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Let By, = Bo(2,7,k) be the largest two-generator finite group of exponent 7 and nilpotency class k. Hall’s
polynomials of By for k < 4 are calculated.
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Let By, = By(2,7,k) be the largest two-generator finite group of exponent 7 and nilpotency
class k. In this class, the largest group is the group Bag, which has the order 720416 [1]. For each
By, a power commutator presentation is obtained [1].

Y1

Let ai'...a? and aj'...a¥" be two arbitrary elements in the group By recorded in the

commutator form. Then their product is equal

Tn

L1 Zn
a; ...a,

oY1 Yn — %1
aiy ...apt =ap ...an”.

Powers z; are to be found based on the collection process (see [2,3]) which is implemented in
the computer algebra systems GAP and MAGMA. Furthermore, there is an alternative method
for calculating products of elements of the group, proposed by Hall (see [4]). Hall showed
that z; are polynomial functions (over the field Z; in this case), depending on the variables
X1y.eey iy Y1, -+, Yi, which is now called Hall’s polynomials. According to [4]

2 = Iy +y¢ —|—pi(z1,...,xi_l,yl,...,yi_l).

Hall’s polynomials are necessary in solving problems that require multiple products of the
elements of the group. Study of the structure of the Cayley graph of some group is one of these
problems [5,6]. The computational experiments carried out on the computer in two-generator
groups of exponent five (see [7]) showed that the method of Hall’s polynomials has an advantage
over the traditional collection process. Therefore, there is a reason to believe that the use of
polynomials would be preferable than the collection process in the study of Cayley graphs of
By, groups. It should also be noted that this method is easily software-implemented including
multiprocessor computer systems.

Previously unknown Hall’s polynomials of By are calculated within the framework of this
paper. For k > 4 polynomials are calculated similarly but their output takes considerably more
space so it makes impossible to verify the proof without use of computers.

The main result of this paper is

Theorem. Let ai’ ...a%" and o' ...a¥%" be two arbitrary elements of the group By, recorded in
the commutator form where k € N w k < 4. Then their product is equal a{* ...a%" -ay' ... a4 =

*alex_kuznetsov80@mail.ru
fsafonovkv@rambler.ru
© Siberian Federal University. All rights reserved

- 186 —



Alexander A.Kuznetsov, Konstantin V.Safonov  Hall’s Polynomials of Finite Two -Generator Groups ...

ail...ai, where z; € Zz, are Hall’s polynomials given by formulas (1-2) for k =1, (1-3) for
k=2, (1-5) for k =3 and (1-8) for k = 4.

zZ1 =1+ Y1, (1)

Z9 = T2 + Ya, (2)

23 = I3 + Y3 + T2y1, (3)

24 = T4 + Ys + 3Tay1 + T3y1 + 432y7, (4)

25 = X5 + Y5 + 3Tay1 + T3y2 + 423Y1 + T2y1Y0, (5)

26 = X6 + Yo + Dr2y1 + 3x3y1 + ay1 + 3x2y; + 6a2yf + dasys, (6)

27 = 27+ yr+ 2205y1 + 220y1 + TaY2 + T5y1 + 5xeyt + 5r3ys + Avayiya+ 3xeyiya+ Tay1ye, (7)

28 = Tg+ Ys+ 5Toy1 + 3T3y2+ T5y2+ 3x3y1 + 625y1 + 4w3ys + Awoy1y5 + 4x3y1y2+ 672y1y2. (8)

1. Proof of the Theorem

Let’s calculate the Hall’s polynomials for the group Bs. Dealing with this group we also
obtain polynomials for groups B;, By and Bs so no need to study separately these cases. When
k < 4 commutators which has a weight is more than k are not considered because of they are
definitionally equal to the group identity.

Using GAP we obtain a power commutator presentation of Bj.

Commutators of weight 1:

a1, as — generators of the group.
Commutators of weight 2:

az = [(12, al].
Commutators of weight 3:

as = [az, a1] = [az, a1, a1],

as = [as, az] = [az, a1, az].

Commutators of weight 4:

ag = [[14,[11} = [(12,01,(11,(11},
ar = [as, a1] = [az, a1, a2, a1],
as = [as, as] = [az, a1, a2, as).

List of defining relations R for commutators:

az =1(1<i<8), [ag,a1] = a3, [az,a1] = a4, [a3,a2] = a5, [a4,a1] = as,
[ag,a2) = ay, [ag,a3] =1, [as,a1] = ar, [as,a2] = as, [as,a3] =1, [as,a4] =1,
[ag,a1) =1, [ag,a2] =1, lag,a3] =1, [as,as] =1, [as,a5] =1, [ar,a1] =1,
[a7,a2) =1, [a7,a3] =1, lar,a4) =1, [ar,a5] =1, [ar,a6] =1, [ag,a1] =1,

las,a2) =1, [as,a3] =1, [ag,as] =1, [as,as5] =1, [as,a6] =1, [ag,a7] = 1.
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Thus,

By = (a1, a2,a3,a4,as,a6,a7,as | R).
Each element of the group is expressed uniquely as a normal commutator word:
Vg € By g =aj'a3’a5’ay*az"agar"ag®, x; € Zr.

Sometimes we will write g = (z1,...,xs).

In order to determine the functions z; first we need to calculate the products of a;’ a? for all
1<i<j<8 z,y=123,4,56. For the pair (j,7) it is required to find the interpolation
polynomial for each of the 8 commutators by the 36 values of the product (y, z).

Let’s start with the first pair a3 af:

ajal =(1,1,1,0,0,0,0,0), asa?=(2,1,2,1,0,0,0,0), aia’=(3,1,3,3,0,1,0,0),
aja} = (4,1,4,6,0,4,0,0), asa} = (5,1,5,3,0,3,0,0), a3a’=(6,1,6,1,0,6,0,0),
azal = (1,2,2,0,1,0,0,0), a3al = (2,2,4,2,2,0,1,0), a3a’=(3,2,6,6,3,2,3,0),
azal = (4,2,1,5,4,1,6,0), a3a; = (5,2,3,6,5,6,3,0), a3af = (6,2,5,2,6,5,1,0),
aja; = (1,3,3,0,3,0,0,1), a3aj =(2,3,6,3,6,0,3,2), a3a}=(3,3,22,2,3,2,3),
asal = (4,3,5,4,5,5,4,4), ada} =(5,3,1,2,1,2,2,5), a3a®=(6,3,4,3,4,4,3,6),
4 1 4 2 4 3 __
asal = (1,4,4,0,6,0,0,4), asal = (2,4,1,4,5,0,6,1), a3a’ = (3,4,5,5,4,4,4,5),
asal = (4,4,2,3,3,2,1,2), asa; = (5,4,6,5,2,5,4,6), a3a’ = (6,4,3,4,1,3,6,3),
5 1 __ 5 2 5 3 _
Aol = (1?5757()’370’073)7 Aoty = (275737536a07356)7 Aoty = (3557 17 172a5a272)7
aja} = (4,5,6,2,5,6,4,5), asa} = (5,5,4,1,1,1,2,1), a5a$ = (6,5,2,5,4,2,3,4),
aSal = (1,6,6,0,1,0,0,6), aSa® =(2,6,5,6,2,0,1,5), aSal =(3,6,4,4,3,6,3,4)
291 sy Yy, Uy Uy, L, U, U, V), oty y Uy Iy Uy &y Uy, Ly, Uollg 5 Uy Ty Ey Dy Uy Jdy Ty

aSat = (4,6,3,1,4,3,6,3), aSal = (5,6,2,4,5,4,3,2), aSal = (6,6,1,6,6,1,1,1).

Let’s write:

(1,2) (1,2) (1,2)
y o __ oz y f3 (zy) fi7(zy) fs 7 (z,y)
asaf = af a3 ag ay ...ag ,

where fT(-l’Q) (x,y) = Z?;:1 2321 BparPy? are some polynomials over the field Z7. To find them
let’s perform interpolation for each commutator r = 3,4,...,8.

To find fr(l’Q) (x,y) it is required to solve a system of linear equations over the given field:

6 6
SN Byt = 2 Yy =1,2,3,4,5,6, (9)

p=1g=1

where 2% is a value of r-th commutator for the pair (y,x). This system will have 36 variables
and consist of 36 equations.
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(1,2)

Let’s show how to find fg '™’ (z,y) at the example of the 8-th commutator. For short, let’s

Substituting in (9) all values of z§* we receive:

8
pq-

write (3, instead of

COO0O0O0CO0O0OO0COOCOOHAMNMPTIIDOFAIONOMMONI —FOIOFMNAN A

B11
B2
B3
B1a
Bis
Bie
B21
Ba22
B23
B2
B2s
B26
B31
B32
B33
Bsa
B3s
B3e
Ba1
Baz
Bas
Baa
Bas
Bas
Bs1
Bs2
Bs3
Bs4
Bss
Bs6
Be1
Be2
Be3
Bea
Bes
Bes

t111111111111111111111111111111111111
2222224444441 11111222222444444111111
3333332222226¢6¢6©6©6¢6444444555555111111
444444222222111111444444222222111111
555555444444666¢66¢6222222333333111111
66666 6111111666¢6661111116¢6¢6¢6¢6¢6 111111
24124124124124124124124124124124124°1
412412124124241241412412124124241241
65365341241253605361241243653605241241
124124412412241241124124412412241241
36536512412453653641241260536253241241
5365362412415 360536241241536536241241
32645132645 1326451326451326451326451
645132513264326451645132513264326451
45132632645 145132632645145132632¢6451
421421421421421421421421421421421421
142142214214421421142142214214421421
5635631421423563562142146356135421421
214214142142421421214214142142421421
6 35635214214356356142142563563421421
356356421421356356421421356356421421
546231546231546231546231546231546231
3154626231545 46231315462¢623154546231
154623315462 231546623154462315546231
6231543154625 46231623154315462546231
616161616161616161616161616161616161
52525234343461616152525234343461616¢61
4343435252521616163434342525256161¢61
3434345252526161613434345252526161¢61
2525253434341616160525252434343616161
161616616161161616616161161616¢616161

5,

The rank of the system matrix is equal to 36, therefore it has the only solution: 31

6, all the remaining coefficients are equal to zero. Therefore,

=3, P13 =

612

)(x, y). Here they are:

(1,2

£ (@) = Bay + 3ay® + 6ay.
Similar calculations are applied for all polynomials fp

27y + bry? + bty + 22%y?,

=

™

8

RS

R
2y2y2y

5 3 8

< <

+ o+
S8

8§ 2 8 B d s
1 | | Y | B 1
BRI
8 8 8 8 8 8
N N N N N N N
)
17 172173L,4175L16
(RN )
QEDRIRERS

f7(1,2)

F8 (@, y) = 5ay + 3wy® + 62y°.

Thus,

ab = (x, y, vy, 3rvy + 422y, 3zy + day?, bxy + 322y + 623y,

y
az

2zy + 5xy? + by + 22%y?, bry + 3zy® + 6xy3).

Yy x
]ai.

Using this method let’s calculate other noncommutative a?

a4 ai = (2,0,y,zy,0,3zy + 42°y,0,0),
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aj aj = (0,2,y,0,2y,0,0,3zy + 42?y),
afai = (2,0,0,y,0,2y,0,0),
ai a’g = (07 1‘70,%0’ 0,-’13:(}, 0)7
a’g a:f = (‘r’ 0’ 07 07 y7 07 xy) 0)7
0}5/ a’; = (Ov o 07 07 Y, Oa 07 'ry)
Not listed pairs are commutative, i.e. afaf = af a.
Thus, we have a complete set of relations for the implementation of the collection process in
analytical form:

@) 1<i<j<8. (10)

Using (10) we can calculate the product af*...ag®* - a}’

procedure we will find all z; (1-8).
The theorem is proved.

i asa

ey I @) 5 () 89
; a5 a0 aj+2 ...ag

YT
a;a; =a

Ys

...a¥® =ai' ... ag®. Following this

The investigation was supported by the Ministry of Education and Science of the Russian
Federation (Project B 112/14).
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HO.TII/IHOMI:)I XO.TI.J'Ia, KOHEYHbIX JBYIIOPO2KJAE€HHDbIX
rpynin nepuoga cemMb

Anekcaaap A. Ky3Hernos
Kouncrautun B. CadonoB

ITyemv By = Bo(2,7,k) — makcumanrvran koneunan 0synopooscdennas beprcatidosa epynna nepuoda
7 cmynenu Huavnomenwmmnocmu k. B Hacmoswel, cmamve SuiHUcAeHb NOAUHOMYbL Xoara dan By npu
k<4

Kamoueswie caosa: nepuodudeckas epynna, cobupamesvrovill npouecc, NOAUHOMYL X0AAa.
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