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1. Introduction and main results

This work studies the critical curves of a degenerate parabolic equation with doubly nonlin-
earity in non-divergence form with a source

∂u

∂t
= uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
+ uβ , (x, t) ∈ R+ × (0;+∞) . (1)

Initial condition and nonlinear boundary condition are

−um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = uq (0, t) , t ∈ (0;+∞) , (2)

u (x, 0) = u0 (x) , x ∈ R+ (3)

where p > 2, m > 1, q, β > 0, 0 6 k < 1 are given parameters and u0 (x) is bounded, nontrivial,
nonnegative and continuous function.

Particular case of equation (1) is a classical reaction-diffusion equation that arises in many
applications like population dynamics, chemical reactions, heat transfer, etc. (see, for example,
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[1,2] and the references therein). Equation (1) is also a model of heat propagation with gradient-
dependent thermal conductivity in a medium with chemical reaction and with nonlinear radiation
law at the boundary [3].

Distinctive feature of equation (1) is that it degenerates at points where u = 0 and ∇u = 0.
Thus, it may not possess classical solutions so we consider only weak solutions in the following
generalized sense.

Definition 1. A nonnegative function u (x, t) is called a weak solution to problem (1)–(3) if u
satisfies the following conditions

1) u ∈ L∞ (ΩT ) , ut ∈ L1 (ΩT ) , ∇u ∈ Lp
loc (ΩT ) where ΩT = R+× (0, T ),

2)
T∫
0

∫
Ω

{
utφ− um−1|∇u|p−1∇u∇

(
ukφ

)
− uβφ

}
dxdt+

∫
Ω
u0φ (x, 0) = 0,

3) u0 (x) > 0

for all test functions φ ∈ L1
0 (ΩT ) provided that φ > 0.

Definition 2. Let T <∞ be the largest time of existence of a solution u such that ∥u∥∞,Ω → ∞
at t→ T . Then we say that solution u(x, t) blows up in finite time. Otherwise, if T = ∞ we say
that solution is global.

Conditions of global solvability and the blow up depend on coefficient β and the gradient-
dependant diffusion in equation (1).

Problem (1)–(3) in divergence case (k = 0) have been intensively studied by many authors
(see [4–11] and the references therein). Let us give some examples.

A global solution of a reaction diffusion problem with multiple nonlinearities

ut = ∇ (um) + up, (x, t) ∈ Ω× (0;T ) ,

∂u

∂η
= uq, (x, t) ∈ ∂Ω× (0;T ) ,

u (x, 0) = u0 (x) , x ∈ Ω

in a bounded domain Ω ⊂ RN was investigated by Song and Zheng [9]. They showed that the
solution of the problem is global if p, q 6 0 at m > 1 and p 6 1, q 6 2m

m+ 1
at m 6 1.

The critical curves for problem (1)–(3) in the case k = 0 and m = 1 was obtained [4].
Since 0 < m < 1, the introduction of new variable v(x, t) := (1 − k)

1−k
k u1−k(x, t) trans-

forms equation (1) into a non-Newtonian polytropic filtration equation in divergent form. The
exponents of the equation were studied [12].

The critical exponents for a p-Laplacian equation with variable density and source were
obtained [6]. The results of this work are given below. Any solution is global at q, β>0 from the

region Rg=
{
0<β61, 0<q6 (2− n) (p− 1)

p− n

}
∪
{
β >

(p− n) q − p+ 1

p− 1
, q > (2− n) (p− 1)

}
. Any

solution blows up when parameters are in the region R′
g.

The degenerate parabolic equations in non-divergent form were considered by many authors
(see [13–18] and the references therein). Let us give a couple of examples.

Some qualitative properties of a p-Laplacian equation in non-divergent form were studied by
Raimbekov [13]. Asymptotic solution of the Cauchy problem was also analysed at t → ∞ for
slow and fast diffusion cases.
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Jin and Yin [14] considered the doubly degenerate diffusion Cauchy problem

ut = umdiv(|∇u|(p−2)∇u) + λuq, (x, t) ∈ Ω× (0;T ) ,

u = 0, (x, t) ∈ ∂Ω× (0;T ) ,

u (x, 0) = u0 (x) , x ∈ Ω,

where m > 1, p > 1. The critical exponent qc = p +m − 1 was obtained, namely, the solutions
are global if q < qc, and there exist both global and blow-up solutions if q > qc. In the critical
case q = qc solutions are dictated by the size of the domain.

The main objective of this work is to define the critical curves and the region of parameters
where global solutions and blow-up solutions exist. The results of the present work are the
following theorems.

Theorem 1.
(i) In the region of parameters

G =

{
0 < β 6 1, 0 < q 6 p (1− k) + (k +m+ p− 3)

p

}
,

any solution of problem (1)–(3) is global in time.
(ii) In the region

R = {β > 1} ∪
{
q >

p (1− k) + (k +m+ p− 3)

p

}
,

there exist solutions of (1)–(3) that blow up in finite time.

Remark 1. Theorem 1 defines the critical global existence curve of problem (1)–(3) as{
β = 1, 0 < q 6 p (1− k) + (k +m+ p− 3)

p

}
∪
{
0 < β 6 1, q =

p (1− k) + (k +m+ p− 3)

p

}
(see Fig. 1).

Theorem 2.
(i) In the region Ru ⊂ R

Ru = {β > 1, q 6 p (1− k) + (k +m+ p− 3)}∪

∪
{
β 6 p (1− k) + k +m+ p− 2, q >

p (1− k) + (k +m+ p− 3)

p

}
,

any solution of problem (1)–(3) blows up in finite time.
(ii) In the region Rg ⊂ R

Rg = {β > p (1− k) + k +m+ p− 2, q > p (1− k) + (k +m+ p− 3)} ,

there exist both global and blow-up solutions of problem (1)–(3).

Remark 2. Theorem 1 defines the critical Fujita curve of problem (1)–(3). It is given by{
β = p(1−k)+k+m+p−2, q > p (1− k)+(k +m+ p− 3)

}
∪
{
β > p(1−k)+k+m+p−2, q =

= p (1− k) + (k +m+ p− 3)
}

(see Fig. 1).
In what follows we give proofs of theorems.
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Fig. 1. Critical curves

2. Critical global existence curve

Proof of Theorem 1 (i). Let us consider the following globally defined in time supersolution
in the self-similar form

ū (t, x) = eLt
(
K + e−Mξ

)
, ξ = xe−Jt

with parameters K > ∥u0∥∞, M > (K + 1)
q+1−m

p−1 , L >Mp (m+ p− 2) (K + 1)k+m−1 + (K + 1)β

K

and J =
k +m+ p− 3

p
L.

One can obtain that
∂u

∂t
= LeLt

(
K + e−Mξ

)
+ JMxe−Jt+Lt−Mξ > LeLt

(
K + e−Mξ

)
> KLeLt,

uβ = eβLt
(
K + e−Mξ

)β 6 eβLt(K + 1)
β
,

∂u

∂x
= −Me(L−J)te−Mξ,

uk
∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
=Mp (m− 1) e

kLt(
K + e−Mξ

)k+m−2
e(m+p−2)Lt−Jpt−Mpξ+

+Mp (p− 1) e
kLt(

K + e−Mξ
)k+m−1

e(m+p−2)Lt−Jpt−M(p−1)ξ 6
6Mp (m+ p− 2) (K + 1)

k+m−1
e(k+m+p−2)Lt−Jpt−M(p−1)ξ,

and we have on the boundary

−um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = (K + 1)

m−1
M

p−1
e
(m+p−2)Lt−J(p−1)t

.

By the definition of K, M, L, J and the assumption (β, q) ∈ G we have
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∂ū

∂t
> ūk

∂

∂x

(
ūm−1

∣∣∣∣∂ū∂x
∣∣∣∣p−2

∂ū

∂x

)
+ ūβ , (x, t) ∈ R+ × R+,

−ūm−1

∣∣∣∣∂ū∂x
∣∣∣∣p−2

∂ū

∂x
(0, t) > ūq (0, t) , t ∈ (0;+∞) .

Thus, ū is a supersolution of problem (1)–(3). It implies that every solution of problem (1)–(3)
is global solution provided (β, q) ∈ G. 2

Proof of Theorem 1 (ii). Let us consider a blow-up solution of the Cauchy problem

∂u

∂t
= uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
+ uβ , (x, t) ∈ R× (0;+∞) ,

u (0, t) = u0 (x),

(4)

where β > 1. It is symmetric and satisfies

∂u

∂t
= uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
+ uβ , (x, t) ∈ R+ × (0, T ) ,

−um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = 0, t ∈ (0, T ) ,

u (x, 0) = u0 (x) .

(5)

It can be shown that solutions of problem (5) are always subsolutions of problem (1)–(3) for the
same initial value. It is known [14] that solutions of problem (5) for sufficiently large u0 blow
up in a finite time interval. It follows from the comparison principle that solution of problem
(1)–(3) also blows up.

If q >p (1− k) + (k +m+ p− 3)

p
then it follows from [7] that the problem

∂u

∂t
= uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
, (x, t) ∈ R+ × (0,+∞) ,

−um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = uq (0, t) , t ∈ (0,+∞) ,

u (x, 0) = u0 (x)

(6)

has a solution that blows up. We use them as subsolutions of problem (1)–(3). The result
immediately follows from the comparison principle. 2

3. Critical Fujita curve

Proof of Theorem 2 (i). Let us introduce the following designations

Ru1 = {1 < β 6 p (1− k) + k +m+ p− 2}∪

∪
{
p (1− k) + (k +m+ p− 3)

p
< q 6 p (1− k) + (k +m+ p− 3)

}
,

Ru2 = {β 6 1, q > p (1− k) + (k +m+ p− 3)} ,

Ru3 =

{
β > p (1− k) + (k +m+ p− 2) , q 6 p (1− k) + (k +m+ p− 3)

p

}
.
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Because Ru = Ru1 ∪Ru2 ∪Ru3 (see Fig. 1) the proof is divided into three parts.

Case 1. (β, q) ∈ Ru1. Since each solution of problem (5) with nontrivial initial value blows up
if 1 < β 6 p (1− k) + k +m+ p− 2 (see [14]) and every solution of problem (6) with nontrivial

data also blows up when
p (1− k) + (k +m+ p− 3)

p
< q 6 p (1− k) + (k +m+ p− 3) (see [7])

we can consider them as subsolutions of problem (1)–(3). The result immediately follows from
the comparison principle.

Case 2. (β, q) ∈ Ru2. Let β < 1 and the following self-similar subsolution of problem (5) has
the form

u (x, t) = tαϕ (ξ) , ξ = xt−γ , (7)

where α =
1

1− β
, γ =

k +m+ p− 2− β

p (1− β)
.

One can obtain that

∂u

∂t
= tα−1 (αϕ (ξ)− γξϕ′ (ξ)) ,

um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
= t(p−1)(α−γ)+α(m−1)ϕm−1 |ϕ′|p−2

ϕ′ (ξ) ,

uk
∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
= t(k+m+p−2)α−pγϕk

(
ϕm−1 |ϕ′|p−2

ϕ′
)′

(ξ) .

(8)

Then we have

∂u

∂t
6 uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
, (x, t) ∈ R+ × (0,+∞) ,

um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = 0, t ∈ (0,+∞)

if ϕ (ξ) satisfies

ϕk
(
ϕm−1 |ϕ′|p−2

ϕ′
)′

(ξ) + γξϕ′ (ξ) + ϕβ (ξ)− αϕ (ξ) > 0,

−ϕm−1 |ϕ′|p−2
ϕ′ (0) = 0.

(9)

Let us define

ϕ (ξ) = A
(
a− ξ

p
p−1

) p−1
k+m+p−3

+
, (10)

where parameters a, A are to be determined. One can obtain that

ϕ′ (ξ) = −A p

k +m+ p− 3

(
a− ξ

p
p−1

) p−1
k+m+p−3−1

+
ξ

1
p−1 ,

ϕm−1 |ϕ′|p−2
ϕ′ (ξ) = −Am+p−2

(
p

k +m+ p− 3

)p−1 (
a− ξ

p
p−1

) (p−1)(1−k)
k+m+p−3

+
ξ,

ϕk
(
ϕm−1|ϕ′|p−2

ϕ′
)′
(ξ)= Ak+m+p−2

(
p

k+m+ p− 3

)p

(1− k)
(
a− ξ

p
p−1

) p−1
k+m+p−3−1

+
ξ

p
p−1−

−Ak+m+p−2

(
p

k +m+ p− 3

)p−1 (
a− ξ

p
p−1

) p−1
k+m+p−3

+
.

(11)
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Since β < 1 we get

ϕβ (ξ) = Aβ
(
a− ξ

p
p−1

) β(p−1)
k+m+p−3

+
=

= Aβ
(
a− ξ

p
p−1

) p−1
k+m+p−3

+

(
a− ξ

p
p−1

) (β−1)(p−1)
k+m+p−3

+
> Aβa

(β−1)(p−1)
k+m+p−3

(
a− ξ

p
p−1

) p−1
k+m+p−3

+
.

Assuming that

Ak+m+p−3

(
p

k +m+ p− 3

)p−1

> γ,

a
(β−1)(p−1)
k+m+p−3 > Ak+m+p−2−β

(
p

k +m+ p− 3

)p−1

+A1−βα,

we can verify that (9) holds. The subsolution u defined in (7) and (10) has zero initial value.
Hence it is a subsolution of problem (5) with any nontrivial initial data.
If β = 1 we construct a compact support self-similar solution to problem (5) of the form

U (x, t) = eα(t−τ)ϕ (ξ) , ξ = xe−γ(t−τ),

where α =
(1− k) p

(k +m+ p− 3) + (1− k) p
, γ =

(1− k) (k +m+ p− 3)

(k +m+ p− 3) + (1− k) p
and

ϕ (ξ) =

(
k +m+ p− 3

p

) p−1
k+m+p−3

[
(k +m+ p− 3)

(k +m+ p− 3) + (1− k) p

] 1
k+m+p−3 (

a− ξ
p

p−1

) p−1
k+m+p−3

.

One can obtain that
∂U

∂t
= eα(t−τ) (αϕ (ξ)− γξϕ′ (ξ)) ,

Um−1

∣∣∣∣∂U∂x
∣∣∣∣p−2

∂U

∂x
= eα(m+p−2)(t−τ)−γ(p−1)(t−τ)ϕm−1 |ϕ|p−2

ϕ′ (ξ) ,

Uk ∂

∂x

(
Um−1

∣∣∣∣∂U∂x
∣∣∣∣p−2

∂U

∂x

)
= e[α(k+m+p−2)−γp](t−τ)ϕk

(
ϕm−1 |ϕ|p−2

ϕ′
)′

(ξ) .

It follows from equalities given above and (11) that

Uk ∂

∂x

(
Um−1

∣∣∣∣∂U∂x
∣∣∣∣p−2

∂U

∂x

)
+ U = 0, (x, t) ∈ R+ × (0, T ) ,

−Um−1

∣∣∣∣∂U∂x
∣∣∣∣p−2

∂U

∂x
(0, t) = 0, t ∈ (0, T ) .

If τ > 0 is large such that U(x, 0) 6 u0(x) then U(x, t) is a subsolution of problem (5). Any
subsolution of problem (5) is also a subsolution of problem (1)–(3) with the same initial data.
Thus there exists a finite time t0 such that solution of problem (1)–(3) is greater than the initial
value of the blow-up subsolution of (6)

ν (x, t) = (T − t)
−s
ψ (ξ) , ξ = x (T − t)

−l
,

where l =
(q + 2− p−m)

p (q + k − 1)− (k + p+m− 3)
, s =

(p− 1)

p (q + k − 1)− (k + p+m− 3)
, and

ψ (ξ) = B
(
d− ξ

p
p−1

) p−1
k+m+p−3

.
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Parameters B and d are some positive constants [7]. Note that ν is a subsolution of problem (6)
and it is also a strict subsolution of problem (1)–(3). Hence, the solution of problem (1)–(3)
blows up in a finite time t 6 T + t0.

Case 3. (β, q) ∈ Ru3. If pq 6 p (1− k)+ (k +m+ p− 3) we consider the following self-similar
subsolution of problem (5) in the form

u (t, x) = tαϕ (ξ) , ξ = xt−γ , (12)

where γ =
m+ p− 2− q

(k + p+m− 3) + p (1− k − q)
, α =

p− 1

(k + p+m− 3) + p (1− k − q)
.

We obtain from (8) that

∂u

∂t
6 uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
, (x, t) ∈ R+ × (0,+∞) ,

um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) 6 uq, t ∈ (0,+∞) ,

if ϕ (ξ) satidfies

ϕk
(
ϕm−1 |ϕ′|p−2

ϕ′
)′

(ξ) + γξϕ′ (ξ) + ϕβ (ξ)− αϕ (ξ) > 0,

−ϕm−1 |ϕ′|p−2
ϕ′ (0) 6 ϕq (0).

(13)

Then we take
ϕ (ξ) = C (c− ξ)

p−1
k+m+p−3

+ , (14)

where C, c are constants to be determined. It is easy to see that

ϕ′ (ξ) = −C p− 1

k +m+ p− 3
(c− ξ)

p−1
k+m+p−3−1

+ ,

ϕm−1 |ϕ′|p−2
ϕ′ (ξ) = −Cm+p−2

(
p− 1

k +m+ p− 3

)p−1

(c− ξ)
(p−1)(1−k)
k+m+p−3

+ ,

ϕk
(
ϕm−1 |ϕ′|p−2

ϕ′
)′

(ξ) = Ck+m+p−2 (1− k)

(
p− 1

k +m+ p− 3

)p

(c− ξ)
(p−1)

k+m+p−3−1

+ . (15)

Taking into account that

γξϕ′ (ξ)− αϕ (ξ) > −γC p− 1

k +m+ p− 3
c (c− ξ)

p−1
k+m+p−3−1

+ − αCc (c− ξ)
p−1

k+m+p−3−1

+ =

= −Cc
(

γ (p− 1)

k +m+ p− 3
+ α

)
(c− ξ)

p−1
k+m+p−3−1

+ , for 0 6 ξ 6 A,

and pq 6 p (1− k) + (k +m+ p− 3), we can choose C and c such that they satisfy

Ck+m+p−3 (1− k)

(
p− 1

k +m+ p− 3

)p

>
(

γ (p− 1)

k +m+ p− 3
+ α

)
c,

Cm+p−2−q

(
p− 1

k +m+ p− 3

)p−1

6 c
(p−1)(q+k−1)

k+m+p−3 .

It is not difficult to verify that (13) holds. Subsolution (12) has zero initial value. Thus u

defined in (12) and (14) is a subsolution of problem (6) with every nontrivial data. If pq =
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= p (1− k) + (k +m+ p− 3) then we also construct a self-similar subsolution to problem (6) in
exponent type

u (x, t) = eα(t−τ)ϕ (ξ) , ξ = xe−γ(t−τ),

where α =
p (1− k)

2p− 1
, γ =

(1− k) (k +m+ p− 3)

2p− 1
. Let

ϕ (ξ) = C

(
Ck+m+p−3

(
p− 1

k +m+ p− 3

)p

− ξ

) p−1
k+m+p−3

.

Using (15), we obtain for arbitrary C > 0 that

ϕk
(
ϕm−1 |ϕ′|p−2

ϕ′
)′

(ξ) + γξϕ′ (ξ)− αϕ (ξ) > 0, for 0 6 ξ 6 Ck+m+p−3
(

p−1
k+m+p−3

)p
,

−ϕm−1 |ϕ′|p−2
ϕ′ (0) 6 ϕ

p(1−k)+(k+m+p−3)
p (0) .

Using (12) and inequalities given above, we have

∂u

∂t
6 uk

∂

∂x

(
um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x

)
, (x, t) ∈ R+ × (0,+∞) ,

um−1

∣∣∣∣∂u∂x
∣∣∣∣p−2

∂u

∂x
(0, t) = uq, t ∈ (0,+∞).

If we choose large τ > 0 and suitable C such that u(x, 0) 6 u0(x) then u(x, t) is a subsolution of
problem (6) and it is large enough. The proof follows from the results of Jin and Yin [14] where
a blow-up subsolution to problem (5) is constructed. 2

Proof of Theorem 2 (ii). Taking into account that

Rg =
{
pq − p (1− k)− (k +m+ p− 3) < (p− 1) (β − 1), q > p (1− k) + (k +m+ p− 3)

}
∪

∪
{
pq − p (1− k)− (k +m+ p− 3) > (p− 1) (β − 1), β>p (1− k) + (k +m+ p− 2)

}
(see Fig. 1), we divide the proof into 2 cases.

Case 1. pq − p(1− k)− (k +m+ p− 3) < (p− 1)(β − 1), q > p(1− k) + (k +m+ p− 3).
Let us introduce the auxiliary function

ū (x, t) = (t+ τ)
−α

f(ξ), ξ = x (t+ τ)
−γ (16)

with τ > 0 and γ =
q − (m+ p− 2)

pq − p (1− k)− (k +m+ p− 3)
, α =

(p− 1)

pq − p (1− k)− (k +m+ p− 3)
.

One can obtain that

∂ū

∂t
= (t+ τ)

−(α+1) (− αf (ξ)− γξf ′ (ξ)
)
,

ūm−1

∣∣∣∣∂ū∂x
∣∣∣∣p−2

∂ū

∂x
= (t+ τ)

−(m+p−2)α−(p−1)γ
fm−1 |f ′|p−2

f ′,

ūk
∂

∂x

(
ūm−1

∣∣∣∣∂ū∂x
∣∣∣∣p−2

∂ū

∂x

)
= (t+ τ)

−(k+m+p−2)α−pγ
fk
(
fm−1 |f ′|p−2

f ′
)′
.

Therefore, ū is a supersolution of problem (1)–(3) with small initial data if the function f (ξ)

satisfies
fk
(
fm−1 |f ′|p−2

f ′
)′

+ αf + γξf ′ + (t+ τ)
−αβ+α+1

fβ 6 0,

fm−1 |f ′|p−2
f ′ (0) > fq (0) .

(17)
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Inequality q > p (1− k) + (k +m+ p− 3) implies that 1

p (1− k) + (k +m+ p− 3)
−α > 0. Let

ε = =
1

p (1− k) + (k +m+ p− 3)
−α and we first consider

fk
(
fm−1 |f ′|p−2

f ′
)′

+ γξf ′ + (α+ ε) f 6 0,

fm−1 |f ′|p−2
f ′ (0) > fq (0) . (18)

Let us assume that

f (ξ) = A
(
(λb)

p
p−1 − (ξ + b)

p
p−1

) p−1
k+m+p−3

+
, (19)

where constants A, λ > 1, b > 0 are to be determined. One can obtain that

f ′ (ξ) = −A p

k +m+ p− 3

(
(λb)

p
p−1 − (ξ + b)

p
p−1

) p−1
k+m+p−3−1

+
(ξ + b)

1
p−1 ,

fm−1 |f ′|p−2
f ′ (ξ) = −Am+p−2

(
p

k +m+ p− 3

)p−1(
(λb)

p
p−1 − (ξ + b)

p
p−1

) (p−1)(1−k)
k+m+p−3

+
(ξ + b) ,

fk
(
fm−1 |f ′|p−2

f ′
)′

(ξ) =

= Ak+m+p−2 (1− k)

(
p

k +m+ p− 3

)p(
(λb)

p
p−1 − (ξ + b)

p
p−1

) p−1
k+m+p−3−1

+
(ξ + b)

p
p−1 −

−Ak+m+p−2

(
p

k +m+ p− 3

)p−1(
(λb)

p
p−1 − (ξ + b)

p
p−1

) p−1
k+m+p−3

+
.

Substituting f and f ′ into (18), we obtain

Ak+m+p−3 (1− k)

(
p

k +m+ p− 3

)p

(ξ + b)
p

p−1 − γ
p

k +m+ p− 3
ξ (ξ + b)

1
p−1 +

+

[
(α+ ε)−Ak+m+p−3

(
p

k +m+ p− 3

)p−1
](

(λb)
p

p−1 − (ξ + b)
p

p−1

)
6 0 (20)

for 0 6 ξ 6 (λ− 1) b,

Am+p−2

(
p

k +m+ p− 3

)p−1

b
(k+m+p−3)+p(1−k)

k+m+p−3

(
(λ)

p
p−1 − 1

) (p−1)(1−k)
k+m+p−3

+
>

> Aqb
qp

k+m+p−3

(
λ

p
p−1 − 1

) q(p−1)
k+m+p−3

+
. (21)

Setting η=ξ + b and taking into account that α (k +m+ p− 3)=1− γp, we can rewrite (20) as

1

k +m+ p− 3

[
Ak+m+p−3 ((1− k) p+ (k +m+ p− 3))

(
p

k +m+ p− 3

)p−1

− 1−

− (k +m+ p− 3) ε

]
η

p
p−1 ++

γp

k +m+ p− 3
b η

1
p−1−

−
[
Ak+m+p−3

(
p

k +m+ p− 3

)p−1

− (α+ ε)

]
(λb)

p
p−1 6 0, b 6 η 6 λb. (22)

For simplicity we introduce the following designation
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g(y) =

[
Ak+m+p−3

(
(1− k) p+ (k +m+ p− 3)

)( p

k +m+ p− 3

)p−1

− 1− (k +m+ p− 3) ε

]
×

× yp

k +m+ p− 3
+

γp

k +m+ p− 3
by −

[
Ak+m+p−3

(
p

k +m+ p− 3

)p−1

− (α+ ε)

]
(λb)

p
p−1 .

Then we have

g′ (y) =
γp

k +m+ p− 3
b+

p

k +m+ p− 3

[
Ak+m+p−3

(
(1− k) p+

+ (k +m+ p− 3)
)( p

k +m+ p− 3

)p−1

− 1− (k +m+ p− 3)ε

]
yp−1.

Therefore, to prove (22) one need to prove that g
(
η

1
p−1

)
6 0 for b 6 η 6 λb.

Since ε = 1

p (1− k) + (k +m+ p− 3)
−α we choose A such that

(
k +m+ p− 3

p

)p−1

(α+ ε) <

< Ak+m+p−3 <
1

((1− k) p+ (k +m+ p− 3))

(
k +m+ p− 3

p

)p−1

(1 + (k +m+ p− 3) ε) .

Hence, we have(
(1− k) p+ (k +m+ p− 3)

)( p

k +m+ p− 3

)p−1

Ak+m+p−3 < 1 + (k +m+ p− 3) ε.

It implies that g (y) reaches maximum at y∗, where

y∗=

(
(k +m+ p− 3)

p−1
γb

(k+m+ p− 3)
p−1

+ (k+m+ p− 3)
p
ε−((1− k) p+ (k+m+ p− 3)) pp−1Ak+m+p−3

) 1
p−1

.

Therefore g
(
η

1
p−1

)
6 g (y∗). To prove (22), we assume that g (y∗) 6 0, that is,

1

k +m+ p− 3

[
Ak+m+p−3 ((1− k) p+ (k +m+ p− 3))

(
p

k +m+ p− 3

)p−1

− 1−

− (k +m+ p− 3) ε

]
yp∗ +

γp

k +m+ p− 3
by∗−

−
[
Ak+m+p−3

(
p

k +m+ p− 3

)p−1

− (α+ ε)

]
(λb)

p
p−1 6 0.

By substituting the value of y∗ into the above inequality, we obtain

p

k +m+ p− 3
γ

p
p−1

(
1 + (k +m+ p− 3) ε−

−
(
(1− k) p+ (k +m+ p− 3)

)( p

k +m+ p− 3

)p−1

Ak+m+p−3

)− 1
p−1

6

6
[
Ak+m+p−3

(
p

k +m+ p− 3

)p−1

− (α+ ε)

]
(λ)

p
p−1 .

If we choose the constant λ > 1 such that

– 122 –



Mersaid M. Aripov, Jakhongir R.Raimbekov The Critical Curves of a Doubly Nonlinear Parabolic . . .

λ >
(

p

k +m+ p− 3

) p−1
p

γ

[
Ak+m+p−3

(
p

k +m+ p− 3

)p−1

− (α+ ε)

]− p−1
p

×

×
(
1+ (k +m+ p− 3) ε−

(
(1− k) p+ (k +m+ p− 3)

)( p

k +m+ p− 3

)p−1

Ak+m+p−3

)− 1
p

then g
(
η

1
p−1

)
6 0 for any b 6 η 6 λb. In particular, inequality (20) holds. For fixed A, λ we

notice that q > p (1− k) + (k +m+ p− 3). We assume that b is small enough such that (21)
holds.

Inequality pq− p (1− k)− (k +m+ p− 3) < (p− 1) (β − 1) implies that −αβ +α+1 < 0.
We can choose large enough τ to obtain

(t+ τ)
−αβ+α+1

fβ =(t+ τ)
−αβ+α+1

Aβ
(
(λb)

p
p−1 − (ξ + b)

p
p−1

) β(p−1)
k+m+p−3

+
6

6 (t+ τ)
−αβ+α+1

Aβ−1 (λb)
(β−1)p

k+m+p−3

+ f 6 εf.

It follows from above inequality and (18) that (17) holds. Therefore, ū given by (16) and
(19) is a supersolution and any solution of problem (1)–(3) with initial data u0 lying below
ū (x, 0) = τ−αf (xτ−γ), and it is global in time. Moreover, it tends to zero as t→ ∞.
Case 2. Let pq− p (1− k)− (k +m+ p− 3) > (p− 1) (β − 1) , β>p (1− k)+ (k +m+ p− 2).
We found that the global solution for pq − p (1− k) − (k +m+ p− 3) < (p− 1) (β − 1) and
q > p (1− k) + (k +m+ p− 3) goes to zero. We can assume that it is less than one. Therefore,
for every pair of exponents

(
β̄, q̄
)

such that β̄ > β, q̄ > q, it is also a supersolution to problem
(1)–(3) with small initial data.

Thus we have a global nontrivial supersolution for every pq − p (1− k)− (k +m+ p− 3) >
> (p− 1) (β − 1) with β>p (1− k) + (k +m+ p− 2). According to the comparison principle,
the solution of problem (1)–(3) is global solution if the initial data u0 is small enough. 2
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Критические кривые параболического уравнения
с двойной нелинейностью недивергентного вида
с источником и нелинейным граничным потоком

Мирсаид М. Арипов
Национальный университет Узбекистана

Университетская, 4, Ташкент, 100174
Узбекистан

Жахонгир Р.Раимбеков
Университет Инха в городе Ташкенте

Зиёлилар, 9, Ташкент, 100041
Узбекистан

В данной работе исследуются критические кривые уравнения с двойной нелинейностью недивер-
гентного вида с нелинейным граничным потоком. А именно получена критическая кривая гло-
бального существования и критическая кривая Фуджита.

Ключевые слова: уравнение с двойной нелинейностью недивергентного вида, критическая кривая
Фуджита, критическая кривая глобального существования.
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