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In this paper we prove the property of local asymptotic normality of the likelihood ratio statistics in the
competing risks model under random censoring by non-observation intervals.
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Introduction

The likelihood ratio statistics (LRS) plays an important role in decision theory. For example,
while testing a simple hypothesis H, against a complicated alternative H; with an undefined law
of distribution the criterions based on the LRS, according to the Neyman-Pearson lemma, are
uniformly more powerful for any size n of observations (see [1,2]). Here appear some interesting
examples when the alternative H; depends on n and is close to Hy, i.e. Hy = Hy,, — Hy as
n — o0. In such cases asymptotic properties of the LRS become transparent, which are useful for
estimation theory and hypothesis testing. Among them there is the local asymptotic normality
(LAN) of LRS. There is a number of papers devoted to investigations of the LAN for LRS
and its applications in statistics. The most remarkable works are [2-5], which show that the
LAN allows the development of asymptotic theory for most maximum likelihood and Bayesian
type estimators and prove the contiguality properties of the family of probability distributions.
In the papers [6-11] the properties of the LAN for LRS in the competing risks model (CRM)
under random censoring of observations on the right and both sides were established. This
paper includes investigations of the LAN for LRS in the CRM under random censoring by non-
observation intervals.

1. Competing risks model under random censoring by
non-observation intervals

In the CRM it is interesting to investigate a random variable (r.v.) X with values from
a measurable space (X,B) and events (A ... A®) forming a complete group, where k is
fixed. In practice, a r.v. X means, obviously, the survival or reliability time of some object
(individual, physical system) exposed to k competing risks and failing in case one of the events
{A® i =1,...,k}. The pairs {(X, A®), i=1,...,k} denote the time and reason the object fails
(see more about the CRM in [6,12,13]). During the experiment under homogenous conditions an
ensemble (X, A, ...  A®)) is observed, and we obtain a sequence {(Xj7A§1), ,,,,A§k))7 j=1h

Let 5](-i) = I(Ag-i)) be the indicator of the event Ag-i). Every vector ¢; = (X}, (55—1), - (5J(-k)) induces
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a statistical model with sample space Y = X x {0,1}*) = X x {0,1} x ... x {0, 1} and a o-algebra
C of sets of the form Bx Dy X...x Dy, where B € Band D; C {0,1}, ¢ =1, ..., k. We suppose that
the distribution of the vector ¢; on (Y, C) depends on an unknown parameter § = (64, ...,6,) € ©:

Q;(B x Dy x ... x D) = Py(X; € B,6\" € Dy, ....6%" € D), (1)

where © is an open set in R®. Let the distribution (1) be absolutely continuous with respect to
the o-finite measure v(x) = p(z) X £1 X ... X £, where p is the Lebesque measure on R and ¢; are
counting measures concentrated at the points y*) € {0,1}, i = 1, k. In what follows we consider

a statistical scheme where the sample (X}, A§-1), e A§-k)) is nonobservable if the r.v. X; falls in
the interval [Y1,,Ys,], where {(Y1,,Y2;), j > 1} is the sequence of independent and identically
distributed (i.i.d) random vectors with an unknown distribution G(u,v), (u,v) € R? (possibly
implicitly depending on §). Here the samples (Xj, A(l) A(k)) and the pairs (Y3;,Y5;) are
assumed to be independent and Py(Y1; < Ya;) =1 for every j > 1. This scheme models the
experiments where the observation of object j with life time X; might be stopped at a random
moment Y7; and renewed at a random moment Y;. We call such a statistical model the CRM

under random censoring by non-observation intervals. In this case instead of events (Ag»l), e Agk))
we observe the events (D§-O)7D(.1) D(.k))7 where D(.O) ={w: V(w) < X;(w) < YQJ( )} and
DY — A 1 (' X)(w) < Vi ()} U {0 X,00) > Voy(@)]). = Lo k. Let AP = (DY),
i=0,1,....k and w; = €1, + €2, where e1; = I(X; < Y3;) and e3; = I(X > Y5;). It is obvious
that A(O) =1—w; and A(l) = wj (5]( Y. In the CRM we are interested in the properties of pairs

{(XJ,A§ ), i = 1,k}, therefore we consider the subdistributions
Qio(B) =Qp(B x {0} x ... x {0} x {1} x {0} x ... x {0}), i =1,..., k, (2)

k
produced from (1) when D; = {1} and D; = {0}, i # 1, [ =1,...,k. Let Qo(B) = > Qi(B).
i=1

By h() and h we denote the densities of subdistributions Q;s and Qy:
@o(B) = [ WO 0)u(da), i =1,k QolB) = [ hlasO(ao) (3
B B

where h = h™) + ... + h®). For B = (—o0;z] we put Qu((—oo;z]) = HW(x;6), i = 1,k and
Qo((—o0;z]) = H(x;6). Now we define the cumulative hazard functions (c.h.f.) of the pairs
(X, A®):

AD (2;0) = / lim Py(t < X <t+A, AD/X > t)u(dt) =
(_

(i) (4. (4)
:/ w i=1,...k, x€R.
(—oosz]

Then the c.h.f. corresponding to ther.v. X is A(x;0) = Z A@ (;0). In the CRM the exponential

hazard functionals F®(z;0) = 1 — exp{—A®(z;0)}, i = 1,k describes the distribution of the
pairs (X, A®) in terms of the i-th risk. In view of the equality A(xz;6) = —log(1 — H(x;0)), w
have

’)xﬂ) (5)

:?v

1-H(z;0)=Py(X >z) =
’L:1

Define the density £ (z;6) = gF(i)(z; 6), i = 1,k. Then the density of intensity for i-th risk
T
is £ /(1—F®). On the other hand, by formulas (3-5) for every (x;0) € R' x© and i = 1, ..., k,
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we have ' .
fOx;0) 9 (x;0)
1—-F@(x;0)  1— H(x;0)
ie.
A k
h) (z;6) )] @ 10)). (6)
Jj=1
J#i

Assume that on the n-th stage of experiments the sample Z(") = (Z1,...., Zy), where Z; =
w; X; + (1 — w;)[Y1;, Ya;], is available for observation; this means that every observable Z; is a
r.v. X; (when w; = 1) or an interval [Y7;,Y5;] (when w; = 0). Denote by p(z;0) the density of
one observable without multipliers depending on the unknown nuisance distribution G. Then,
according to (6), we have the following "truncated" likelihood function of the sample Z(™):

507
n n k k
pu(@:6) = [ p(Zmi0) = T § |11 |#9CXmi0) TT (1 = PO (X36)) "
m=1 m=1 i=1 Jj=1
Ve

X[H (Yam; 0) — H(Yim; 0)]' """ 3 =

m=1

— I {{H [ (X1 6)] Ez} (H(Vami0) — H(Yin 9)]1_1%}.

Let for every u € R®, 0 +n~'/?u = ¥, (u;0) € © and @én) be the distribution induced by the
sample Z(™. Then we have the LRS of the model

Pn(Z™);0)

(i) Wm .
_ ﬁ ﬁ WO (X U (;0) 177 | [ H (Yo W (05 0)) — H(Yign; W (3 0) ] (®)
- R (X3 0) H(Yapm:0) — H(Y1m; 0)

Lno(w) = dQY) ) (Z) Q5" (") =

m=1 =1

Put xn,0(u) = log L, g(u), we shall now study the properties of the random function x, ¢(u).

2. Local asymptotic normality

k
Let N = {z: hD(2;0) > 0} and N = (| N, We need some regularity conditions:
i=1
(C1) The supports {N@, i =1,k} are independent of § and N # @;

M m=12;i=1,...kj=1,....s, forall § € O;

(C2) There exist the derivatives om0 ;
J

o [

(C4) There are finite integrals Il(;)(ﬂ) = My % log hV (X 9)% log h)(X;0)| for all [, j =
} :
1,..,sand 0§ € ©; ’

o™ h (x;0)

507 u(dr) <oo, m=1,2;i=1,...k; j=1,...,s for all 6 € B©;
J
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(C5) The matrix Ix(0) = ‘ Z [(Z)( 0)

defined for all 8 € ©.
I () is, obviously, the Fisher information matrix for the pair (X,d5®), and so is Ix(6) for
the r.v. X. Let

X,

k
= Y I%(9) is positively
i=1

J=Ls

l,j=1,s

( ) n
Sn(Z; ) = M Zle Y, Yaj w;),

where

k .
lo(z, Y1, y2, w) = wz(s(%)ogT(x)Hl —w) og(H (y2 a)e (y1:0))

i=1

We note that J(6) = J1(8) + J2(6), where

z’“:/ /y1 [/yl 8logf:99( )(510gfg;)(m¥9)>TdH(i)(a:;0)+

1=1

log h(( log h@ (z: )\ T .
+/ dlogh xe)(a og h W’)) dH ) (2;0)
e a0

dG(yh y2)a

X

v Qlog(H (y2:0) — H(y1;0)) (9log(H (yz;0) — H(y1:0)\ "
n=[ [ 20 ( 96 >
x (H(y2;0) — H(y1;0))dG(y1, y2)-

Let (u;v) be the scalar product of vectors u,v € R*®. The following theorem asserts the LAN for
the LRS

Theorem 2.1. Let the regularity conditions (C1)-(C5) hold and det{J(6)} # 0. Then for the
LRS L, g(u) we have the representation

- 1
Ln,p(u) = exp {n1/2 > (lo(X;, Y15, Yaj wi);u) — B (J(O)u";u) + Ry (u; 9)} ; (9)
j=1
where for all u € R?
Q<7L)
R, (u;0) — (10)

as n — oo, and
c (n1/2Zu(xj,ylj,mj,wj)/@é”)) = N (0;3(9)). 1
Jj=1

It follows from (9) that the LRS L, ¢(u) is approximated by the exponential density, and
Xn,0(u) has asymptotically s-dimensional normal distribution. For the proof of Theorem 3.1 we
need the following lemmas.

Let {l;(z) = (li1(2), ... lis(x)), i = 1,....,k} and lo(y1,y2) = (lo1(y1,¥2), - los(y1,y2)) be
vector-valued functions, possibly depending on #, and let

k
(2,91, y2,w) = w Y 6DLi(x) + (1= w)lo(y1, ya)-
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Lemma 3.1. Suppose the following conditions hold:
(A) Eg [6@ |1;;(X)|] < oo foralli=1,..,k; j=1,..,s and § € O;
(B) Ep [(1 —w) |lp;(Y1,Y2)|] < oo forallj=1,....s and § € ©;
Then for any 6 € ©

By vaw)= [ y ([ stwarwio)+ / (a)H O a30) )G on. )+

- Y1 oézl o (12)
[ o) (Hwi0) - Hni0) dGon.pe).
—o0 Yy
Lemma 3.2. Let the reqularity conditions (C1)-(C4) hold. Then
B, | 208 Z0) ] o ang e o, (13)
00
Lemma 3.3. With the conditions (C1)-(C4), for all 6 € ©
T
0log p (2™;0) (9logpa(Z™;9) 9?pn(2™);0)
E =—|\|Fy | ————= 14
o a0 a0 "\ 90,00, TS (14)

) . (20 +u
Note 9(2)(3559) =V h(l)(ﬂv"%e)’ Eni(x;u) = gg((’)(xﬁ)) -1, q(y1,y2;0) = \/H(?J2;9) — H(y1;0)

q(y1,y2; 0 + )
and 1, (y1,y2;u) = —F—F
(1,25 w) q(y1,y2:0)

Lemma 3.4. Let the regularity conditions (C1)-(C5) hold. Then for |u| — 0 we have:

- 1.

k
Fo |03 09€,(X0)| - 7 @0)w) = o (). (15)
By [(1 = w) (%1, Yosw)] — ¢ (Ba(O)usw) = o (juf?), (16)
LA O(x:0)\°
Eglwy o [&ii(X;U) - (U; W) ] =o(uf*), (17)
By (1= w) |20 Yas) — (s P00 ] =o(juP), (18)
k
7 <wza<”5m<x;u> > ) = o (uP)., (19)
Py(|(1 — w), (V. Yorw)] > €) = o (uf?) (20)
k
By D2 606, (X;w)| + ¢ (0w w) = o (Juf?) (21)
i=1
Ep [(1 —w)n,, (Y1, Ya;u)] + % (J2(0)usu) = o (Juf?). (22)
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The proof of Theorem 3.1. From (8) we have

L) = exp {x{1)(w) +x ) ()} (23)
where
oF @ (Xj; 0+ 0" Pu)]
Xna Zw]25 lo [ h(l)(X 5 —
= (24)
—QZw]ZJ )log(1+§nz( 1/2u)),
X(Q) zn: 1—w,) H(}/?j§9+n71/2u)—H(Y1j; 9+n’1/2u) _
o — 2 H(Y2;;0) — H(Y1;;0)
= " (25)
= QZ (1 — ’LUj) log (1 + Un(Ylj,ifgj; n71/2u)>,
j=1
and ) )
X (1) + X (1) = xn (0™ 2). (26)

)

Define A,, = { max max ‘fm Xj;n_l/Qu)‘ < 8}, B, = {fgaX ’Un Y15, Yo55m 1/QU)‘ < E}.
i<

1<j<n 1<igk
al®

Due to the fairness of those events and Taylor’s formulas for some |a,

<1 and |ﬂ]nf <1 we

have .
X% 722%255 )ém -1/2,, ijz(;( )52 X;; n71/2 )+
1= i . Jj=1 =1 \ (27)
+Zw3 Z(;gl 5711 71/2“)’ P
and

2 _ _
Xi,)e(“) = 22 (1 = wy)nn(Ya;, Yaj;n~ " 2u) — Z (1 — wy)m2 (Yiz, Yojin™ Y 2u)+
j=1

= 5 (28)

+Z — Wy /BJTL nn(Y1]7Y2ja 1/2’“)‘ .

To prove the theorem it is enough to show the following as n — oo:
Py(A,) — 0, Py(B,)—0, (29)
- = ) ~1/2 R " (9logh)(X;;0)
P QijZ(Sj &ni(Xj5n u) —n ZugZ(% <89,u> +
j=1 =1 j=1 =1 (30)
1
+1 (J1(0)u;u)| > 5) — 0,

22 (1 — w;)nn(Yis, Yoj;n ' 2u) —

=t (31)

_n—1/2; (1— wj) (810g (H(YQ%a; H(Ylj; 6))7u> + i(Jg(@)u,u)

>5>—>0,
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1
Py ZwnyS( (X5 2 = < ((O)uw)| > e | -0, (32)
~ 1
Py Z 1 —w;j)n2(Yaj, Yoj;n 1/2u)—1(.,]]2(9)u;u) >ec| —0, (33)
j=1
n k ] 3
S w38 fm(Xj;n_l/2u)‘ S (34)
j=1  i=1
n 3
Py (32— wy) | (Vi Yasin ™ 2u)|[ > 2 | —o. (35)
j=1

From (19), if n — oo

RS R (“@Zé”fm )

Jj=1

k
w; 30 6 (X5~ )

i=1

>5>:nP9< >5>:0(1).

The second convergence in (29) can be proved in the same way using (20). According to (17)
and Markov’s inequality, for n — oo we have

n

: () 2 1/2 1 ¢ . (4 g ( X],G
o [ 37 nzwjz(z(, 20
= 1 =1

=1 J=

(@)
ij 25(1 [fm X—;n_l/Qu) — i(u, 99" 1 (36)

i _ _ 0 X;:0
< gEg ij(SJ(-) [fm'(Xj;n 1/Qu)— (n UQU;W) ] =o(1).

i=1

In the other hand, according to Lemma 3.1 and the law of large numbers, for n — oo
(i) )(X,;0)
,ij ;5 ( u; 050 )
n k T
1 ; 89() X 10) (09D (X;;0) Qg 1
= i) 58 ) u o UiOuy).

From (36) and (37) we have (32). In the same way (33) is proved. From (29) and (32) we obtain
(34). In the same way we prove (35). Let us now prove (30) and (31). According to (21), when

n — oo .
Ey (wj Z 5j(-i)§m(Xj§ n—1/2u)> = —é (J1(O)u;u) + o (:L) . (38)

i=1

(37)

Consequently, when n — oo the expression (30) is equivalent to

k
wy Y 86 (X nwu)] :

i=1

>£>—>0.

n k
)\(U) = Pg 2 Z { w; Z6§Z)£nz(X]7n71/2u) — E@

j=1 i=1

nl2 & () (0log h)(X;;0)
-y o (P )

i=1
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Now, as the summands are independent, from Markov’s inequality we have

k

k
S ng ij [Z 5;1)57” Xl;nfl/zu) — FEy |fl)j Zd;l)gni(Xj;nl/Qu)] _

i=1
_4n
s

2
n—1/2
g (s, IV
k 2 4n—1/2
— | Ey w]25l)§le;n_1/2u) B Ey
=1

2
o (Olog h\D(X,;0
w]ZJ Eni( X5 nil/zu fiwj25§) (W;nlmu)] - (39)
=1
k .
3]

0
1=1
i=1

k .
o [ 0log hW (X ;:0)
ij 55)(89 J ;u) X

i=1

><E9

The first summand tends to zero when n — oo because of (51) from the proof of Lemma 3.4 (see
Section 4) and (38), and the second summand tends to zero too since (38). So, (30) is fulfilled.
In the same way we prove (31). Now, (10) follows from (29)—(35), and to prove (11) we use the
central limit theorem. The theorem is proved.

3. The proofs of Lemmas 3.1-3.4

Proof of Lemma 38.1. 1t is easy to see that for all § € © and m =1, ..., s under the condition
of Lemma

Ep [Jln(X, Y1, Ya,w)[] < k max {Eg [5< D (L (X )@} + By [(1— w) [lom (Y1, Ya)|] < co.

1<i<k

Compute the expectation for the events {w = 1} and {w = 0}. We have

k
Ey [wl(X, Y1, Yo, w)] = Ey {Z [Eg [5(i)li(X)I(X < Yl)/Yl} I(v; < Yg)} +

i=1
+Eo [6DL(X)I(X > v3) /2| I < Va) | =
oo co k Y1 o]
:/ / Z(/ Li(z)dH D ( +/ 2)dH® (z; 9)>dG(y1,y2)
—o0 JYr =1 —o0 Y2

also
Ep [(1 —w)l(X,Y1,Ya,w)] = Eg {Ep [lo(Y1,Y2)I (Y1 < X < Y2)/(V1,Yo)] (V1 < Y)]} =
= Ep {lo(Y1,Y2)Ep [I(Y1 < X <Y2)/(Y1,Y2)[I(Y1 < Y2)]} =
= Ey {lo(Y1,Y2) (H(Y2;0) — H(Y1;0)) I(Y1 < Y2)} =

[ 0 Ya) (1 (3as0) = HOY536) G2
Y1
Now adding these formulas we obtain (11). O
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Proof of Lemma 3.2. We have

dlo ;
Ologpm(2:0) _ zze Y1y Yoy ),

k .
where 19 (Xj,Ylj,YQj,wj) = Wy Z 53(1)119()(3) +
i=1

(1 — wy)log (Y1, Y2;) is a vector-function from
Lemma 3.1, where

dlog h (z;6 Olog(H(ys;0) — H(y1;0
lio ) = gae( ) loo (1, 12) = 8(H (y2 639 (41;0))

The fact that conditions (A), (B) of Lemma 3.1 hold follows from

; > 1 9n® (x50
By [w ugij(xn} :/ ‘aé””)‘ p(dz) < oo forall 6 €O, (40)
—oo J

also

Eo (1= 0) oy (¥1,¥3)] = [ N / h £ (H (323 0) H(yl;e»\dG(yl,ya -

—0o0

/ / ‘/f{@loghx&)\/ }\/hxﬁ ()
<. /yl

dG(yl ) y2)

1/2
1 Kalogf’];(x ) dH(M] (250) — H(n:0)]

)2 / / (42:0) — H(y2:0)]/2dG r. ) < (1X(6))*,

here we use the regularity conditions (C1)—(C4), formula (40), and also the Cauchy-Bunyakovsky-
Schwarz inequality. Thus, by (40) and (41) the expectation in (13) exists, and

dlog p,(Z); 0
£, {gfja(a)] — nByly (X, Y, Y2, w).

(41)
dG(y1, y2)

(42)
By lemma 3.1, for any 0 € ©, we have
Eyly (X, Y1, Ys,w 7/ /OOZI (/; Wﬁ“’(x;en
[ 00 i,
o[ e = FOE) 1) - 1(0150))dG 0. 1) = "
:/m /yoozk;</ioah(a(9) (dx)Jr/y;)oah(i;(;;‘g)u(dx))Jr
2 ) — Hi )G ) =
= [ s — i)+ 5 G0e50) = i) [ a6, =0
Now, (13) follows from (42) and (43). O
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Proof of lemma 3.3. Since lg - lg" = ||lg; - lotllj ;=15 Where
k . .
 0log h)(X:0) dlog h) (X 0)
loj (X, Y1, Y2, w)lg (X, Y1, Y2, w) = 5 ’ ’
05 (X, Y1, Y2, w) lgi (X, Y1, Y2, w) w; 96, a0, +

0log(H (y2;0) — H(y1;0)) 0log(H (y2;0) — H(y1;0))
06 00, ’

+(1 —w)

then by Lemmas 3.1 and 3.2

&, | 2108pn(Z™);0) (510gpn(Z(”); 9))T]
0

a0 90 =nJ(0),

where J(0) is the matrix with elements

/ / </”1 Blogh (x 0) 010gh( )(x e)dH(i)(x'G)-N—
3 20, 90, ’

> dlog h)(z;0) dlog h (x;6)
06, 00,
/OO /OO 0log(H (y2;0) — H(y1;0)) 0log(H (y2;0) — H(y1;0))
+
—oo Ju 04 00,
=JPO) + 1)

dH (z; 9)) dG(y1, y2)+ (44)

dG(yhyQ) =

Tt is easy to see that the first summand in (44) is estimated for all 6 € © as

E oo D (z:0)] | 9loe b (z: 6
bl < 9log ht(x;0) || 0log h (@ 0)| iy, oy _
‘J ‘\22/ ’ 90; 90 )

o h) (a: > 1/2
—22 l/ <‘91g’(})9j( 9)> dH(”(x;G)] < (45)

(01 gh( )( 0) v
(0] v x; (4) .

where we use the condition (C4) and the Cauchy-Bunyakovsky-Schwarz inequality. Similarly, we
estimate J;f)(tﬁ)) forall # € © and 5,1 =1,...;s

@) g Y2 Oh(x;0) dG(y1,12) _
J / / i wldz) /yl 90 M(dm)‘(H(mﬁ)—H(yl;@))_

_/Oo/: Uy <31"%’;§M) h(z;@))u(dz)}x

[/iﬂ ((’Nogh i) \/h ) \/h(x;H)M(dx)] dGly, 2) (46)

(H(y2;0) — H(y1;0))
1/2

/ /y1 [/ (alogafé(x 9)) dH(x;e)] /:2 h(z; 0) p(da) x
)

dlog h(x;0) ) dG(y1,12) )2
: Vy (%) dH(x’Q] (52 0) — Higr gy < s O (0)] 77 < oo

Y2 ah )
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The expressions (45) and (46) imply the existence of J;;(#). To prove (14), note first that for all
feB®andjl=1,..s

9% 1og p,(Z™): 0) &l (X,Y1,Ys,w)
o [ 96,00, } ¢ [ 6,00, ] ’ (47)
where, by Lemma 3.1, we have the chain of equalities
Plo (X, Y1, Ya,w)| [ [~ ( [ Plogh®D(z:0) 0
Ee [ 06,00, } _/ /y 2 (/_w o,08,  CH T (@6)+
9% log h) (2 6) 0
+ /y2 W‘ﬂ{ (; )) dG(y1,y2)+
1 92] ;0) — H(y1;0
of 0l 0) W59 (11, 0) — 1 (3r:0))dG 1, ) =
00,06,
oo Kk 2 () (- @) (-
/ / Z {/ [8 R (x; 9)h ) (:0) + Oh\W (x;0) Oh (x,@)] 2t%)(dx) n
n o | 00600, 00, 00 h()(x;0)
ath ~ Oh (2;0) O (2;0)]  p(dw)
(2)
0% (H (y2:9) — H(y1:0)) (48)
H(uo:0) — H(v:: _
/ [ [ g 0 0s6) ~ H(30)
_8 H(y27 ) H(ylae)) B(H(yQae) H(ylae)):| dG(y17y2) _
00, 90; (H(y2;0) — H(y1;0))
v 92h9) (;0) * 9210 (;0)
-/ / 3 ( [ Sty + [ ) o)) dGon, 1)+
32 y2, - (y1;9)) _
/ /yl 69169 dG(y17y2) - Jlj(o) -
] 9P (H(y2s0) — H(yi;6) | 9*(H(y2;6) — H(y1;0))
* /, . /_y { 00,00 i 00,00 }dG(yl’yz’)
—Ji5(0) = —Ji;(0).
The equality (14) follows from (47) and (48). O
Proof of lemma 3.4. Under the regularity conditions of the lemma
Z/ / ( W (@30 + w)p(da) + R (30 + U)M(d@")) dG(y1,y2) =
I (49)
1 2
=5 (V) = o (luP),
where I} = N(i) N(—o0,y1), In = N(i) N (yz2,00),
@ _ [T [T Ohlz:6%) / 9%h(z; )
Vl _[m Ll (/I_'l 892 M(d$)+ r 892 u(dm) dG(yhyQ)a
0% is between 6 and 0 + u. It is easy to verify that for |u| — 0
RO (z;0 +u) — /RO (x;0) 1 dlog b)) (z; 6
h(l)(x; 0) 2 00
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Therefore, when |u| — 0

Ee{wzk:fw) [ﬁm(X;U) - % (U; W)} }2 = o ([ul?).

i=1

Similarly, we have

N | =

/ / H(y2;0 +u) — H(y1;0 + ) dG(y1,y2) =
N

N(y1,00)

where
vy =/ / [3692 (H (y2; 0%) —H(yl;f)*))} dG(y1,y2),
7ooﬁ(i)ﬂ(foo,y1)

also

VH (y2;0 +u) — H(ys; 9+u VH(y2:0) — H(yi;0)

VH(y2;0) — H(y1;0)
—% (u; Olog (Hy:; gg Hiys; 9))> =o(lul),
and hence
. _ . 2
Eod (1= w) v, Vo) — 5 (o PEEED IO g (up).

By (49)

Ey

=1

+/F (W (w0 +u) — \/h('>(x;9)>2u(d$)> dG(y1.y2)
—2/ / (/ /Oo h(a; 0)p(d ))dG(m y2) + o ([uf?) —
—Qi{/ / (/ \/h( x9—|—U\/h()x9 (dx)+

1

+/yz VO (@30 + u)y/n0 (2 )u dx)]dG(yl,yg)—

h()
:2/00 /OO (1= (H(y2:0) — H(yr: 0)ldG (y1,2) + o (|ul?) =
2

=2 U // (Enilz;u) + 1) dHD (z;0)+

=1

+/ (&ni(;u) +1) dHD (x; 9)) dG(yl,yg)] -

Y2
Y1

:22/_0; /y(:o (/_Oog (@ u)dHD (2;0) + / Eni(x;u)d H()(x;9)>dG(y1,y2)+

k

wy 8WE, (X5 u)

i=1

+o (|u|*) = 2By

+0(|u| )
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(VPusu) = o (juf?),
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(51)

(52)

(54)
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Now, (15) and (17) follow from (51), also (16) and (18) follow from (15). From (15) and (55) we
obtain (21). On the other hand, by (52)

o oo Eg [(1 = w)n (Y1, Ya; )}: 2
:/_ / VH(y2;0 +u) — H(yi;0 +u) — /H(y2;0) — H(yy; )) dG(yy,y2) =

f2/ /y H(yo;0) — H(y1:60)) dGly1,y2) + 0 (Jul’) — (56)

9 / / (1, 2 0) + 1) (H (y238) — H(y1:0)) dG (52, ) =
= 2B, [(1— w)n, (Ya, Yasw)] + o (Juf?) .

Now (22) follows from (16) and (56). In order to establish (19) and (20), note that from (51)
and (54), respectively, we have

E{wzw i — 3 (s 2RO } — o(juP). 67)
o (1) [,y - & (o 2B ORI ZHORON Ty (o

By (57)

k
w» 6DE, (X u) >a] <
i=1
k ;
, 1 dlog h)(X;6)
(@) (X)) — = g 220 AT
wiélé [ﬁm(X,u) 2<u, 50 >
k : 2
; dlog (X 0)
wZé”(“ae)
2
1 dloghD(X:0
Ee{wz(g(z { _2<u;0g89<>>]} .

L (/m( D0 g

.M @) (g = o (Jul®
+/92 (u ) dH®( ,9)) dG(y1,y2) = o (Juf?),

00
@) (a; () (.
<Q1:(—oo,y1)ﬂ{x: M >€},sz(y27oo)ﬁ{x:‘abgiz%.(x’0)

| ™
[
N

< Py

>52] <

> &
90 Jul Jul

where the first summand on the right hand side of (59) is o (Ju|?) by (51), and the second is also
of the order o (|ul?) thanks to the convergence of the integral J;(f). Quite similarly, using (58)

we have

Py (|(1 — w)nn (Y1, Ya;u)| > €) <

<7y (| 0= w0 vas) - (o ZEIOED O [ 5y @

2
< Py (1 —w)n? (Y1, Yasu) > ) = o ([uf?).

Now, (19) and (20) follow from (59) and (60), respectively.
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JlokajibHag acuMNOTOTHYECKass HOPMaJIbHOCTh ceMeiicTB
pacrpeiejieHUil 110 HeIIOJHbIM HaOJII0JIeHUSAM

Abnypaxum A. AbaynrykypoB
Hapruza C. HypmyxamegoBa

B dannoti cmamove dokadano ceoticmeo A0kanvHol aACUMNMOMUNECKOT HOPMAADHOCTIU, CTMATNUCTUKY,

ommuowenus npasdonodobus 6 MoIeAU KOWKYDUPYIOWUTL PUCKOS NPU CAYUATHOM UEH3YPUPOBAHUY UH-

Mepeanom HenabarodeHUus.

Karouesvie cr06a: KORKYPUPYIOWUE PUCKU, CAYHATHOE YEHIYPUPOBAHUE, CMATNUCTIUKG OMHOULEHUA NPAG-

(90710(?06101, A0KANADHAA ACUMNIMOMUYECKAA HOPMAADBHOCTD.
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