]. In this case one should use as basic elements of expansion

the Prym integrals 7},.0,0, = f 2:Q2Q2 of second kind with two simple poles 1 and Q5.

Consider one more Prym dlfferentlal Tp:01Q: = foTQ,Q, of the third kind on F),, where fj
is a unit for p on F), and 79,q, is the normalized (i.e all a-periods vanish) abelian differential
with simple poles @1 and @2 on F, and residues +1 and —1 at these points, respectively, which
depend holomorphically on [p] and p [5,6]. It is known that 7g,q, = dIlg, ¢, and the abelian
integral Ilg, g, can be expressed implicitly via the Riemann theta-function for the surface F),.
It equals to a sum of two functions, one of which depends only on @1, and another only on Q-

oIl
[5, p. 117]. Therefore the derivative % does not depend on @2, where z; = 2(Q1).
Z1
1 RO

1 ) )
1 h-
(Z - 21)2 z— 21 +O( )) dz in a neig

The Prym differential 7'/5;251 admits the expansion <

borhood of @1, 2(Q1) = 21, where U Z log p(aj)go (Q1) [5,6]. To prove this we consider the
]_
(2)

-
abelian differential p’Q7

zero. In a neighborhood of @, z(Q) = zy we have the Laurent expansions

@ _ 1 c_1 d
T5.Q ((zzo)z—i—zzo—i-co—l—...) Z,

e (- Zm ) = £ - S ko) o Ay an)

fo(2) folz0)  fo
where \; =logp(a;), j =1,..., 9. From that we get
O res To e Migh(0) ot A (z0)
“ fo o fol2o) fo(zo0) ’
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g
since () is the only pole of the abelian differential. Therefore c_1 = > A\;¢}(20) and c_; = 0
j=1

g
in a finite number of points @ on A,. Indeed, dfy = exp ( Z Aj@; (P)) > Aj¢ldz(P), and the
j=1

9
equivalency > \;j¢}(Q) = 0 < dfp(Q) = 0 holds. Thus, for a non-essential character p there is
j=1

no Prym differential of the second kind with only pole of the second order at an arbitrary point

1
(2 — 20)%’
a finite number of points  on A, i.e. at points () that are zeroes of the differential dfj.
(2)
1 c
The Prym differential 7 22 also has an expansion -1 4 O(1) )dz in a neigh-
( — 22)2 zZ — 29

Q@ and principal part since the condition A;¢}(20) + -+ + Ay (20) = 0 holds only for

borhood of @2 on F),, where c Z log p(a;)¢}(Q2).

A Prym differentials with two poles of the second order and zero residues at these points may
be given in the form

2 1 2 1
Tp:Q3Q3 = ! 1f0(Q ) p(él ! % (QZ)Tp(é ! ic( iT" Q1Qz
fO(Ql) and at Q, it is

It follows that the differential constructed above T Q202 has poles of the second order at @4
and @2, and zero residues at these points. Indeed, in a neighborhood of @), its principal part

) (2)
1
+ = _11) (_21 ) Jo(@) = CilfO(Ql), analogously at Qo:
(z—21)2 z—2 z—2 (z —21)?

1 ) ]) REONC) ) fo(Q2) _C(_lifo(Qﬁ

_. - _
< C_lfO(Qz){(z—zg)Q_Fz—zg e, (z — 22)?
Tp:g2@2 depend holomorphically on [1] and p.

Note that the principal part for 7, ¢,¢, at @1 has the form

has the form c fo(Ql)[

. The constructed differential

Theorem 2. Let f be a branch of a function of class My for a mon-essential character p on
a variable Riemann surface F,, of type (g,n), g = 2, n > 0, with pairwise distinct poles at
Poi1,..., Poys of multiplicities g1, ..., qui+s with given principal parts (1). Assume that for

an analytic continuation of f to F, the conditions (f) ,q;=20,5=1,...,n, and

Z i i
q1 dn+s
Pl Pn+s

g
Z log p(a])gaj( P, +s) # 0 are fulfilled. Then

n+s—1 q1 m—1
ArT,p.P, .. Ay 0" PP,y
c f C k) T n + 7_ n +
Z]/ 064 = dnysfo(Pr) mZ::Q(m—l)! opm1

n+s 1
aT.p.p A38 T,p p A, 0% T,p.p
+ A P51 +¢ P31 _’_..._’_ 7,495 ?1 341 +C,
Jz_:2|: 3.2 8PJ 21 8PJ2 (qJ — 1)' 8PJ?771
where 4 n "
f= ey 12 2L 101
EEETE ER ey

for some branch in a neighborhood of P;, 7 = 1,...,n+ s, on Fy; C =0 for p # 1; d), =
Z log p(am)gam (Py), k=1,...,n+s, on F,, and all summands depend holomorphically on
] and p-
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Proof. Tt is enough to check that principal parts of both parts of the formula coincide. For a

neighborhood of P., r=1,...,n+4+s—1, on A, we have the Laurent expansion
n+s—1
JFZ (dnJrSfO(PT) d fO( n+s) Arl _ Arl +
r—1 Z_Pr Z_Pn—i-s dn+st(Pr) Z_Pr

For a neighborhood of P,;, on A, we have

+s—1 sl
nzs: _d fO( n+s) Arl _ 1 n+s TLES: _ An+5,1 +
r—1 z— Pn+s n+st(P7') Z — Pn-‘rs n+s fO Z— Pn-l—s ’
nts — A 4d, nts-1 _d. A
since Z = fo( SR Sl Apys.1, according to the complete sum of

fO( ) - dn+8 r=1 fO(PT)

g
residues formula for an abelian differential fid < > log p(aj)goj) of the third kind on F},, which
0 \j=1

Airds
at P; has the residues 1 , 7 =1,...,n4+s. Thus, the coefficients at the power —1 in principal

fo(Pj)
parts at Py, Ps, ..., P45, are the same.
The third sum shows that the coefficients coincide in principal parts at P; for powers starting
from —2. The fourth sum shows that the coefficients coincide in principal parts at Ps, Ps, ..., Pyis

for powers starting from —2.

If p = 1 then all the summands in the formula become abelian integrals, which differ by a
constant C. If p # 1 and p is a non-essential character, then C' = 0, since a constant is neither a
multiplicative function, nor a Prym integral for this character on F}, of genus g > 2. O

Remark. P. Appel [6, see p. 118] proved Theorem 2 for a fixed compact Riemann surface and
simple poles with every simple element (summand) depending on additional g — 1 poles. Our
theorem is proved for a variable Riemann surface F” of finite type (g,n), g = 2, n > 0, and poles
of any order with any summand having either one or two poles. Moreover, if p = 1, n = 0 we
recover the classical fact on decomposition of a single-valued meromorphic function into a sum
of abelian integrals on a compact Riemann surface.

Corollary. For any non-essential character p on a variable compact Riemann surface E, of

genus g = 2 at @1, which are zeroes of the differential dfy, there exists a differential 7 Q of the
second kind with only pole of the second order at Q1 that depends holomorphically on [ | and p,
and having zero residue at Q1.

3. Vector bundles of Prym differentials over a Techmiiller
space of Riemann surfaces of finite type

1

Denote by 9 (W,FM) the vector space of (p,q)—differentials that are multiples
QY

1

W,WhereajZI, aj €N, j=1,...,5, s>21 ¢g=>1, q€ N, and
a1 Q8

by Q4(1; F,) the vector subspace of holomorphic (p, ¢)-differentials on F), [3]. Here the divisor
Q1...Q, on F), is understood as a constant set of points on a surface F' of genus g > 2.

Let E be the principal Hom(I',C*)-bundle over T, (Fo) with the fiber Hom(I',,, C*) over Fy,
from Ty(Fp). Here Fy = U/T', I is a Fuchsian group uniformizing Fy over the circle U, and

of the divisor

F = w*(U)/Ty = AL/Ty, Ty be a quasi-Fuchsian group uniformizing the compact Riemann
surface Fj,) over w*(U).
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Lemma 1 ( [5], pp. 105-106). A holomorphic principal Hom(L, C*)-bundle E is biholomorphic
to the trivial bundle Ty(Fy) x Hom(I',C*) over Ty(Fp).

1
W, Fﬂ)/Qg(l,F#) over Tg X
(Hom(T',C*)\1) for ¢ > 1 (over Ty x (Hom(I',C*)\L,) when ¢ = 1) and g > 2 is a holo-
morphic vector bundle of rank ay + - - - + a5 = d, while the co-sets of (p, q)-differentials

Proposition 1. The wvector bundle E = UQZ(

(1) (a1) (1) (as)
To.:Qu 0 ToaQ1 2 TpasQsr 0 Tpoai Qs <2)

form a basis of locally holomorphic sections of this bundle.

Proof. With given conditions on ¢ for the character p we have the equality dim Qg(l;Fu) =
= (g — 1)(2¢ — 1). By the Riemann-Roch theorem for (p, ¢)-differentials we find the dimension

ipq(QT™ .. Q7 F) =(g—1(R2¢—1) +o1+...+as+r((flu)27'QF ... Q),

where f[u] is a function for p, Z is the canonical class for abelian 1-differentials on F),. Here
P((Fu)Z971Q3" -+~ Q2+) = 0, since deg ((f1]) Z9-1Q5" - Q2+) > ay > 0. Thus,

M;FH)/QZ(LFN) =a;+...+as=d.

It follows from Theorems 2.1 and 2.2 of [6] that there exist differentials from the set (2) that
depend locally holomorphically on [u] and p.

Let us show that the set (2) of equivalency classes of (p, ¢)-differentials that depend locally
holomorphically on [u] and p is linearly independent over C for given characters p. Consider a
linear combination of the form

dim 0

1 1 «a a 1 Qg Qs _
OV iyt F OV, 4+ OO g 4+ ORI = w,

where w is a holomorphic (p, ¢)-differential on F),. Since the right hand side does not have
singularities, all the coefficients are zeroes. All these differentials depend holomorphically on
[u], p and divisors Q) ... Qs, which are locally holomorphic (constant) sections of the bundle of
integer divisors of degree s over the Teichmiiller space T, of genus g [4]. Therefore, this set gives

the base of locally holomorphic sections of this bundle. O

Lemma 2. For any divisor P{* -...-P q; >0,7=1,...,n, ¢ >1 and any p (or ¢g=1 and an

essential character p) on F), of genus g > 2, there exists a differential & € Qf (ﬁ7 F#>
Ry,...,RN

with the divisor (&) where R; # P, l=1,...,n,j=1,...,N, N = (29 — 2)q+

T PhL P
+q1 + ... + gn, and any given principal parts of Laurent series at Pj,j = 1,...,n, for its
branches. This differential depends locally holomorphically on moduli [u] of the surface F,, and
the character p.

Proof. If ¢; = 0 for all j, there exists a holomorphic (p, g)-differential & # 0 on F), for every
g>1andp,sincei,q(1) =(2¢—1)(g—1) =23 if ¢>1and i,(1) >2g—-1>11if ¢=1.

Fix q1,...,qy, as possible order of poles at punctures P,. .., P, on F, respectively and assume
that for at least one j, ¢; > 1.
Ifg=1land ¢ =1, ¢ =0,...,q, =0 for an essential character p there exists a differential

1
@ # 0 such that (©) > B [6]. Further on, if ¢ = 1 we shall assume that ¢; + g2+ -+ + ¢, > 2.
1

For any (p, q)-differential & the degree of its divisor deg(@w) = (29 — 2)q on F,. It fol-
lows that N = (29 — 2)¢ + ¢1 + ... + ¢». By Proposition 1.4.4 [5] and Abel’s theorem
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Ry,...,RN
) R
equality ¢(Ry...Rn) — (P ... Pi") = —2Kq + 1{(p) holds in the Jacobi manifold J(F}),
where K is the vector of Riemann constants. From this it follows that ¢(Ri...Ry) =
=—2Kq+p(P... P1")+9(p)—p(Rg+1 ... Ry). Thus, to determine the zeroes of the differential
we have N—g = (2g—2)q—g+q1+...4+qn = g—1 > 1 free parameters that can be chosen so that
they depend locally holomorphically on moduli [u]. Solving the Jacobi inversion problem we find
the divisor R, ... R,, which is the only holomorphic solution to the previous equation if the right
hand side does not belong to ng [3,5]. This can be done since dim ng <g—2,but N—g>g—2

there exists a differential @ # 0 with the divisor (@) = if and only if the

Ri...R
under our hypothesis. Therefore the divisor of the differential (0) = qulipgn has exactly re-
L P
quired singularities, if R; # P, for all indices. In order to do this we choose points Ryy1,..., Ry #
Py,...,P,. We shall show that after a specific choice of the divisor R411... Ry we can satisfy

the condition R; # P, for any j and I. Assume the converse, if Ry = P; on F),, then from the
previous equality we get (R ... R,) = —2Kq+ (P ' P§ ... PI") +1(p) —¢(Rgs1 ... Ry) or
@(Ry...RyRys1...Roy 1) = —2Kq + @(PP ' P8 ... PI) + 1(p) — ¢(Ray ... Ry). Consider
the integer divisor D = Ry...RyRgq1...Rog—1 of degree 2g — 2. It has g — 1 free points
Ryi1,..., Rog—1. By the free points theorem [3] we get the inequality (D) > 1, and therefore
©(D) = —2K. Then the previous inequality can be rewritten as

—2K(q—1) + o(P{" " Pi") + 4(p) = p(Rag ... Ry). 3)

Note that N —(29—1) = (2g—2)¢+¢1 + ...+ ¢, —29+ 1 > 1 in these conditions. Thus, we see
that the sets defined by both sides of this equality in J(F},) has different dimensions. Therefore
we can choose Rag, ..., Ry on F), such that (3) does not hold. This is a contradiction.

It is known that under our conditions on ¢ and character p there exist elementary (p,q)-
differentials of the form TSQ);Q and T;Z;)Q,m > 1 on F), [6]. Therefore we can construct any
principal parts for Laurent series of the differential & at all points P;, j =1,...,n,on F,. O

Further on, we shall assume that the character p’ on I such that p'(y;) =1, j =1,...,n,
ie. p' =p e Hom(I',C*). Consider the diagram

E/_UQZ(W’F[‘)QMl R QZ(W%) 5
YL F) N M, G(LF)
! ! ()

T" x Hom(I,C*\X — Ty x Hom(I',C*)\X,
where ﬁ‘g is a part of the Teichmiiller space T, [6, p.81, p.88], the vertical arrows are projec-
tions in vector bundles, and the lower horizontal arrow is related to the operation of gluing the
punctures, which makes the surface F\{P,..., P,} into a compact surface F [3]. The upper
horizontal arrow will be explained later.

Theorem 3. The diagram above is a commutative diagram of vertical holomorphic vector bundles
with isomorphic corresponding fibers and horizontal holomorphic n!—sheeted mappings, where
X =1 when q>1, and X = Ly, when q¢ = 1.
1
Proof. By the Riemann-Roch theorem we find the dimension i, 4 <p‘11pqn’ F> = (2¢—1)(g9—
.. P

—1)+q + ...+ gn. Therefore, QI(1, F”) is an infinite-dimensional vector space.

Now we prove the isomorphism of fibers for fixed F’ and F, where I is obtained from F’ by
glueing up the punctures. For any fixed p # 1 we define the map 6 of a fiber of E’ over F' into
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a fiber of EZ over F', which puts in correspondence to the class < w >= w + QI(1, F') N M; the

1
class <w — 0 >=w — @+ QI(1, F) in the following way. If w € Qg<W, F’> N My, i.e.
Qs
1 1
(W) = =43 o oo 7.» then we put into correspondence w — w, since by Lemma 2 we
...y PP

) o . Ry...Ry ,

can choose the differential @ such that (@)= B P R;#P,j=1,...,N,l=1,...,n, and
.. Py
having the same principal parts of Laurent series at all points P;, j = 1,...,n, as an analytic
1

continuation of the differential w to F. Then w—w € 27 (M, F) Let H(W—|—QZ(17 F/)n

.. Qs

M) =w—o+Q4(1,F).
We shall show that this mapping is well-defined. Consider another differential w’ from the
same equivalency class < w + Qg(l,F YN My >. Tt has the same singularities as w at all

1
points Q1, ..., Qs, and its own singularities at the punctures, i.e. (W) > ; —.
[e %) (e qu Pqn
QP Py
Then we choose w’ such that w’ — ' € Qg (M, F) Therefore, on the one hand we
Qs

have (< w >) =< w — @ >, on the other hand we have (< v’ >) =< w’ — cgz’ >. Consider the
difference of representatives of both classes (w—w’)+ (W' —@) = (W—@) - (' —w') = ¢ € QI(1, F),
i.e. ¢ is a holomorphic (p, g)-differential on F. Therefore,

f<w>)=w—-0+QULF)=uw - + ¢+ QL F)=w - + QL F) =0(< ' >).

Thus, the map 6 is well defined on the equivalency classes.
Let us establish that 0 is surjective. For any equivalency class wo+Q%(1, F') we define the class
Ry...Ry 1
- N —— F' M
Pl Pl Q... Qe )ﬂ !
for some ¢; > 0, j=1,...,n. Thus, O(wo +w + QI(1, F') (| M1) = wo + Q4(1, ). This can be
proved differently. Take a Prym differential with required singularities holomorphic at punctures
on F), from the bundle in the right hand side of (4) and consider it on the surface with punctures.
The map 6 takes it back.
Now let us prove that the mapping of a fixed fiber over I’ and a fiber over the corresponding
surface F' is 1-to—1. Assume that different equivalency classes are mapped by 6 to one class,

wo + @ + Q4(1, F'), where (@) on F and (wy + @) € Qg(

1
i.e. 9(< w1 >) =< w1 — CJl >=< Wy — CJQ >= 0(< w2 >), where CJl S QZ(M,F),
L P
1
awy € OF (,,,F) and (wp — wy) does not belong to Q4(1, F') N M;. Consider the
P ... P

difference (w2 — w1) + (U1 — W2) = (wa — Wa) — (w1 — 1) = ¢ € QI(1, F). Therefore wy — w; =
=¢+Ws—wi € Qg(l,F’) N M;. This is a contradiction.
Now we prove that 6 is linear. Indeed, for ¢; € C, j = 1,2, we have equalities

9[01(0.)1 + Qg(l,F/) N Ml) + CQ((UQ + QZ(LF/) M Ml)] =
= 0[clw1 + CoWw?2 -+ Qg(l, F/) n Ml] = C1W1 -+ CoWo — (01(51 + 02(.52) + Qg(l, F) =
= cl(wl - 0.71) + Clgg(l, F) + CQ(WQ — (,Jg) + CQQZ(L F) = C19(< w1 >) + 02€(< ) >).

Thus, 6 is linear, and we get an isomorphism

(50 (o )

1 1

Q%(LF;Q)QMI Q%(LFM) ’
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of fibers under these conditions.
Now we lift the set (2) to the set of Prym differentials on F},, which is obtained from (2)

by adding some differential from Q4(1, F, ;) N M;. All these differentials can be chosen so that

they depend holomorphically on [p] and p on Fl; Thus, we obtain a set of equivalency classes of
differentials

1) (2) ’ (a1) (1)
qu1+Qq(1 F)’ Tp.q:Qu +Qg(1’F#)""’ pq1Q1+Qq(1 F)’ PqQ2+Qq(1 F)

(a2) + ! (as) /
.. MQ2+Q‘1(1 F) T Qs —i—Q%(l,FH),...,Tp’q;QS+Qg(17FM), (1)

which correspond to Prym differentials from (2), on F;L. It is a basis of locally holomorphic
sections of the vector bundle E’. Consequently, both these bundles F and E’ are holomorphic
vector bundles of rank d over mentioned bases.

The operation of gluing up the punctures that makes F’ into F' defines an n!-sheeted holo-

morphic mapping from T¢ onto T,. Here, over each surface F' with fixed points Py, ..., P, there
are n! surfaces F’.
Thus, we have proved commutativity of the diagram (4) with required properties. O

4. Spaces of univalent differentials

Lemma 3. For each divisor P{* -...- Pi" q; > 0,j=1,...,n, and ¢ > 1 on F, of genus g > 2
1 Ri,...,R
there exists a differential © € Q4 (M,Fﬂ> with the divisor (0) = ﬁ7

where R; # P, 1=1,...,n,5=1,...,N, N =(2g—2)¢g+q1 +. ..+ qn, and any given principal
parts of Laurent series at P;, j = 1,...,n. This differential depends locally holomorphically on
moduli [p] of the surface F),.

The proof is analogous to the proof of Lemma 2.

1
Denote by Qq< o = §Fu> for ¢ > 1 the space of g-differentials on F), that
1 Q) Ql+1~--Qs
are multiple of the divisor & , where ay,...,ap > 2,5 > 1,0 <1l < s
QP Ql+1 Qs

and the points Qq,...,Q, are dlstlnct and by Q9(1; F,) denote the subspace of holomorphic
g-differentials on F),.

By the Riemann-Roch theorem for g-differentials we find the dimensions of these spaces. It
is known that dim Q9(1; F,) = (2¢ — 1)(g — 1) for ¢ > 1. Moreover,

. 1 o o 1
g —aram—a) ~ -0t (G —grgn )+

+r(Z97Q ... QM Qs ... Q) = (9—D)(2¢ — D+ a1 +...+ay+s—1(>4).
1
Ql-‘rl Qs,

Consider the sets of q- dlfferentlals

s @) (a1) O (2) (a1)
T:Q1 Tq:Quo - qul""’ Q1 Tg:Qp "’Tq;Qll’T‘I?QlQlH""’TQ?Qle (5)

Therefore, dlqu( F[L) JULFE,)=a+...+aq+s—1(=>1).
forl>1,q>1;

1
Té;gh’TQ?Qle < TgQ1Qs (6)
fori=0,¢g>1on F,.
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Proposition 2 ([6]). The bundle

1
UQq< ;F> Q4(1; F,
QM Q- Qs /(L F)
is a holomorphic vector bundle of rank a1 +...+a;+s—1 over Ty, where g 2 2, a1,...,q; 2 2,
s21, 0<1<s, q>1and the points Q1,...,Qs are distinct. The equivalency classes of

q-differentials from (5),(6) form a base of locally holomorphic sections of this bundle over T,.

Consider the diagram

(1 p q( 1
Q ( ?14..Q?1Q1+1---QS7F‘“> li Q ( ?1<~~Q?1Ql+1---Qs7F‘H>

E' =u u =F
Qu(1, Fl) N My - Qu(L, F),)
! ! ")
T’; — T,.

Teopema 4. The diagram (7) is commutative; vertical arrows stand for holomorphic vector
bundles with isomorphic corresponding fibers, horisontal arrows are for holomorphic n!-sheeted
mappings over bases from Tg (a part of the Teichmiiller spaces T ;) and a Teichmiiller space T,.

The proof follows the proof of Theorem 3 together with Lemma 3 and Proposition 2.
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BekropHnoe paccioenune auddepeniinasioB lIpuma Ham
npocrpancrBamu Teilixmioiepa IIOBEPXHOCTEIl C IIPOKOJIAMM

Anekcangap B. UyerneB
Bukrop B. YUyeren

WNucturyT dyHIaMEHTATBHBIX HAYK
KemepoBckuit rocyiapcTBeHHBII YHUBEPCUTET

Kpacnas, 6, Kemeposo, 650043

Poccus

B pabome uccaedyromea MYsoMUNIUKGMUSHE MEPOMOPPHblE PYHKUUU U JuPPepenHyuanb,. Ha puMa-
HOBBIL NOBEPTHOCTNAL Koheunozo muna. lokazan anansoe gopmysv. I1. Anneass o passosrceruu Mysomu-
NAUKAMUSHOT PYHKUUU C NOAIOCAMU AO0OBLT KPAMHOCMET 6 CYMMY IAEMERMAPHLLT UHMe2panos Ipuma.
Hocmpoerv, asnvie 6asucv, 0aa PA0a axHcHUT darmop-npocmparcms. Jlokasana meopema 0 NoCAOTHOM
u3oMopPudme eKMOPHHIT paccaoenuti u nl-aucmuoir omobpascenut nad npocmparncmseamu Tedrmonne-
pa. Oma meopema daem BadHCHYIO C6A3b Mmedxcdy npocmparcmeamy Juddpeperyuancs Ipuma (aberesox
Judepenyuanos) na KoMNaxMHOU PUMaHOB0T NOBEPTHOCTNY U HA PUMAHOGOT NOBEPTHOCTU KOHEHHOZO0
muna.

Karoueswie caosa: npocmpancmea Tedxmrornepa pumarosur noseprHocmell Konewnozo muna, dugdde-
peryuasv, IIpuma, sexmoproie paccroerus, 2pynna Tapaxmepos, mHoz2000pasus Hrxobu.
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