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In this paper, we consider the limit cycles of a class of polynomial differential systems of the form

{ &=y —e(gn (2)y* T + fun (2) ) — €2 (gr2 (2) ¥ + fr2 (2) y*),
§=—x—e(gn () YT + far () ) — €% (g2 (z) Y** ' + faz () y°°),

where m,n, k,l and o are positive integers, gir, gor, fix and for, have degree n,m,l and k, respectively
for each Kk = 1,2, and € is a small parameter. We obtain the maximum number of limit cycles that
bifurcate from the periodic orbits of the linear center & = vy, y = —x using the averaging theory of first
and second order.
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Introduction

One of the main problems in the qualitative theory of real planar differential equations is to
determinate the number of limit cycles for a given planar differential system. As we all know,
this is a very difficult problem for a general polynomial system. Therefore, many mathematicians
study some systems with special conditions. To obtain the number of limit cycles as many as
possible for a planar differential system, we usually take in consideration of the bifurcation theory.
In recent decades, many new results have been obtained (see [9,10]).

The number of medium amplitude limit cycles bifurcating from the linear center t =y, y = —x
for the following three kind of generalized polynomial Liénard differential systems

T =y, T =y—g(v), T =y—fi(x)y,
g =—z—g@)+h@y |§ =—rz-—g@+h@y |§ =-r-g@+f@y’

where studied in the papers [1,2,4-6] and [13, 14], respectively.
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In [12] the authors use the averaging theory of first and second order to study the system

&=y —e(gn (@) + fun (@)y) — (912 (2) + f12 (x) v),
y=—x —e(gar () + far () y) — €% (g22 (%) + faz () v),

where g14, f14, 92i, f2; have degree [, k, m,n respectively for each i = 1,2 and ¢ is a small param-
eter. They provided an accurate upper bound of the maximum number of limit cycles that the
above system can have bifurcating from the periodic orbits of the linear center & = y,y = —x.

In [7], using the averaging theory of first and second order, the authors studied the number
of medium amplitude limit cycles bifurcating from the linear center & = y,y = —x of the more
generalized polynomial Liénard differential systems.

=y,
{ y=—z—c(p1(@)y+aq (x)y®) —*(p2 () y + g2 () ¥°),

where p1, q1,p2 and g2 have degree n.

By using the averaging theory we shall study in this work the maximum number of limit
cycles which can bifurcate from the periodic orbits of a linear center perturbed inside the class
of generalized polynomial differential equations

&=y —e(gn () y** T + fu1 () y**) — (912 (2) ¥** T + fr2 (2) %),
U =—x—¢e(go1 () y?* T + for (2) y?¥) — €2(go2 (z) y?* T + foo (z) y?),

(1)

where m,n,k,l and « are positive integers gi., gox, f1x and fo, have degree n,m,l and k,
respectively for each kK = 1,2, and ¢ is a small parameter.
Let [z] denotes the integer part function of z € R. Our main result is the following one.

Theorem 1. For |e| sufficiently small, the mazimum number of limit cycles of the polynomial
differential systems (1) bifurcating from the periodic orbits of the linear center & = y,y = —x
using the averaging theory

(a) of first order is

(b) of second order is

where = min { [1771] , [%] } .

The proof of the above theorem is given in Section 2.

1. Averaging theory

In this section we present the basic results from the averaging theory that we shall need for
proving the main results of this paper. The averaging theory up to second order for studying
specifically periodic orbits was developed in [3,11]. It is summarized as follows.

Consider the differential system

i(t) = eFy(t,2) + 2 Fo(t, ) + 3 R(t, x,¢),

where Fi,Fo :Rx D = R, R: R x D x (—¢f,e5) = R are continuous functions, T-periodic in
the first variable, and D is an open subset of R. Assume that the following hypotheses hold.

— 146 —



Ahmed Bendjeddou, Aziza Berbache, Abdelkrim Kina Limit Cycles for a Class of Polynomial. ..

(i) Fi(t,)) € C*(D), Fy(t,) € C1(D) for all t € R, Fy, Fp, R are locally Lipschitz with respect to
z, and R is twice differentiable with respect to e. We define Fyo: D — R for £k = 1,2 as

1 (T
Fip(z) = f/ Fi(s,x)ds,
0
1 (T oF(s,
Fy(z) = f/o %yl(saiﬁ)‘f'&(&ﬂ?)dsv

where

y1(s,x) = /OS Fi(t,x)dt.

(ii) For V' C D an open and bounded set and for each ¢ € (—ef,ef)\{0}, there exists a. € V
such that Fig(ae) + eFso(a.) = 0 and dg(Fig + eFs, V,ae) # 0.

Then, for |¢|] > 0 sufficiently small there exists a T-periodic solution x(t, ) of the system such
that (0,e) — a. as € = 0.

The expression dg(Fig + €Fg,V,a:) # 0 means that the Brouwer degree of the function
g +eFy : V — R™ at the fixed point a. is not zero. A sufficient condition in order that this
inequality holds is that the Jacobian of the function Fyg + eFyg at a. is not zero.

If Fio is not identically zero, then the zeros of Fjg + eF5y are mainly the zeros of Fg for
sufficiently small. In this case the previous result provides the averaging theory of first order.

If Fq is identically zero and F5q is not identically zero, then the zeros of Fo+eF5y are mainly
the zeros of Fy for e sufficiently small. In this case the previous result provides the averaging
theory of second order.

2. Proof of Theorem 1

2.1. Proof of statement (a) of Theorem 1

For the proof we shall use the first order averaging theory as it was stated in Section 1. We
write

l k

g (@) = Y aa’, g (x) =Y et fu (@) =Y bia', for (x) =) dia',
=0 i=0

1=0 1=0
n m l k
gi2(@) = Y A, g ()= Cia', fia(x) =Y Bia', for(x) =Y Dija'.
i=0 i=0 i=0 =0

Then in polar coordinates (r,0) given by = = rcosf and y = rsinf, the differential system (1)

becomes
= —€G1 (’I“7 9) — €2H1 (7“,0) N
2

. £ IS
0=-1- ;GZ (T79) - THQ (T‘,G),

where

! n
G = (Z bir 2% cos™ fsin®* 0 + > a;r T2 o™ Osin®* T 0 4
=0 =0
i k
+ Z cir 2 cos’ sin* 2 0 + Z d;r' T2 cos’ f sin?* ! 0) ;

=0 i=0
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l n
Hy(r,0) = < g Byt cos'™ fsin®* 6 + g Agrtt2atl cogitl gsin?etlg 4
i=0 i=0

m k
+ E Ciri 20t cog? sin® T2 0 + E D72 cos® @ sin?oH! 0) ,
i=0 i=0

m l
Gs (r,0) = (Z cirt T2 costt g sin?o Tt g — Z bt T2 cos® @ sin®* T H —
i=0 i=0

n k
— g a;r" 2t cost G sin?2t2 9 + E d;r"2% cos't1 @ sin%® 0) ,
=0 i=0

m l
Hy(r,0) = (Z Cirit2otl cosi Tl gsin? g — Z B;r2% cos® @ sin?* T g —
i=0 i=0

n k
— Z A;rit2etl cogt sin?2t2 9 4+ Z D;r 29 cogtt 9 sin2 0) .
i=0 i=0

Taking 6 as the new independent variable, system (1) becomes

dr

& B (r0) + 2B (r0)+ O (). @

where
Fl (7’, 9) = G1 (T, 9), (3)
Fo(r,0) = Hi(r0) = G1(60) Ga (r,0).

First we shall study the limit cycles of the differential equation (2) using the averaging theory
of first order. Therefore, by Section 1 we must study the simple positive zeros of the function

1 2
Fl()(T') = %\/O' Fl (7",9) de.

For every one of these zeros we will have a limit cycle of the polynomial differential system (1).
If Fio(r) is identically zero, applying the theory of averaging of second order (see again
Section 2) every simple positive zero of the function

Fao (1) = % /0277 <$F1 (r,0) </09 Fl(r,s)ds> + Fy (r, 9))d0,

will provide a limit cycle of the polynomial differential System (1).

Taking into account the expression of (3), in order to obtain Fig(r) is necessary to evaluate
the integrals of the form

2
/ cos’ §sin? 0d6.
0

In the following lemmas we compute these integrals.
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Lemma 2. Let B; ;(0) = cos'sin’ @ and A; ;(0) = [ Bi;(s)ds. Then the following equalities

C—c

hold:
0 if i is odd or j is odd,
A;j(2m) = : (‘7 __1) Q —3) 1 ,1 <Z>7r if i and j are even,
(G+i)(J+i—2)...(i+2)271\5
i 7! 2141 20+ 1
h ) =——, Ay a(2m) = —————— A5 20 (27), A2; 24 2m) = ———Agi 24(27),
where (;> (%!)2, 2i4+2,2a/(27) itatl) 2i,2a/(27), A2i2042(27) 2itatl) 2i,2a/(27)

then,
2i+1

———— Ao, 9q42(27).
% 11 24,2 +2(7T)

Agita00(2m) =

Proof. The integral A; ;(2m) can be calculated using the integrals (11), (9), (12) and (10) of the
of appendix. O

Using this lemma we shall obtain in the next proposition the integral the function Fi(r).

Proposition 3. We have

2] 7]
r2atl 2 2i 41 , 2 2041 ,
F = by 1764 24 im0 00 | 4
10(7) 4 ;i+a+12+17“ §2i,2 +i:0i+a+162r §2i2 (4)
(2a—1) (20— 3)...1 1 (2
h i,200 — 3 . - - .
where Saiva = Go 0N ot 2i=2) . (2i+2) 2T\
Proof. Using Lemma 2, the function Fio(r) is given by
21 l m
27TF10(7") = / Z bi’l“7'+2aBi+172a (9) + Z Cirl+2a+1Bi72a+2 (0) d9 =
0 =0 =0
7 odd i even
o (1] | 3
= / Z b2i+1T2a+2z+1B2i+2,2a (9) + CziT2Z+2a+1Bzi,2a+2 (9) g =
0 i=0 i=0
(5] (%]
= Z o172 T Agi 0 00, (271) + Y e T2 Ay, 5010 (21) =
i=0 i=0
sat1 [[F] (3]
rret 2i+1 2i 20+1 24
- 2 Z Tragt b2+ A2i2a(27) + if;jrl Cc2i1" A2; 20/(27)
i=0 =0
This completes the proof of Proposition 3. a

From Proposition 3, the polynomial Fjo(r) has at most A\y = max{[%], [%]} positive

roots, and we can choose be; 11 and co; a way that Fio(r) has exactly A; simple positive roots,
hence statement (a) of Theorem 1 is proved.
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2.2. Proof of statement (b) of Theorem 1

Now using the results stated in Section 1 we shall apply the second order averaging theory to
the previous differential equation, but for doing that we need that Fio(r) = 0. Therefore, from
(4) in what follows we must take

2i+1

i:_ibi ) b:O7172a"'7

{02 2a+1 ! ! K }, (5)
baiy1 = c23 =0, i=p+1.00

where p = min{ [th] , [%] }

We must study the simple positive zeros of the function

2m (2
Foo (r) = %/o (;iFl (r,0) (/0 Fy(r, s)ds) + Fy (r, 9)) de.

We split the computation of the function Fyg(r) in two pieces i.e. we define 27nFy(r) = L(r)+
+J(r), where

0

L(r):/OZWCiFl(r,G) (/:Fl(r,s)ds> W, 7= [ B (0)do.

Lemma 4. The integral J(r) can be expressed by
J(r) =2 (P (r?) + 720 P, (7))

where Py and Py are polynomials of degree

and
do = max { [§] + [271], (28] + [252] + 1, (4] + [252) [554) + o [3) + o [4) + 5] - 1),
respectively.

2
Proof. First we calculate [ Hy (r,6)d6.
0

27 27

l 2 k
Hy (r,0)d) =" Birit?® / Bit1.2a (0)d0+ Y Dir't® / Bia+1 (0) do+
0 0

0 i=0 i=0

m 27 n 2
-+ Z Cirl+2a+1 A Bi,2a+2 (9) dG -+ Z Ai’f'hLQaJrl /0 Bi+1,2a+1 (0) d9 =
=0

=0

l 2 m 27
= Z BiTHZQ/ Biy1,2q (0)do + Z Cﬂ“HzaH/ Bi2a12(0)do =
= 0 0

i= =0
i odd i even
(5] (3]
= Z BQi_’.lAQi_‘_Q,Qi (27T) 7,_21+20¢+1 -+ Z CQiA2i72i+2 (27T) 7’2’L+2a+1 =
1=0 1=0

= T2a+1P1 (TQ) .
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where P; is a polynomial in the variable r? of degree \;. Finally we shall study the contribution of
2m 1

the second part [ ;Gl (r,0) Ga (r,0) df of F»(0,r) to Fa(r). Taking into account the expression
0

of (2), then

I .
21 +1 i+%0
Gy (r,0)=> <B2i+2,2a (0) — 20 1 1 D222 (9)) boip1r? ROt 4
i=0 @
e o
+ ) o By a0 ka (0) ) bair® TP Baigr 0 (0) +
=0 =0
+ Z d2i+1T22+2a+1BZi+1,2a+1 0)++ Z a2i+17'21+2a+2B2i+2,2a+1 0) +
i=0 i=0
5] 5]
+3 doir® 2 Byigar1 (0) + > agir® M Byii sa41 (6).
i=0 1=0
(5] [=52]
Go (r,0) = Z dopr®? T2 Boyyi1 00 (0) + Z Copi1m P TIT2H By 02t (0) —
p=0 p=0

kl Poa41+i
- Z bopr 2% Boyy 0041 (0) — Z 27b2p+lr2(p+a)+1B2i+l,2a+1 0)—

=0 =0 20+ 1
3] [55+]
= agyrP P By sata (0) + D dopiir® 2 By yo 50 (6) —
p=0 p=0
[*5]
- Z Agp+17P T2 2By 1 st (0)
p=0

From the 49 products between the different sums only 12 will not be zero after the integration
2 1

with respect to 6 between 0 and 27. So the terms of [ =Gy (r,0) G2 (r,0) df which will contribute
O T

to Fao(r) are

(5] [5]

2
1 o
/ *Gl (7’, 9) GZ (7’, 9) do = Z Z d?priA2i+2p+2’4a (27’() ,],.2p+21+4o¢ 1+
’ i =0 p=0
[=5] [5]
+ Y D dapeoitr Asivopiaare (2m) 2T
i=0 p=0
(5] (2] |
B Z Z 2i41b2p Agiyapt2 4ata (2m) PP T4
p=0 =0
(2] [5]
— d2ib2pA2i+2p,4a+2 (2’/T) r2p+2z+4a717
p=0 i=0
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(3] «
2i+1 2p+2i+4 1
_ Z Z b2i+1a2p <A2i+2p+2,4a+2 (27T) — 2;:1A2i+2p,4a+4 (271’)) r p+2i+4da+1__

p=0 =0

. [52)

atl+i 2p+2i+da+1—
-> 2T_Hd2i+1b2i+1A2i+2p+2,4a+2 (2m) p2pH2itdot
p=0 =0

& a+1+1 2p+2i+da+1
— Z 2—————a9iboit1Agitopro.aata (21) T +

moim 2atl
k—1
w527 - |
+ Z Z dopr1b2i41 (A2i+2p+4,4a (2m) — mAQiHPHMH (%)) p2p+2itdatl_
i=0 p=0 o
[25] [5]
N Z Z boitops1Azitopr2 dasra (2m) r?PH2HAatt_
p=0 =0
[25] [=2]
- Z C2i4102p 41 A2i 42p12 4044 (27) PPPTRHAOFI L
p=0 =0
[m;l] [";1]
T Z Z 2i41C2p+1A2i42p+4,4a42 (2m) PPPT2FAOEE L
2p+1=0 =0
(=] (5]
+ Z Z doiCopi1 Asitopsogars (2m) pP2PT2HAatl — pdatip (,2)
2p+1=0 i=0

where P, is a polynomial in the variable 2 of degree
Aa=max {[5] + [#2], [252 ] + [ + L[]+ [%57] [+ (8] + s 5] + [5] -1}
Finally, we obtain J (r) is a polynomial in the variable r2

J(r) =2t (P (r?) + 7P, (r?)),

of degree
Ay = max {A1, A3 +a} .

This completes the proof of the lemma. O
In order to complete the computation of Fyo(r) we must determine the function L(r). First we

2
compute the integrals [ A; ;(0)Bp,q(0)df. In the following lemmas we compute these integrals.
0

Lemma 5. Let S; (0) = Agiy.24(0) — 22;7—:_111421‘,%%(9), then
1 a-1
Si(0) = “2atitl) <B2i+3,2a+1(9) + ; 72¢+2,2a32¢+3,2a—21—1(9)> +
1

—79; Bs; 0 02; By, 0) | —
+2(i+1)n2z+2,2a< 21+1,1( )+; 2i+2,0D2i 2l+1,1( )>
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2i+1 =
- . Bz a 0 + 7,200 Bz oa— 0 -
2(a—|—z—|—1)(2a—|—1)< 2i41,2 +3() ;72,2 +2D2i41,2 2l+1( ))
. i—1
2i+1
— oo 2020 Bai—11(0 02i,0B2i-21-1,1(0) | ,
2i(2oz—|—1)772’2 +2< 2i—1,1( )+l§:; 2i,0B2i—21-1.1( ))
where
o 2o —1) (200 —3)...(2a — 21+ 1) o 2a—1)(2a—3)...1
T T o i —2)2ati—4)... 2a+i—2) T Ga+i)ati-2)...(i+2)
s _2i-1(i=3)..(2i-2+1)
PO TG (i—-2)...(i—1)
Moreover
Si(Zﬂ'):O.
Proof. Using the integrals (11) and (9) of appendix and, taking into account that
(25 —1)(2j —3)...1 L (242,
(27 +2i+2)(2j +2i)...(2i+4) 226D i +1
C2i+1 (25 +1)(2j —1)...1 (20,
25+ 1 (25 + +2i2) (25 +2i)... (20 +2) 22\ )

it follows the expression of S; () .

Lemma 6. Let ;] (27) f A; ;(0)B, 4(0)d0 Then the following equalities hold:

a) The integral 5%, ((27) is zero if p is odd or q is even, and equal to

i—1 .
1 24 (i —1) ... (i —1)
Ay 2 Ao B 9
2 + 1 ( 2ipatt (27) +l§ (2 — 1) (20 — 3) ... (20 — 20— 1) 2P+ 2,4+1(27) |,

if p is even and q is odd.

b) The integral p8%, 51 (27) is zero if p is odd or q is odd, and equal to

1
- Ay g (2
2(j—|—i—|—1)< 2+p+2-,23+q( )+
j—1 .. .
X 205G —1)..(j—1+1)

Ay otrq (27) ),
+l§(2j+2z')(2j+2z‘—2)...(2j+2z'—2z+2) 2itp+2.2j-20+4 ( W))

if p is even and q is even.
¢) The integral @5;?2j+1(27r) is zero if p 1s even or q is odd, and equal to

1

- Ay ; 2
25 + 2 + 1 ( 2i+p+1,2j+q ( 77) +
j—1

25 (G -1)..(G—1+1)
Ej Ay ar4q (27) ),
+l < (2 +2i—1) (25 +2i—3).. (25 +2i— 20+ 1) Y 21-+q (27)

if p is odd and q is even.
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d) The integral @5;3_1723- (27) is zero if p is odd or q is even, and equal to

1
RE (A2i+p+2,2j+q+1 (2m) —
= —1)(2j —3) ... (2 — 20+ 1)

(2 Ay : (2m) |+
(2 +2i— 1) (2j + 20— 3) .. (2] + 2 — 21 + 1) 2H2Hp2i—20a-1 150

(2 =1)(2j =3) ...
(2 +2i+1)(2j +2i—1).. (21+3)‘p21+10(2 ™),

=1

if p is even and q is odd.

2i+1 .

e) The integral T} (2) f Si(0 0)df = @5 5 5, (27) — 301220t

(2m) is zero if

p is even or q is even, and equal to

1 a—1
e t2ii2 <A2i+p+372a+q+1(2ﬂ) + ; V2i+2,2a142i+p+3,2a+q2l1(27T)> +

1 i
+ 772i+272am <A2i+p+1,q+1(27f) + Z 62i+2,0Ap+1—2l+2i7q+1(27T>> -
=1

2+ 1 <
- - Apiaittgraats(2m) + ) 72i,2a+2Ap+2i+1,q+2a2l+1(277)> -
(2o +2+2i) (2a+ 1) —
) i1
21+ 1
- mﬂzmwﬂ <Ap+2i1,q+1(27r) + Z 52i,0APp+2i211,q+1(27")> s
=1
where
" 200 —1) (200 —3)...(2a — 21+ 1) 2a—1)(20—3)...1
200 —

Qati—2)(2a+i—4).. . Cati-20) "7 Gati)2ati-2)...(i+2)

(2i—1)(2i—3)...(2i — 20+ 1)
2(i—-1)(i—-2)...(i—1)

d2i0 =

if p is odd and q is odd.

~ 2p+1 (2p + b + 2ia + 6pa + 2 + 7)
Tp,q 92 2p+2,2c 92 2p,2a+2 ) -9 ]
f) i, ( 7T) <p2z+1 2a+1( ﬂ-) 20+ 1 21+1 2a+1( 71') (20é + 1) (p +2+ ’L) T

Proof. Using the integrals of the appendix, the six equalities are easily deduced by direct calcu-
lation. O

Lemma 7. The integral L(r) can be expressed by

h

(r) =r'*pPy (r%),
where P3 is a polynomial of degree

o = mas o+ [452], [4] + [252], [252] + [252] + 1, [4] + (4] - 1, [=2] + (4] e+ (3]}
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Proof. Using (2.), we get

n
Fy(r,0) = ) bygar® 2! <B2i+2,2a (0)
i=0
B )
+ Z b2i7”22+2aB2i+1,2a 6) + Z 62i+17’2”2a+232i+1,2a+2 (0) +
i=0 i=0
+ doi1m* T2 By 90t (0) + Z agir* T2t By 1 0011 (0) +
= i=0
4 22
+ Z doir* 2 By 0011 (0) + Z a9i4172 T2 2 By o 001 (0) .
i=0 i=0

2041

— ————Bai2a 0
o 1022 +2()>—|—

Next we calculate the terms of this integral. First we have that

dFy (r,0) £ i+2a i
1dir = Z (2@ + 2 + 1) b2i+17“2 +2 (32i+2,2a (9) - 220;11 Bai2a+2 (9)) +

=0

|~
3

®f
—

+

™

I
= o
-

2 (Z —+ Oé) b2ir2i+2a7132i+1,2a (9) + Z 2 (’L + o+ ].) Cgi+17"2i+2a+132i+112a+2 (0) -+
% i=0

[

+ Z (Zi + 2 + 1) d2i+1’l“2i+2a32i+1,2a+1 (0) + (2i + 20 + 1) azirzi+2a32i+172a+1 (9) +
i=0 i=0

) | 2] |

+Y 2(i + @) dyr® T2 By 9041 (0) + Z 20 +a+1) azi+17‘21+2a+1321+2,2a+1 9)
i=0 i=0

[

[

and

0 u (5]
/ Fy (T, S)dS = Z b2i+17“2i+2a+15i (6) + Z bQiT2i+2aA2i+1’2a (6) +
0 =0 i=0
2] [522]

[mfl
2
2i4+2a+2 2i4+2a+1
+ Z C2i+17T 2ot Agit1 2042 (0) + Z doiiar 2ot Agit120+1 (0) +
i=0

i=0
5] [5] .

+3 a2 Ay pagr (0) + Y dair® T Ag; pag (0) +
=0 1=0

[

nfl}
2
2%i4+20+2
+ Z 24172 T2 2 Ao 0 0011 (0) .
=0

From the 49 products between the different sums only 12 will not be zero after the integration
with respect to 6 between 0 and 27. So the terms of L (r) which will contribute to Fyo(r) are

k—1
w [5]

L(r)= Z (2p +2a+1) d2i+lb2p+1T£(’1q (2m) p2it2ptdatl
p=0 =0

- 155 —



Ahmed Bendjeddou, Aziza Berbache, Abdelkrim Kina Limit Cycles for a Class of Polynomial...

w3

(217 + 20 + 1) a2ib2p+1T5’j (271’) T2i+2p+4a+1+

+
Y
1M

3
|
—

]

v~ |
o 8

—_—

2
Y D 200+ ) bapani1p3fp 50 (2m)rt ALY
p=0 =0
5] [ £]
+ 2 (p + Oé) bgpdgitpgg—g;f?(27T)’l“2z+2p+4a_1+
p=0 i=0
[771;1] [ngl]
+ 2(p+a+1) C2p+1a2i+1@§f:21’7223:12(27T)T22+2p+4a+3—|—
p=0 =0
(=] [5]

NE

2(p+a+1)eapridaipy gy (2m)rtAHety

ENS]

iy
~
Il
o

o]

(2p + 200+ 1) doprbag  T5 120 (2) 220 ety

=
I
<
<
I
=

+
-

+
o
M=

(2p + 20 + 1) agybo T2 H20FT (2r) p2i42p ety

i,

Il
=]

— .
3
3
|
-

—_—
SE
27 g

]

2p,2a+1 2i+2p+4a+1
(2p + 20) dopC2is 1950} 1 902 (2T)T thaptdetiy

|

_l_

—_—
S|
LN 'N
<
Il
[en}

[ME

+

2 (p + a) dgprngffloj;ral (27T)7,2i+2p+4a71+

3
I
[}
I
o

3
v |
=
e
|

mfl]

_|_

2p+2,20+1 2i+2p+aa+3
2(p+a+1)azp1102i4195 11 2ata (277 it2ptdat3

=
I
<
Il
=

3
vl
—
— =

N~

2p+2,2a+1 ;
+ 2(p+a+1) a2p+1b2i902fi1,’2s+ (2m)r2iteptiatt =

i
=)
-
I
o

— T1+4OLP3 (7,2) ,

where Pj is a polynomial in the variable 2 of degree

Yo = max {p+ [55], 4]

This completes the proof of the lemma. a

Finally, we obtain Fb (1) is a polynomial in the variable 72 of the form
21 Fyg (r) = r?*tH(r?@ Py (r?) + Py (r?) + 17 Py (r?) ).

Then, to find the real positive roots of Fyg, we must find the zeros of a polynomial in 72 of degree
A = max {)\J(T), A3 + a}. This yields that Fyy has at most A real positive roots. Moreover, we
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can choose the coefficients a;, b;, ¢;, d;, A;, B;,C; and D; in such a way that Fyy has exactly A
real positive roots. Hence, the statement (b) of Theorem 1 is proved.

In fact, we consider the example withn=%k=1landm=101=3,a=1

49 3
izy—e<(1+x3)y3+80xy2> —g? ((1+x3)y3+ (1—2033> y2>
6
Yy=-—T—¢€ _4794_1% y®+ x—l—Gx?’ y? | — &2 (xy3+x3y2) o
240 9 21 '

We have that Fio(r) is identically zero, so to look for the limit cycles, we must solve the equation
Fy(r) = 0 which is equivalent to
L o 59 3
560" ~as0" tose" s
This equation has exactly the three positive roots 1y = 1,79 = 2 and r3 = 3.

According with Theorem 1, that system (6) has exactly there limit cycles bifurcating from
the periodic orbits of the linear differential system (6) with € = 0, using the averaging theory of
second order.

27TF02 (’I‘) =

We consider the differential system withn=k=1and m=[01=3, a =2

41 9
r — — 1 4\ 2 1 3 5 1 - 4
t=y 5(( + %) y° +<2548 5m>y> e(( +2°)y +(+35x>
1 1929 13
S LI - 313N 4 L2005 4 p3h)
§=—x E(<+90x)y +<50960 2>y> e? (zy® + 2%y?)

An easy computation shows that Fio(r) =0 and

(7)

1 3 39 41 9
o F _ 4 13 Y 9 J 5
o (1) = 7926 ~ Troz™ * 560"~ se6” T 2s0"
Therefore from the periodic orbits of radius 1,2,3 and 4 of the linear center & = y, y = —uz, it
bifurcates three limit cycles. Consequently for system (7) we have that A\ = [%1} + mTfl]—l—

+a+1=4.

3. Appendix

Here we list some important formulas used in this article, for more details see [8]. For i > 0
and j > 0, we have

[’ i—1 o a+l . 0
— cos’™ " fsin 0 1-—1 o .
/ cos’ ssin® sds = + cos' 2 ssin® sds =
0

i+ ita
i+1 ggin®=1 g —1 /° i
_ o8 . S +O.[ /coszssina_gsds- (8)
1+ « 1+« 0

i—1

6 S. ) i COE —|—
21 _ L 21 1 0+ 72 0
/ cos”! sds = % Z 2l ’L—] ’L—fZ)n-(i l)

=1

L @i-1) (;ii!— 3)... 2% : 12; (m) bIHQZZ_—li) 0. 2% (2;) 0
9)
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6 2 i—1 l+1 .
2i+1 _ sin ¢ 2 27N —1)...(i=-1) 2i—21—2 _
/OCOS 8d8_2z’+1< 9+Z R N b)=

i—1 . e
1 2i+1\sin(2i —20+1)0
2%[;( l ) (20 —21+1) (10)

)
/ cos? ssin’® sds =
0

_cos'tt e = 2a—1)(2a—3)...(2a—20+1)
200+ 2a+z—2(2a—|—i—4)...(2a+i—21)

M

sin?@ 21 g 4 gip2et! 9) +

) (20 —1)(2a —3)...1 oo
(2a+z‘)(2a+z‘—2)...(z‘+2)/o cos'sds.  (11)

)
/ cos ssin??t sds =
0

cos't1 6 5 = 2la(a—1)...(a—1+1)
_ . a@ : 204—219 ) 12
2a+i+1<sm +lzzl(2a+if1)(2a+i—3)...(2a+i—2l+1)Sm (12)
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IIpeaenbHble IMUKJBI JJI8 OJHOTO KJlacca

MOJIMHOMUAJIBHBIX JudPepeHTNATIbHBIX CUCTEM,
UCHOJIB3YIOINEe TEOPUIO yCpeaHEeHUd

Axwmen Benmxeaay
Maremarnaeckuit dbakyabrer
VYuusepcurer Cerud, 19 000

Asnkup

A3zusza Bepbake

Maremaruyecknit paxyabTeT

Yuusepcurer Boppk-By-Appapumk, 34265
Axup

Abnenpkpum Kuna
Maremaruyecknit hpaxysbTeT
Yuusepcurer Cerud, 19 000

Askup

B dannoti pabome paccmampuearomcs npedesvHvle Uukad, 00H020 KAACCA MOAUHOMUANOHUT Juddeper-
UUANBHDOIT CUCTEM 6U0A

{ =y —e(gu (@) > + fu (2) ") — (912 (2) ¥* T + fra (x) y*),
y=—x—e(gar () y** T + far (2) y*) — €% (g2 (x) YT + faa (z) %),

20e ik, 92r, fix U for umerom cmenenwv n,m,l u k, ede m,n, k,l u A6AAOMCA NONOHCUMENOHDIMU Ue-
ABMU YUCAAMU, COOMBEMCMBEHHO, Oas Kadicdozo k = 1,2 u & — maavi napamemp. Muv noayuaem
MAKCUMAADHOE HUCAO NPEICALHBT UUKAOE, KOMOPbLE Pa306aU6aI0mMes 0m nepuoouteckus opoum sunet-
H020 YEHMPA T = Y, J = —I, UCNOALIYA MEOPUIO YCPEOHEHUS NEPEO20 U 6MOP020 NOPAIKA.

Karoweswie caosa: npedeavrvie 4uKravl, Meopus Yycpeornenus, AMuenapioss, dudhepenyuarvisie cucmemb.
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