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Introduction

Quantum Informatics is a new branch of science arising at the junction of quantum mechan-
ics, algorithms and information theory. General principles and laws managing the dynamics of
complex quantum systems are studied in quantum computer science. Quantum computer is a
computing device based on the principles of quantum mechanics.

The idea of building a quantum computer was proposed in 1980 by the Soviet mathematician
Yu.I.Manin [1]. This idea was supported by physicists, in particular, by P.Benioff [2] and a
Nobel laureate R. Feynman [3].

The necessity for a quantum computer arises when we try to study difficult multiparticle
systems, e.g. biological, using physical methods.

High hopes are placed on the perfection of this device, and active work is underway in this
direction. In order to develop and apply the principles of quantum physics new research tools are
required. It is a quantum computer that has become a modern device that makes it possible to
study various phenomena and calculate the necessary data. So far, only a limited computer has
been built, but this was enough to make sure that a full-fledged quantum computer is needed.

A quantum computer uses non-classical algorithms for computing that are realized by non-
classical logical elements.

A logical element is a computer device that performs one specific operation on input signals
according to the rules of the algebra of logic. For example, a logical element reflecting transition
to the negation is represented by the following scheme (Fig. 1):
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Fig. 1. A scheme of the logical element representing the negation

Since in logic the negation of a statement is formed with the help of the particle "not”, the
depicted element will be denoted by the symbol NOT.

Within the framework of the real analysis it is impossible to build a logical element vV NOT,
i.e. such an element, for which vV NOT x v NOT = NOT, where multiplication means the
successive application of elements. In other words, even within the framework of the classical
multi-valued logic based on classical probability theory, the equation is unsolvable. Let us show
this.

A technical scheme reflecting this equation is presented in Fig. 2.

Fig. 2. A technical scheme for equation vV NOT x v NOT = NOT

Here on the left there are two copies of one (unknown) logical element X. It is assumed that
transitions 0 — 0, 0 — 1, 1 — 0, 1 — 1 occur with probabilities Pyg, Po1, P19, P11 respectively
(see Fig. 3).
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Fig. 3. A scheme of the logical element X

For the element « NOT» we have: Py = P;1 = 0; Py1 = Piop = 1. Therefore, to satisfy the
equality X x X = NOT we obtain the system of equations

PooPoo + Po1P1o = 0,
PyoPo1 + Por1 P11 = 1,
PPy + P11 Pio =1,
Py Py + PioFPyr = 0.

Since P;; > 0, then from the first and fourth equations we obtain Pyy = P11 = 0, therefore,
the second and third equations are reduced to 0 = 1. Thus, this scheme is unrealizable for real
non-negative values F;;.

The way to the realization of the considered equality is suggested by quantum mechanics,
in which the amplitude of the transition probability ¢ — j is a complex number c¢;;, for which
P = \cij|2. Thus, if in the given system of equations we replace F;; by complex numbers c;;,
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then one should consider the equations:

Now consider the system of equations:

0 = |coocoo + 001010|27
1 = |cooco1 + 001811|27 (1)
1 = |erocoo + c11ciol’,

0=lciien + C10001|2~

Some examples of the roots of this system of equations were presented in the book of Guts [4]:
coo = c11 = i/V/2; cor = e7/V/2; c1p = /2.

From the main results of this article, it follows that all complex solutions of the system (1)
are parametrized in the following form with 2 parameters a, 5 € [0, 27] :

coo = c11 = €/V2; con = P V2 g =TT V2,

In fact, the problem of finding a logical element v NOT is reduced to finding a matrix whose
square is equal to
0 eila—p)

NOT = (ei(aJrﬁ) 0

), where o, € R.

This way of representing the matrix NOT allows us to write the equation X2 = NOT as a
matrix equation:

oo Co1l 2 [ €ooCoo t Co1C10  CooCo1 Tt Co1C11 | 0 etla=h)
(Clo 011) ~ \ciocoo + cricro e + erocor ) (6“““9) 0 ) '

The aim of this paper is to find new non-classical logical elements. Namely, we investigate
the problem of finding VVNOT, that is, the problem of finding all solutions of the equation
X" =NOT.

First, we note that the successive application n times of a non-classical element X corresponds

to raising to the n-th degree of a complex matrix C' = (200 gm), that is X corresponds C".
10 Ci1

Theorem 1. All solutions of the matriz equation X™ = NOT are given by matrices

et p(25m)
1+t 1+4+¢;
(@ o) = | oyl | aser, @)
10 €11 oi( 22k 4 ) 1ol
1+t 1+t
where k,j =0,...,n—1, and t; are the solutions of the following algebraic equation:
5]
Rk =0, (3)
k=0

In Section 2 we calculate all roots ¢; of the equation (3) involved in the formulation of this
theorem.
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1. Proof of Theorem 1

We write the matrix X in the form

x — (€0 co1)
Clo  C11
In order to raise X to n-th degree, we reduce it to the diagonal form. The characteristic roots
of the matrix X are the following:

coo +c11 + VD coo +c11 — VD
) AQ = ’
2 2
where D is the discriminant of the characteristic equation, equal to

A=

D = (coo + c11)? — 4(cooc11 — corcio)-

(M0
- 3)
is related to X by the equality V.S = SX, where S = (200 201> is a transform matrix. This
10 S11

The diagonal matrix

leads to the following result:

€11 — Coo + VD —Co1 1 Co1.

= 2vD VD -1 _ D
5= 000—0114-\/5 » 57 = 011—600—\/5 011—0004—@

e 2¢01 2D

Consider the matrix X™ first for even n, writing it as

X" — Zoo o1
10 Ti11

From the relationship X" = S™'V"™S we get the expressions for ;;:

1 %_1 n
70 = 30 ( 5 [(eoo + ) TDHCF e — enn) + CFF(eno + en))] + D2> ,
k=
o1 & _ _ _
To1 = gy 20 [CaF 7 (oo en) DR,
c 3
Zio = 2n1,01 kzl [C2FY(cop + €11)"2FHI DR,
1 %71 n
T = o ( > [(coo + ex1)" "> DM(CRFH (e1n — coo) + CRF(eon + c11))] + Dz) :
k=0

Considering the equality X" = NOT, we arrive at the following system of equations:

[\
3

ol

[{ng

I .
— < [(COO + 611)n72k71Dk(072Lk+1(600 — 011) + Cfbk(COO + 011))] + DZ) =0,

@)
e
N
o

[Cﬁkfl(coo + cll)n72k+1Dk71] — ¢ila—p)

N
3
=~
Il
_

[Cﬁk_l(Coo +cll)n—2k+1Dk—1] — ¢ilath),

[N}
S|
llo
-
g
g

[
q
x N

7T

[(COO + Cll)nizkile(C?LkJrl(Cll — COO) + CEL}C(COO —+ 011))] —+ Dg> = 0.
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Subtracting the fourth equation from the first one, we get:

1
2n—1

(COO . Cll) [C«Zkfl(coo + Cll)n72k+1Dk71] =0.

[

k

1

Since the multiplier represented as a sum is not equal to zero (in view of the second equation of
the system), we obtain cop = ¢11. Note that in this case D = 4¢p1c¢19. Making the appropriate
substitution, our system will take the form:

n
2
2k .n—2k k _
> CiFegy " (core1n)” =0,
=0
2
2k—1 n—2k+1 k=1 _ i(a—
cor Y, CFF " egg (corc10)k~t = eil@=h),
f=1
n
2
k-1 n—2k+1 k=1 _ i
cio Y, Cri ey (corc10)Ft = eilath),
=1
2
ok n—2k k
Z Cn COO (601610) = 0
=0

Here, the first and fourth equations are the same, so we should consider a system of three
equations. Dividing the third equation by the second, we obtain the relation cig = co1e?,
according to which the system look like:

Mw\:

2k n—2k iB\2k
Crlegy (001616) =0,
X

n
5
ok—1 n—2k+1 iB\2k—2 _ _i(a—
co1 Y, CaFleg, (co1e™®) = eila=h)
k=1

0

Mw\:

C«%kflc'(r)IO—Qk-‘rl (801€iﬁ)2k71 — eia.

k

Il
-

Note that the third equation is the second one multiplied by e, so the second equation can be
ignored. Adding the left parts of the remaining equation, we get

wl3

1=

ng716862k+1(6016i5)2k71 + CZkCBLO—Qk (6016i6)2k _ (COO + COleiﬁ)n'

k=1 k=0

As a result, we obtain a system of two equations:

(coo + cor1e™)™ = e,
3
2k n—2k i312
> 2kl (coreP) 2k = 0.
k=0
For convenience, rewrite this system in the following form, making replacements z = cop and
w = core?:

(z +w)" = et
i C?Lkzn—kaQk =0.
k=0
z
After another notation ¢ = —, it is written as
w

(w(l +1))" =
i C2ktn—2k =0.
k=0 "

— 226 —



Matvey E. Durakov, Anton S.Kerp, Anton S. Lukotkin On a Quantum Logical Element. ..

jat2nk jat2nk
From the first equation we get that w = and, therefore, z = ———. Thus, we get:
+1 14+t
- a427k cat2mk - a427k
tie' w w e B W g € +6
Cop —=Cl11 = 2= —— = —€ =

1+tj 5 COl:ﬁ:41+tj 5 Cloiei,@ 1+t]
Similar reasoning for odd n leads to the following system:

(w(d + )" =
n—1
22: C2ktn72k = 0.
k=0 "
Since

if n is even,

if nisodd

one gets the system:
(w(l+t)" =€, neN,

n—1

]
i: C?kn=2k =0, neN.
k=0

That is what we wanted to prove.

2. Roots of the equation (3)

Theorem 2. All roots t = t; of the equation

—

5]
C2ktn—2k: =0
n
k=0

T+ i n—1
are exhausted by the set: {z ctg <j>} .
2n =0

Proof. Note that the original equation is equivalent to

(t+1)" ' -y _, @

Indeed, the left part of the original equality can be represented by Newton’s binomial formula
for (t+ 1)™ with missing monomials {C}¢"~!, C3¢"=3 ..}, that arise with a minus sign in the
binomial decomposition for (¢t — 1)".

Obviously, the solutions t of the equation (4) satisfy the condition |t + 1| = |t — 1|, and
therefore they are purely imaginary: ¢ = ib. By substituting in (4) we arrive at the equation for

b:
ib+1\"
=-1
(555) =

whence
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Solving each equation with respect to b, we obtain:

rp2my _jmteng jrt2m) .
b b 1+e n e 2n +e 2n " 7T+27T]
= 0j =1 - =—cg|\ ———) .
R = A R 0

Note that the function —ctg ¢ is odd with respect to the center ¢ = 7 of the interval (0,7).

™+ 21y T
% are symmetrically located relative to ¢ = —, we obtain that the set
n

.
bj:—ctg(w>, j=0,1,...,n—1

Because the values

of numbers

2n

coincides with the set

T+ 27) .
bj = ctg (271) =:ctg ¢;, j=0,1,...,n—1.
. . T+ 2mj .
As a result t; = ib; = ictyg 5, ) I = 0,...,n — 1, and by the fundamental theorem of
n

algebra, these roots exhaust all zeros of the original polynomial of degree n.

Corollary. All solutions of the matriz equation X™ = NOT are exhausted by the following set
of n? matrices:

ictg (”+2”) et ot (=)
1+ ictg (T52L) 1+ ictg (T£2m1)
) ictg (w+2m) REEC
1+ ictg (TH272) 1+ ictg (252

where k,7=10,...,n— 1.
3. Distribution of matrices vV NOT on the Reinhardt
diagram

Consider the absolute values of the matrix elements described in the corollary:

el =lenl = | 7| = | e : L~ Jsing,
Co1| = |C10| = = . = = = [ S Qj1;
1+t 1+’LCtg¢)j \/1+Ct92¢j \/sin%¢j
tj ictg ¢, |ctg &5 .
cool = lei1] = = = = |ctg @;||sing,;| = |cosao;|.
el = lenl = | 27| = | T = ol =l
sin? ¢

This shows that if one puts the modules |co1| = |c10] on the ordinate axis, and the modules
|coo| = |e11| on the abscissa axis, then these modules will be uniformly distributed on the arc of
the unit circle. The specified coordinate system for the modules is called the Reinhardt diagram

(see [5]).
The Reinhardt diagram (Fig. 4) shows the modules for values n = 5 and n = 50.
Given the formula (2), for each n € N the set of solutions of the equation X™ = NOT is a

family of
n . .
- if n is even,
ny )2
[5—‘ “Yn+1

if nis odd
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real two-dimensional tori. These tori are embedded in a 5-dimensional variety:

{|000|:|011|:\/1—S2, CES [0,1}

|C()1| = |010| = s, S € [0, 1}.

This variety coincides with the closure of the set of solutions of all equations X" = NOT,
n=23....

= Cyl=1IC
A |CDJ.| - |CLD| P | DJ_l | J_Dl

N

[Cool = Ie1i] [Cool = Il

»

i i

Fig. 4. Reinhardt diagram

4. Comparison with the method described in the book
of Gantmacher

The Gantmacher book [6] presents an algorithm for finding all roots of n-th degree of a non-
degenerate matrix. We shall apply it to our matrix NOT and compare the results.

Following [6], we reduce this matrix to the Jordan normal form J, find the transformation
matrix S and the inverse S~!, that is, we represent our matrix as NOT = SJS~!. We have:

B 0 Gle=B  feia g (1 -1 4 (1)2 eB)2
NOT(ei(aJrB) 0 >"]<0 _eia>as<ei,@ eiﬂ>,5 T\-1/2 e ¥)2)

Now find the root of n-th degree of the matrix J
i(a+27k)
e n 0
\/j - < 'i(oc+1r+27rk)> .
0 e n

Then all solutions of the original equation are the following n? matrices:

ei% <ei2zk +eiw+sﬂj) ei(%_ﬂ) (ei%ﬁk — eiﬂJrn?Wj)

X =575 = 2 | 2 |
ci(5+8) (é% _ ei%) ol (ei% i ei%)
2 2

where k,j =0,...,n— 1.
To see the equivalence of these results with the results obtained above, it is sufficient to use
th lity: ot _cos(x) €T e
e equality: ctg(z) = @) U
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O KBaHTOBOM JIOTMYECKOM dJjieMeHTe, aCCOIIMnpPOBaHHbIM
C paJuKaJioOM KOMILJIEKCHOI MaTpHIbI
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Anton C. JIykoTkuH

NMucruryT MaremaTnku u GyHIaAMEHTAIHHON HHOOPMATHKI
Cubupckuii deepasbHbii YHUBEPCUTET

Csobomnsrii, 79, Kpacnosipck, 660041
Poccus

B pabome natidenv HOBBIE KEAHMOBDIE AOLUHECKUE INEMEHIDL, PEAAUSYEMbBLE 8 8UJE PAIUKAAOE KOMNAEKC-
HOIT MAMPUY, G MAKHCE USYUEHA UL 2e0MeMPUA Ha duazpamme Petinrapima.

Kaouesbie cro6a: A02UNMECKUT dIAEMEHM, KEAHMOBBIT KOMNDIOMED, PAOUKAL MAMPULDL, OUAZPAMMA
Petinzapoma.
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