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In this work we investigated the Cauchy problem for a loaded Burgers-type system. Ezxample of mathe-

matical physics inverse problem leading to problem being investigated is given. Sufficient conditions for
existence of solution in continuously differentiable class are obtained.
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Inverse problems of mathematical physics play important role in science and applications
today [1]. Coeflicient inverse problems for parabolic equations are problems of finding solutions
of differential equation with one (or more) unknown coefficients. These problems often reduce to
problems for loaded equations. Loaded differential equations (see [2]) are ones with functionals of
solution (e.g. values of solution or its derivatives on lesser-dimensional manifolds) as coefficients
or right-hand side.

Existense of solution to special class of loaded two-dimensional parabolic equations has been
proved by I.V.Frolenkov and Yu. Ya.Belov (see [3]). Problem being considered in this article
arises during generalization of preceding results.

1. Problem formulation

We consider the initial-value problem for loaded system

O (1, 0(0)AT 4 (- V)i + f(1, 2, 0,5(0)) 1)
u(0,z) = ¢(z) (2)
in domain Iljg 7 = {(t,7)[0 <t < T,z € R"}, where @ = (ul(t,x), . ,un(t,x)) are unknown

functions. Let @(t) = (ui(t,xj)7Daui(t,xj)); i=1,...,n; j=1,...,75 |a| =0,...,pg be a
vector function, with traces of unknown functions and their partial derivatives with respect to

spartial variables of order up to py at points ', ...,z" € R™ as its components.
olel
D® =
aall'l e aanxn
is partial differential operator, where @ = (a,...,a,) is multi-index, |a| = a3 + -+ + @,.

Functions u(t,0(t)), f = (f1,---fn), @ = (p1(®),...,¢n(x)) are given ones, v € R is given
coefficient.
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We will use following notation:

3j Ujg
o1’

C*(Mp,) = {’L_L = (ur(t,x),...,up(t,x)) D%u;(t,x) € C(Ip,1y);

8j (17
otd

< K, |D%u;(t,2)| < K; i=1,...,n; j<gq |o|<s; ¢,8 €Z; Kis const}

is class of bounded, continuously differentiable functions,
Ua(0) = sup, g [D¥pi(2)]
U&(t) = SUP¢e(o,t] SUPzeRrn |Daui(§7 .’E)| )

‘t) = Lt t)=1 “t
Ul = max U, U() +;U<>

are nondecreasing nonnegative functions.
Let p > max(po, 2), function @ satisfies

pi(z) € CPR™), [Di(2)| < Kyy i=1,....m |a|<p+2, (3)

i u f are continuous in all variables and the following relations are valid for any function
fL(t,Z’) S Cl,p+2(H[07T]):

p(t, () = po >0, Va(t,z) € CHP*2(Ig 1p)
(4)
|D* fi(t, 2, 0,)| < K2 (14U (t) + U()?), o <p+2.
Here and further, K; are constants depending only on the initial data. We will prove

Theorem 1.1. Let the initial data of problem (1), (2) satisfy (3), (4) for some p. Then constant
t* exists (t* € (0,T]) for which a solution of problem (1), (2) exists and lies in C™P (Il 4)) class.

2. An example

We have investigated inverse problem involving finding functions u(t, z), g(t) in Cauchy prob-
lem for the Burgers-type equation

ui(t, x) = p(t)uge + A(t)uug + B(t)u + g(t) f(t,z),
u(0,x) = up(x), 0<t<T, z€eR,

which reduces (using overdetermination condition u(t, zg) = ¥(t)) to Cauchy problem for loaded
parabolic equation

ur(t, ) = p(t)ugs + A(t)uug + B(t)u + F(t,u), (5)
u(O,x):uo(x), 0<t<T, zeR, (6)
where
ft,x)

F(t,u) =

(W'(t) = BO)W(t) — p(t)uas(t, 20) — AV (t)us(t, 20))
f(t7 .'IJO)
is functional depending on traces of unknown function and its derivatives at point xo. The

problem (5), (6) is the particular case of problem (1), (2) for n = 1, @ = u(t, x), f = F(t,u),
@ = uo(x).
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Let the initial data of problem the (5), (6) satisfies

akUO
Oxk

ug(z) € CPT2(R), ‘

< Kg—const, k=0,...,p+2, (7)

A(t), B(t) € C((0,T]), ¥(t) € CH([0,T)), |£(t w0)| = Ki

0
A+ |BO] + [9(0)] + [¢/(8)] < Ko, ®
oF oF
plt) > o >0, 9 € (0,7 < B), 91| < Ko, k=0,...,p+2

for some p > 2. Conditions (3) of Theorem 1.1 are fulfilled by (7). We can check fulfillment of
(3) provided (8) are valid:

k
Vu(t,z) € C*PT2([0,T) x R)Vk =0,...,p+2 ’;kF(t,u) <
x

<K (14U (t)+ UL (1) < K2 (1+U(t)).

Thus in is the particular case one can use Theorem 1.1 to prove existence of solution of problem
(5), (6) in CTP(II[g 4+1) class.
3. Auxiliary theorem

Theorem 3.1. Let u(t,z) be solution of

u(0, ) = ugp(x), x € kb,
in domain Gy = {(t,z)|0 <t < T,z € En} of CYP(Go,r)) class. Let the conditions

|D“b;(t,z)| < M(p), la|<p,i=1,...,m

[D%uo(z)| < C(p), ol <p
are valid. Then u(t,z) satisfies
[D%u(t,2)| < C(p)e' @M, a| <p, (9)

where I(p) > 0 depends only on p and does not depend on the initial data.

4. Proof of Theorem 1.1

We will prove existence of solution of problem (1), (2) using weak approximation method
(see [4]). We split the problem into three fractional steps and make time shift by /3 in traces
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of unknown functions and nonlinear terms. This leads to equation system

-
ou]

op = Su(tet =" fs)Aul, e (mr, (m+" /3)7], (10)

a;ﬁ? =3 (t—" /3) - V)ul, te ((m+'/s)r,(m+*/5)7], (11)

aaif = 3fi(t =7 [a,w, @ (E T [5,3),@(t =T /3)), 12)
te (m+2 f3)r (m+ 1)7]

()], = @ile): i=1l...m m=0,.. M-1 Mr=T. (13)

Let us introduce the following notation

Ugf(t) = sup sup |D%] (&, x)|,
£€[O,t] z€R,

U = max UT(t), U (t)f1+;U ().
Zeroth whole step (m = 0) is considered. In first fractional step system (10), (13) is rep-
resenting n Cauchy problems for parabolic equations, for which the maximum principle can be
applied. We differentiate (10), (13) with respect to spartial variables up to (p + 2) times, thus

obtaining
Uir(t) <UL0), U™(t)<U0), |ao/<p+2, te(0, /3] (14)

In second fractional step (11), (13) is n separate linear first-order partial differential equations

T 3vul(t =7 /3, ) 0 + -+ 3vul (t - /3,x)axn,
uj =z = u; ("/3,2), i=1,...,n,

solutions of which satisfy Theorem 3.1, giving us estimate (with K3 equals to {(p + 2) arising in
Theorem 3.1)

D (t,2)| SUT(7/5)e™™ 00 ol <p 2, te (T/s /3]

leading to
UT(t) SUT(7/5)en ™00t e (T/3.77 /). (15)

In third fractional step u(¢,x) are solutions to n separate Cauchy problems for ordinary
differential equations with known right-hand sides. Thus u] (¢,2) and their derivatives can be
expressed explicitly

t
-

D*ul (t,x) = Dau[(ﬁ,m) —|—/
3 27 /g

SDafi (é. - gax7a7—(§ - %73")’@(5 - )) dga

la| <p+2, te(*/s,7],

3

and using (4) can be estimated* by

U-r(t) < UT(27/3)67—K4U7(27/3)’ te (27—/3,7_]. (16)

TFor detailed derivation of (16), see Appendix 5.
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Let t* be nonnegative constant satisfying
STIGUWO) 9 K5 = max(K3, Ky). (17)

We will prove that derivatives {D*ul},|a| < p + 2 are bounded uniformly on 7 in some time
interval 0 < ¢ < ¢* Here and further 7 be arbitrary small (7 < t*) and for some integer
M’ = M'(1) equality M'T = t* is valid. From (17)

eImDBTESUO) <o =1, ... M. (18)
Using (18) we express from (14)—(16) estimate valid in ¢ € [0, 7]
U™ (t) < U(0)e>™ KU 0), (19)
We will prove the inequality
U7 (iT) <U(0)exp((2i — 1)37KsU(0)) = Kg, i=1,...,M’, (20)

by induction. For ¢ = 1 (20) is valid by (19). Let (20) be valid for some ¢ < M’. Applying our
reasoning as in zeroth whole step, we deduce

UT((Z ) ) UT( ) 3TKsU™ (iT) <
< U(0)exp((2i — 1) - 37 K5U(0)) exp(3r K5U (0)e2~D37K:U(0)) <

< U(0)exp((2i + 1) - 37K5U(0)) = U(0) exp((2(i + 1) — 1) - 3rK5U(0)),

thus validating (20) for i + 1. It holds for all i < M’ by mathematical induction principle.
Since U7 (t) is monotonic, from (20) we have

U™(t) <UT(M'r) = Kg — const, te[0,t"].
From the previous inequality it follows that uniform on 7
| DY (t, )| < Ke, (t, ) € Hjg 4+, |a] < p+2, (21)

where IIjg 1+ = {(¢, )]0 < ,x € R}
Derlvatlves

5 a’(t,z), (tx) €y, lol<p, i=1,...,n,

9 pegr(t,2), 2
o0x;
where Hff)j(i ={(t,x),t € [0,t*], |z;] < Mp}, are bounded uniformly on 7 from (21) and equations
(10)-(12), Wthh implies uniform boundedness and uniform equicontinuity (for any My > 0) of
function sets {D*u" },|a| < p in H[0 e
Applying Arzela—Ascoli theorem about compactness, we show existence of the subsequence
u™ (t, x) of sequence 4" (¢, ), which converges to some vector function @(t, x) with its derivatives
D%u(t,z), |a| < p. Under the theorem about weak approximation method convergence [4] the
vector function @(t, z) is a solution (of C’l’p(H[I\gi*]) class) to (1), (2) in |z;] < My, and

“DaﬂT_Daﬁ‘lc(n[No{g*]) =0, |af/<p
for 7 — 0.

Since My is arbitrary constant, the vector function @(¢,z) is a solution to (1), (2) in whole
g 4+) domain. Theorem 1.1 proved.
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5. Derivation of inequality (15)

We are given with

¢
D*u] (t,x) :Do‘uZ(%,x) +/

21—/3

3D (€= T a7 (§ = Toa)0(E — ) d,
ol <p+2 te (/s

Taking absolute value of both sides of the previous equality and using (4) we have

¢
2T
Dt < [ D ()| + 3K (1 UT(E=T [2) + U6 =T fa)) de.
/3
Since 27 /3 < £ <t < 7 and U(t) is nondecreasing function, it is true that U(¢ =7 /3) < U(*"/3):

t
Dl (1, 2)| < | DT (%7 )| + /

T/

3Kz (L+UT(*/5) + UT(*7/3)?) de.

Integrand in the previous inequality does not depend on the integration variable. f; /s dé <7 /3.

As U7 (t) > 1, it is obvious that U7(*7/3)?2 > U™ (*"/3) > 1. Thus
|DYu] (t,z)| < ‘Dauf(%/g,xﬂ +3TK2UT(27/3)2.

We apply sup,cp~ first, then supjy 4 to both parts of the previous inequality:
U (t) S U (*7/3) + 3rEUT (77 /3)°.

Taking max,, for |a| < p+ 2, and calculating sum for i = 1,...,n, we obtain
UT(t) SUT(*"/3) + 3nT KU (7 /3)%.

Let K, be equal 3nKy. We factor out U™ (*7/3):
UT(t) SUT(*7/3) - (L+ 7KL UT(*7/3)) -

Using 1 + x < e we finally get

UT(t) < UT(27/3) . e-rK4UT(2T/3).
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O pazpemumocTu 3aa4u Konm ajiss cuctemMbl HAarpy>KeHHBIX
yYpaBHeHUI

FOpmnii 4. Benos
Kupunnn B. Koprryu

B pabome paccmompena 3adaua Kowu 0as cucmemvr nazpystcentunr ypasuenuti muna Bropeepca. [pu-
seder mpumep 06pamHol 3a0a4U MAMEMAMUYECKOT Puduku, c60dauLelics K paccmampusaemol 3adave.
Hoayuenv, docmamounvie Ycao6us CYUECMBOBAHUA DEWEHUA 3a004U 8 KAACCE 2AA0KUT 02PAHUMEHHDIT
PYHKYUT.

Karoueswie caosa: 3adavwa Kowu, obpammuvie 3adavu, ypasnenue Bropeepca, cucmema nesunetinoix ypas-
Herutl, Memod caaboti annpokCUMAUUL.
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