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To the memory of my dear teacher Professor Vladimir Petrovich Shunkov, who
was an outstanding mathematician and the founder of the well-known large and
powerful algebraic school.

Introduction

Introduce the definition:

Definition. The group G will be called weakly graded, if for every g, h € G, the subgroup
< g, g" > possesses a subgroup of finite index # 1 whenever g is an element of infinite order, or
g is a p-element # 1 with some odd prime p and also [¢P,h] = 1 and the subgroup < g,h > is
periodic.

The same as in this definition groups were first considered in [1] (without a name).

Remind the following. A group, in which every finitely generated (respectively 2-generator)
subgroup # 1 possesses a subgroup of finite index # 1, is called locally (respectively binary)
graded (S.N. Chernikov, see [2,3] and respectively [4, P. 20]). The class of weakly graded
groups, clearly, includes the classes of locally and binary graded groups and (by the way) the
classes of locally, binary, residually finite groups, the classes of locally, binary, residually solvable
groups. It includes the classes of 2-groups, RN —groups, groups that have a series with binary
finite factors, ... . Further, remind that in view of Mal’cev’s Theorem [5, Theorems 7, 8], finitely
generated linear groups are residually finite. Therefore obviously all linear groups belong to the
class of locally graded groups and, at the same time, to the class of weakly graded groups.

Remind that the group G is called Shunkov, if for any its finite subgroup K, every subgroup
of the factor group Ng(K)/K, generated by two conjugate elements of prime order, is finite
(V.D. Mazurov, 1998). Now let G be a periodic Shunkov group, g, h € G and g be a p-element # 1
with some odd p such that [¢7, h] = 1. Then conjugate elements g < gP > and (g < gP >)"<9">
of the factor group Ng(< g >)/ < ¢gP > generate its finite subgroup. At the same time, the
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subgroup < g, g" > of the group Ng(< gP >) is finite. So G is weakly graded. Thus the class of
weakly graded groups includes the class of periodic Shunkov groups.

Thus, the class of weakly graded groups is extremely large.

A series of deep and bright results are connected with the minimal condition for non-abelian
subgroups (briefly, with min — ab). S.N. Chernikov’s [6], V.P. Shunkov’s [7], N.S. Chernikov’s
[8] Theorems assert that a non-abelian group with min — ab is Chernikov, if it has a series with
finite factors, it is locally finite, it is binary finite respectively. The known N.S. Chernikov’s
Theorem (see [1, Theorem BJ) establishes that a non-abelian weakly graded group with min —ab
is necessarily Chernikov. (Clearly, every abelian group satisfies min — ab.)

Further, the group G is called primitive graded, if for g, h € G, the subgroup < g¢,g¢" >
possesses a subgroup of finite index # 1 whenever g is a p-element # 1 with some odd prime p
and also [¢gP, h] = 1 and the subgroup < g, h > is periodic (N.S. Chernikov [9]).

Every weakly graded group is, of course, primitive graded, and the class of periodic primitive
graded groups coincides with the class of periodic weakly graded groups. But any Ol’shanskiy’s
infinite 2—generator simple torsion-free group with all proper subgroups cyclic (see, for instance,
[10] or [11, Theorem 28.3]) is primitive graded and is not weakly graded. Thus, the class of
weakly graded groups is a proper subclass of the class of primitive graded groups.

Remind: a group with all subgroups normal is called Dedekind. According to the known
R. Baer’s Theorem [12], the Dedekind groups are exactly all abelian groups and all groups
G = @ x T x R with a quaternion subgroup @ (of order 8), an elementary abelian 2-subgroup T'
and an abelian subgroup R with all its element of odd order.

S.N. Chernikov’s Theorem [13] asserts that every group having a series with finite factors
(in particular, every RN —group, every almost solvable group) satisfies the minimal condition for
(on) non-normal subgroups (briefly, min — ) iff it is Chernikov or Dedekind. Groups with such
series are obiously primitive graded. The new N.S. Chernikov’s Theorem [9] establishes that a
primitive graded group satisfies min — 7 iff it is Chernikov or Dedekind.

Let min — abn be the minimal condition for (on) non-abelian non-normal subgroups. The
infinite non-abelian groups with normal infinite non-abelian subgroups (which present, in fact, a
special case of groups satisfying min — abn) are called I H—groups (S.N. Chernikov, see [2] and
also [3]). S.N. Chernikov has obtained a lot of principal results relating to the I H—groups (see
[2,14] and also [4, §2], [3, Chapter 6] and [15, §§ 3-5]). The known S.N. Chernikov’s Theorem
[2], [14, Theorem 1.1] establishes that locally graded IH —groups are solvable. N.S. Chernikov
([16] and also [15, Theorem 3.2]) gives an affirmative answer to the following S.N. Chernikov’s
question (see [4, P. 20]): Are the binary graded I H—group solvable? N.S. Chernikov ([16] and
also [15, Theorem 3.2]) establishes that the weakly graded I H—groups are solvable.

Taking into account the data set forth above, it is natural to investigate the weakly graded
groups with min — abn.

1. The main results and some corollaries

The following three theorems are the main results of the present paper.
Clearly Chernikov groups and non-abelian groups with normal non-abelian subgroups satisfy
min — ab.

Theorem 1. For the weakly graded non-abelian group G the following statements are equivalent:

(i) G satisfies the minimal condition for non-abelian non-normal subgroups.
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(ii) G is a Chernikov group or a solvable group with normal non-abelian subgroups.

A great many Ol’'shanskiy’s groups (see [11]) are infinite simple groups with min — ab. For
any such group G the statement (i) of Theorem 1 is valid but (i) is not. Thus, in the Theorem
1, the condition: “G is weakly graded” is essential.

Theorem 2. Let G be a periodic non-abelian Shunkov group. Then the following statements
hold:

(1) G satisfies the minimal condition for non-normal subgroups iff it is Chernikov or Hamilto-
nian.

(ii) G satisfies the minimal condition for non-abelian non-normal subgroups iff it is a Chernikov
group or a solvable group with normal non-abelian subgroups.

Theorem 2 is announced [17].

Note that in view of Theorem 1 [9], in the statement (i) of Theorem 2, the restriction of
periodicity of G is not essential. However, in the statement (ii) this restriction is essential.
For instance, the Ol’'shanskiy’s infinite 2—generator simple torsion-free group with all proper
subgroups cyclic (see [10] or [11, Theorem 28.3|) satisfies the corresponding minimal condition.
It is Shunkov, but it is neither Chernikov, nor solvable.

Theorem 3. Let £ be the minimal local class of groups closed with respect to forming subgroups
and series (at the same time, to forming subcartesian products) and containing the class & of
all weakly graded groups. Let G be a non-abelian group belonging to £. The group G satisfies
the condition min — abm iff it is a Chernikov group or a solvable group with normal non-abelian
subgroups.

The following eight propositions are immediate consequences of Theorem 1.

Corollary 1. A solvable non-abelian group satisfies min — abn iff it is a Chernikov group or a
group with normal non-abelian subgroups.

Corollary 2. Let G be a non-abelian locally or binary or residually solvable group. Then G
satisfies min — abm iff it is a Chernikov group or a solvable group with normal non-abelian
subgroups.

Corollary 3. Let G be a non-abelian locally or binary or residually finite group. Then G satisfies
min — abm iff it is a Chernikov group or a solvable group with normal non-abelian subgroups.

Corollary 4. A non-abelian group, having a series with binary finite factors, satisfies min — abi
iff it is a Chernikov group or a solvable group with normal non-abelian subgroups.

Corollary 5. A non-abelian 2—group satisfies min — abn iff it is a Chernikov group or a solvable
group with normal non-abelian subgroups.

Corollary 6. A linear non-abelian group satisfies min — abm iff it is a Chernikov group or a
solvable group with normal non-abelian subgroups.

Corollary 7. A non-abelian RN —group satisfies min — abm iff it is a solvable Chernikov group
or a solvable group with normal non-abelian subgroups.

Corollary 8. A non-abelian locally or binary graded group satisfies min—abn iff it is a Chernikov
group or a solvable group with normal non-abelian subgroups.

The following two propositions are consequences of Corollary 8 and Theorem 1 respectively.
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Corollary 9. Let $ be the maximal class of groups in which every mon-abelian group with
min — ab is a Chernikov group or a solvable group with normal non-abelian subgroups. Then $
is local and closed with respect to forming series and subcartesian products.

Proof. First, note that Chernikov and solvable groups are locally graded, and the class of
locally graded groups is local and closed with respect to forming series and subcartesian products.
Therefore taking into account that the class of all groups with min — ab is closed with respect
to forming subgroups and factor groups, it is easy to see: if some non-abelian group G with
min — abm has a local system of $—subgroups or a series with $H)—factors or is a subcartesian
product of H—groups, then G is locally graded. At the same time, in view of Corollary 8, G is a
Chernikov group or a solvable group with normal non-abelian subgroups.

The proof is complete. O

Corollary 10. Let $ be from Corollary 9, and G be a group such that for every g, h € G, the
subgroup < g, g" > has a homomorphic image K € $ and K # 1, whenever g is an element of
infinite order, or g is a p—element # 1 with some odd p and also [¢P,h] = 1 and < g,h > is
periodic. Then G € §.

Proof. Let G satisfy min — abin. Then K also satisfies min — abn. So K is Chernikov or
solvable. Therefore the 2-generator group K and, at the same time, the group < g, g" > have a
subgroup of finite index # 1. Thus, G is weakly graded. In view of Theorem 1, G is a Chernikov
group or a solvable group with normal non-abelian subgroups, if it is non-abelian.

The proof is complete. g

In conclusion, note that the non-abelian groups with normal non-abelian subgroups are some-
times called metahamiltonian. The metahamiltonian groups are studied, for instance, in [18-23].
The structure of solvable metahamiltonian groups to some extent is roughly revealed in [23].

2. Preliminary results

Proposition 1. Every residually finite group G with min — abn is almost abelian.

Proof. Let each subgroup of finite index of G’ be non-abelian. It is easy to see: G necessarily
contains some subgroup H of finite index with normal in G subgroups of finite index; for some
subgroup K of finite index of H, H/K is non-abelian. Take any subgroup L of finite index of
K. Then all subgroups of the factor group H/L are normal in it. Therefore in view of R. Baer’s
Theorem [12] mentioned above, |(H/L)'| = 2. So because of (H/L)/(K/L)(~ H/K) is non-
abelian, K/L is abelian. Consequently, the (residually finite) subgroup K is abelian, which is a
contradiction.

The proof is complete. a

Lemma 1. Let G be a group with min — abn, and N A G. Then G/N satisfies min — abn, and
in the case of non-abelian N, G/N satisfies min — 7.

Proof. Indeed, let
Gl/NDGQ/ND...DGj/NDGj+1/ND..., ij=12,3,..., (1)

be a descending chain of subgroups of the factor group G/N.
If all G;/N are non-abelian, then all G; are non-abelian and so almost all terms of the chain

GiDGD...0G; DGj11D...,j=123,..., (2)
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of G are normal in it. At the same time, almost all terms of (1) are normal in G/N.

In the case of non-abelian N, almost all terms of (2) are normal in G. Therefore almost all
terms of (1) are normal in G/N.

The proof is complete. O

Proposition 2. FEvery finitely generated almost solvable group G with min — abn is almost
abelian.

Proof. For some solvable subgroup H < G, |G : H| < co. Suppose that G is not almost
abelian. Then for some term K of the derived series of H, G/K is almost abelian but G/K’ is
not. Let L/K be an abelian subgroup of finite index of G/K. In view of Schreier’s Theorem, L is
finitely generated. Since L/K’ is finitely generated metabelian, by virtue of Ph. Hall’s Theorem
(see for instance [24, Theorem 9.51]), it is residually finite. Also L/K’ satisfies min—abn (Lemma
1). Therefore in view of Proposition 1, L/K’ is almost abelian. At the same time, G/K’ is almost
abelian, which is a contradiction.

The proof is complete. o

Proposition 3. Let G be a weakly graded non-abelian group with min — abn. Then G contains
some normal Chernikov non-abelian subgroup, or some normal finitely generated non-periodic
subgroup, which is solvable, non-abelian and almost abelian.

Proof. First, let G satisfy min —ab. Then in view of N.S. Chernikov’s Theorem [1] mentioned
above, it is Chernikov. Therefore in what follows assume: G does not satisfy min — ab.

It is easy to see: G contains some subgroup H, which does not satisfy min — ab, such that
every subgroup of H is normal in G or satisfies min — ab; H has some descending series

H=HyD>H >...OH,D1 (3)

of normal in G subgroups such that for each a@ < 7, H, is non-abelian, H, = Nq<yH, and
H., satisfies min — ab. Then again in view of N.S. Chernikov’s Theorem [1], H., is Chernikov
or abelian. Since in (3) all subgroups H,, a < 7, do not satisfy min — ab, factor groups
H/H,, o < 7, are Dedekind. Consequently in view of R. Baer’s Theorem [12] mentioned above,
|(H/H,)'| <2 for o < . Therefore obviously |(H/H,)'| < 2.

If H, is non-abelian, then it is normal Chernikov.

Let H., be abelian. Then H is solvable.

In the case of non-periodic H, let K be a finitely generated non-abelian and non-periodic
subgroup of H. Then with regard to mentioned S.N. Chernikov’s Theorem [6] on groups with
min — ab, K does not satisfy min —ab. So K <G. Since K is solvable and finitely generated, it
is almost abelian (Proposition 2).

Let H be periodic. Then in view of Proposition 1.1 [3], H is locally finite. Let F' be a finite
non-abelian subgroup of H. It is easy to see:

ﬂa<7FHoé = F(ﬁa<7Ha). (4)

Since G satisfies min — abm, for some ordinal § < v, FH, < G whenever f < a < «. Then,
taking into consideration (4) we obtain: F'(Ng<~Ha) < G.
If No<~yHgy is Chernikov, then F(Ng<yHy) is a normal Chernikov non-abelian subgroup of G.
Let the subgroup No<~H, be non-Chernikov. Then clearly F' normalizes some its countable
subgroup L = {g1, g2, g3, ...}, generated by elements of prime order. Further, for some subgroup
Ly of L, L =< g1 > x L, for some subgroup Ls of Ly, L1 = (< g1 >< g2 > NL1) X Lo, for some
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subgroup L3 of Lo, Ly = (< g1 >< g2 >< g3 > NL2) X L3, .... Let N; be the intersection of all
subgroups LY with w € F, i = 1,2,.... In view of Poincare’s Theorem (see, for instance, [25]),
|L: N;| < co. It is easy to see:

F =n<,FN,. (5)

Since F'N; is periodic almost abelian and non-abelian and non-Chernikov, by virtue of Lemma 1
[6], it does not satisfy min — ab. So FN; IG. Therefore, with regard to (5), F is a finite normal
non-abelian subgroup of G.

The proof is complete. O

Proposition 4. Let G be a weakly graded group, N its central subgroup. Let G/N be Artinian.
Then G/N is Chernikov.

Proof. Let G/N be Artinian non-Chernikov. Then G/N contains some non-Chernikov sub-
group H/N such that every proper subgroup of H/N is Chernikov. Since the factor group
(H/N)/(H/N)' is abelian Artinian, it is Chernikov (A.G. Kurosh, see, for instance, [26, Propo-
sition 4.2.11]). Further, since the class of Chernikov groups is closed with respect to forming
extensions (S.N. Chernikov, see for instance, [3, Theorem 1.4|)and (H/N)/(H/N)’ is Chernikov,
(H/N)' is non-Chernikov and so (H/N) = H/N.

At the same time, H = H'N. Therefore since N C Z(G), H = (H'N) = H”. Thus

H' =H" (6).

Also H/N =H'N/N ~H'/H' N N.

Thus H' is a weakly graded group, H' "N C Z(H'), H'/H' N N is Artinian non-Chernikov
with all proper subgroups Chernikov and also (6) holds. Taking this into account, we may
assume without loss of generality: G/N is Artinian non-Chernikov with all proper its subgroup
Chernikov and also

G=a'. (7)

Let K be a subgroup of G. If G = KN, then, with regard to (7), G = (KN)' = K’ and so
G=K.It|G: K| < o0, then |G/N : KN/N| < co. Therefore because of G/N is non-Chernikov,
KN/N is non-Chernikov too. So KN/N = G/N and G = KN = K.

Now remind: in view of Theorem B [1], an Artinian weakly graded group is Chernikov. Thus,
G/N is not weakly graded. Further, G/N is clearly periodic. Consequently, for some h € G and
g € G such that gN is a p-element # 1 with p # 2 of the factor group G/N, the subgroup
< gN, (gN)"¥ > of the factor group G/N has no subgroups of finite index # 1 and also

[(gN)?;AN] = 1. (8)

Consequently, < gN, (¢N)"" > is non-Chernikov and, at the same time, it coincides with G/N.
So G =< g,g" > N. Therefore
G=<g4g"> 9)

(see above).

Since G has no subgroups of finite index # 1 (see above), < g, ¢g" >, with regard to (9), has
no such subgroups. Therefore because of G is weakly graded, g is an element of finite order. So
for some p-element b of < g >, gN = bN. Obviously, < b,b" > N =< g,¢" > N. Therefore, by
virtue of (9), G =< b,b" > N. Hence follows:

G=<bb">. (10)
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Further, with regard to (8), [b?,h] = z € N(C Z(G)). Put | < b > | = m. Then [(b*)™, h] =
z™ =1. Thus < b’ >< z > is a finite subgroup, normalized by b and h. At the same time, with
regard to (10), < b >< z >< G. Consequently |G : Co(< P >< z >)| < co. Since also G has
no subgroups of finite index # 1, b* € Z(G). So

[P, h] = 1. (11)

Since G is weakly graded and b is its p-element # 1 where p # 2, with regard to (11), < b,b" >
contains a subgroup of finite index # 1, if < b, h > is periodic. But with regard to (10), < b,b" >
has no such subgroups, which is a contradiction.

Thus < b, h > is non-periodic. Then, because of G/N is periodic, N has some element u of
infinite order. Since also | < b > | < oo and v € Z(G), bu is of infinite order. Further, with
regard to (10), G =< bu, (bu)® > N. So G =< bu, (bu)" > (see above). Since G is weakly
graded, < bu, (bu)® > has a subgroup of finite index # 1, which is a contradiction.

The proof is complete. O

Proposition 5. Let G be a weakly graded group, N its central subgroup. Let G/N satisfy the
minimal condition for non-normal subgroups. Then G /N is Chernikov or Dedekind.

Proof. Indeed, in view of Proposition 1 [9], (G/N)" is Artinian. Therefore by virtue of
Proposition 4, (G/N)’ is Chernikov. Then again in view of Proposition 1 [9], G/N is Chernikov
or Dedekind.

The proof is complete. u

Proposition 6. Let G be a weakly graded non-abelian group with min — abm, N its normal non-
abelian subgroup. Then Cq(N)/Z(N) is Chernikov or Dedekind and Cg(N) is almost solvable.

Proof. Indeed,
Ce(N)/Z(N)=Cg(N)/(NNCg(N)) ~ NCs(N)/N. (12)

In view of Lemma 1, G/N satisfies min — . Then with regard to (12), Co(N)/Z(N) satisfies
min — 7. Therefore by virtue of Proposition 5, C¢(N)/Z(N) is Chernikov or Dedekind. Then,
with regard to R. Baer’s Theorem mentioned above, Cq(N)/Z(N) is solvable, if it is Dedekind.
Consequently, Ci(N) is almost solvable.

The proof is complete. |
Proposition 7. The weakly graded group G with min — abn is almost solvable.

Proof. Let G be non-abelian. In view of Proposition 3, G has a non-abelian subgroup N < G,
which is Chernikov, or solvable non-periodic and also (finitely generated abelian)-by-finite. In
view of Proposition 6, Cg(N) is almost solvable.

First, let N be Chernikov. Then for some abelian subgroup A <G of N, |[N : A| < co. Put
Ai={g:g€eAand | <g>|<i},i=12,.. Clearly, A; < G and A; is finite, i = 1,2, ...,
and A = U2, A4;. Consequently, G/Cqg(A;) is finite, i = 1,2,..., and Cg(A4) = N2, Cq(A;).
Therefore G/Cg(A) is residually finite. Then G/(Cq(A) N Cg(N/A)) is also residually finite.
Therefore in view of Lemma 1 and Proposition 1, G/(Cg(A) N Cg(N/A)) is almost abelian.
Further, in view of Kaluzhnin’s Theorem (see, for instance, [25]), (Ca(A) N Ca(N/A))/Ca(N)
is abelian. So G/C¢(N) is almost solvable. Thus, with regard to Proposition 6, G is (almost
solvable)-by-almost solvable. Therefore G is almost solvable.

Let N be non-Chernikov. Then obviously it is polycyclic. Therefore N is residually finite
(K. A. Hirsch, see, for instance, [26, Proposition 5.4.17]). Since it is also finitely generated, in
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accordance with Baumslag-Smirnov Theorem (see, for instance, [24, Corollary, P. 119]), Aut N
is residually finite. So G/Cg(N) is residually finite. Consequently, in view of Lemma 1 and
Proposition 1, G/Cg(N) is almost abelian. Therefore, with regard to Proposition 6, G is almost
solvable.

The proof is complete. o

Proposition 8. The weakly graded periodic group G with min — abn is Chernikov-by-abelian.

Proof. Let G be non-abelian. Then in view of Proposition 3, G has some normal Chernikov
non-abelian subgroup N. By virtue of Proposition 7, G and, at the same time, G/N are almost
solvable. Further, G/N satisfies min — 7 (Lemma 1). In consequence of Theorem 1 [13] and
Corollary [13, P. 16], G/N is Chernikov or Dedekind. In the first case, G is Chernikov (see [3,
Theorem 1.4]). In the second case, by virtue of R. Baer’s Theorem [12], |(G/N)’| < 2. Hence
follows: G is Chernikov-by-abelian.

The proof is complete. O

Proposition 9. Let G be an infinite almost abelian group with min — abn. Let also G be finitely
generated and non-abelian. Then every non-abelian subgroup of G is normal in it.

Proof. Let A be a normal abelian subgroup of finite index of G. In view of Schreier’s Theorem,
A is finitely generated. Therefore in view of the Main Theorem on finitely generated abelian
groups, A = (X, < a; >) X (><é=n+1 < a; >) where < a; >, i = 1,...,n, are infinite, and
<a; >, i=n+1,..,1 are finite. Put m = | < apq41 > |...] <a;>|and B={¢g" : g € A} (of
course, it is possible that m = 1). Then B <G and B = x_; < b; > with b; = a!*. Obviously
B is torsion-free and |G : B| < oc.

Let p1,p2,..., be primes such that for i # j, p; # p;, and p; { |G : B, j = 1,2,.... Put
Bj = x, <b"P > j=1,2, .. (in particular, By = x?_; < b}* >). Then B; <G, j=1,2,....
Since G is non-abelian and, clearly, N2, B; = 1, GG/ By, is non-abelian for some k. Fix k. Further,
clearly,

|G : By| = |G : Blp}..p} (13)

and |By : Bryi1| = pi, ;. At the same time, (|G : Bgl,|By : Bgy1]) = 1. Therefore in view of
Schur’s Theorem (see [25]), for some subgroup Dyt1/Bgy1 of G/Byy1,

G/By+t1 = Bi/Bi+1 N Diy1/Bry1. (14)
Then
G = Bka+1 (15)
and
Br N Dy = By (16)

In particular, with regard to (15), G/By ~ Dg+1/Dgs+1 N Bg. Consequently, Dyy1/Dgi1 N By
and, at the same time, Dy, are non-abelian.

Further, in view of (14), |Dyy1 : Bry1| = |G : Bg|. Also |Bry1 : Bryo| = pj,,. At the same
time, with regard to (13), (|Dg+1 : Bi+1l, |Br+1 : Br+2|) = 1. Again in view of the mentioned
Schur’s Theorem, for some subgroup Dy2/Bg+2 of Diy1/Bia,

Di11/Bry2 = Bry1/Biia N Diy2/Bia. (17)

(Of course, Dyy1 2 Dgyo.)
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Then in view of (17),
Dy 1 = Biy1Diya. (18)
Therefore, with regard to (15) and (18),
G = BBy y1Dyy2 = BrDjyo. (19)
Also in view of (17),
Biy1 N Diy2 = Biga. (20)

In particular, with regard to (19), G/ By =~ Djy2/Dy42 N By. Consequently Dy o is non-abelian.
Further, with regard to (20) and (16), By N Dyy2 = BN (Dgy2NDyy1) = (BxNDgy1) N Dgyo =
Bi+1 N Diya = Byyo. Thus

By N Dyyo = Byyo. (21)

Analogously, for some subgroup Dyi3/Bits of Dyio/Bits, Dito/Bit+s = Brio/Bris ™
Dy13/Brts and G = B Dy43, Dyys is non-abelian, and Dy4o # Diys, ...
Thus, we have the chain Dg11 D Dgy2 D Dgys D .. of non-abelian subgroups such that

D]/BJ+1 - Bj/Bj+1 >\ D]‘+1/Bj+1, j == k + 1,]{/’ + 27 ceey (22)

G=DBiD;, j=k+1,k+2,.., (23)
and, like to (16) and (21),

ByNDj=Bj, j=k+1,k+2,... (24)
Then, with regard to (24), B N (N2, 1 D;) =N52, 1 (Br N Dj) =M%, B = 1. So
By N (N5Zx41Dj) = 1. (25)

Since G satisfies min — abm, for some s > k, every D; with j > s is normal G. Then with
regard to (22), Dj/Bj+1 = Bj/Bj+1 X Dj+1/Bj+1, j = S5,8 + 1, Thus, [Bj,Dj+1] Q Bj+1,
j=s,s+1,.... Further, also G = ByDj;1, j =s,5+1,..., (see (23)) and [By, B;] = 1. Hence
follows:

Bj/Bj+1 QZ(G/Bj+1)7 j:S,S+17... . (26)

Obviously, B/Bj1 = Bj/Bj1 X F;/Bjy1 where |Fj/Bjy1| = py...p}, and, with regard to
(26),
B/F; C Z(G/F}), j=s,5+1,.... (27)

Further, B/F; is (as Bj/Bj+1) an elementary abelian group of order p7', ;.
Therefore, obviously,
Fj= P, <b >, (28)

Taking into account (28), it is easy to see:
nX,Fj = 1. (29)

In view of (27) and (29), B C Z(G). Therefore, with regard to (23), G’ C M52, ., D;. Then in
view of (25), B NG’ = 1. Consequently, G’ is finite.

Let H be a non-abelian subgroup of G. Show that H < G. Take primes ¢ and r # ¢
such that ¢ { |H'||H : Cy(H')| and r { |H'||H : Cxg(H')|. Put Q; =< g” : g€ H > and
R; =< g’"j g€ H >, j=1,2,.... Itis easy to see: H C Q;, R;,and H=Q;R;,j=1,2,....
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Let H be infinite. Then Q1/H’ and R;/H’ are finitely generated infinite abelian. Taking
this into account, it easy to see: (); # Q41 and R; # R;11, j = 1,2,.... Thus, we have infinite
strictly descending series:

QleQD...DQjDQj+1D..., RlDRQD...DRjDRjJrlD.... (30)

Consider the case when H' C Z(H). For any g,h € H, [¢7 ,h"] = [g,h]?” # 1 and [¢"",h"'] =
[g,h]rrzj # 1, if [g,h] # 1. Thus (30) are series of non-abelian subgroups. Since G satisfies
min — abm, for some t, Q; and R, are normal inG. So H=Q:R; JG.

Consider the case when H' ¢ Z(H). Since q { |H : Cy(H')| and r { |H : Cy(H')|, for every
he H\Cy(H'), we have: h? | b € H \Cy(H"), j =1,2,.... At the same time, Q; Z Cy(H')
and R; ¢ Cy(H'), j = 1,2,.... Consequently, since H' C @, R;, Q; and R; are non-abelian.
Then, as above, H = Q:R; < G for some t.

Now let H be finite. Then HG’ is a finite normal subgroup of G. So |G : Cg(H)| < oc.
Consequently, Cg(H) is not periodic. Let u be an element of infinite order of Cq(H). Since G
satisfies min — abm and obviously < u? > xH D< u?’" > x H, for some natural d, < w’ >
xH < G. Since H is the set of all elements of ﬁnlte order of the group < u’ > xH, H<G.

The proof is complete. O

Lemma 2. Let the non-abelian group G have a local system M of subgroups such that in every
non-abelian F € M all non-abelian subgroups are normal. Then any non-abelian subgroup H of
G is normal in G.

Proof. Let a, b € H and [a,b] # 1. Take any g € G and any h € H. Now take any subgroup
F € M, containing a, b, g and h. Then H N F is a non-abelian subgroup of F. So HNF < F.
Consequently, h9 € H N F. Thus, for any g € G and any h € H, hY € H. So H < G.

The proof is complete. O

3. Proofs of the main results

Proof of Theorem 1. Let (i) hold. In view of Proposition 7, G is almost solvable. Let also G
be non-Chernikov.

First, assume that G contains an element g of infinite order. Take a, b € G such that [a, b] # 1.
Clearly all finitely generated subgroups F' of G, containing ¢, a and b, form its local system. Since
G is almost solvable, in consequence of Proposition 2, every F' is almost abelian. Since F' satisfies
min — abn and F is infinite almost abelian and finitely generated (and non-abelian), every non-
abelian subgroup of F' is normal in F' (see Proposition 9). Therefore by virtue of Lemma 2, all
non-abelian subgroups of G are normal in G.

Now let G be periodic. In view of Proposition 8, for some Chernikov subgroup N <G, G/N is
abelian. In consequence of O.Yu. Shmidt’s Theorem (see, for instance, [25]), G is locally finite.
Let U be an arbitrary non-abelian subgroup of G; u, v € U and [u,v] # 1; g be an arbitrary
element of U and L =< u,v,g >. Then L is finite non-abelian, LN < G and LN is Chernikov.
In view of R. Baer-Polovickii-S.N.Chernikov Theorem [27], [28], [29], G/Cq(LN) is Chernikov.
Then with regard to (S.N. Chernikov’s) Theorem 1.4 [3], Cs(LN) is non-Chernikov. Since it
is periodic almost solvable (as the group G), by virtue of S.N. Chernikov’s Theorem (see, for
instance, [3, Theorem 4.3]), it contains some abelian non-Chernikov subgroup A. Obviously,
there is some descending series A1 D A2 D ... D A; D A;11 D ... D 1of Awith A;NL =1and
N2, A; = 1. Since G satisfies min — abm and Aj x L ; Aj1 x L, 5 =1,2,..., for some natural
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k,A; x L4G,j=kk+1,... Then L = ﬂ;’;k(Aj x L) < G. At the same time, for any b € G,
gb € L CU. Consequently, U < G.

Thus, G is an almost solvable group with normal non-abelian subgroups.

Let R 4 G be a solvable subgroup with |G : R| < oco. If G/R is non-abelian, take its
non-abelian subgroup K /R with abelian proper subgroups. In view of Miller-Moreno Theorem
[30], K/R is solvable. Since K is non-abelian, obviously, G/K is Dedekind. Therefore G/K is
obviously solvable. Consequently, G/R and, at the same time, G are solvable.

Clearly, (ii) implies (i).

The proof is complete. O

Proof of Theorem 2. Indeed, any Shunkov group is primitive graded. Therefore the assertion
(i) of Theorem 2 is a consequence of Theorem 1 [9].

Further, any periodic Shunkov group is weakly graded. Therefore the assertion (ii) of Theorem
2 is a consequence of Theorem 1.

The proof is complete. O

Proof of Theorem 3. First, remind: an arbitrary class of groups is closed with respect to
forming subcartesian products, if it is closed with respect to forming subgroups and series (see
[31, Lemma 1.37]). Further, let $ be from Corollary 9. Let 9t be the intersection of all local
classes of groups that are closed with respect to forming series and contain &. In view of
Corollary 9, $ is local and closed with respect to forming series. In view of Theorem 1, also
® C $H. Consequently, M C §. Further, M is obviously the union of the classes M, where
My = & and for ordinals o > 0 by induction: if &« = 8+ 1 for some ordinal 3, then 9, is the
class of all groups with a local system of subgroups having a series with Iig-factors; if there is
no such 8, My = Ug<oMg. Let us assume that all M with B < « are closed with respect to
forming subgroups. Then it is easy to see: 9., is also closed with respect to forming subgroups.
Thus 9 is closed with respect to forming subgroups.

Therefore clearly 9t = £. So £ C §.

Let G satisfy min — abn. Since G € £ C $, G is a Chernikov group or a solvable group with
normal non-abelian subgroups.

If G is a Chernikov group or a solvable group with normal non-abelian subgroups, then it
satisfies min — abn.

The proof is complete. o

Also the following assertion holds.

Assertion. Let R be a commutative and associative ring with 1, M be a finitely generated unital
module over R, n be a natural number. The group G < Autr(M) or G < GL,(R) satisfies
min — abm iff it is Chernikov or abelian, or a solvable non-abelian group with normal non-abelian
subgroups.

Proof. Since Autr(M), GLy(R) are locally graded (see [32, P. 428-429]), by virtue of Corol-
lary 8, the present assertion is true. O
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I'pynmbl, yoBiaeTBOPSIOIINE YCJIOBUIO MUHUMAJIBHOCTHA
A1l HeabeJieBbIX HEHOPMAJIbHBIX ITOJTPYIIII

Hukounait C. YepHukoB

B 'H,G,Cmo.ﬂ'lu,el.l cmamove YcmaHasAu8aemcecsa, 4mo 6 04eHb MHo2Ux b0ALWUL U 3%cmpemanbno—6onbwux

KAQCCAT 2PYNN Heabeaesv, 2pYnnvl, YOOBAECMBOPAIOULUE YKAZAHHOMY YCAOBUIO, — IMO 8 MOYHOCTIU Heabe-

NE6BL YEPHUKOBCKUE 2PYNNBL U HEAOEALE PA3PEWUMDBLE 2DYNTLbL C HOPMANDHBLMU HEAOEACEBIMU NOJ2PYN-

namu.

Karouesvie crosa: Yycnro6uA MUHUMAADBHOCTNIU, HEHOPMANDHDBLE nodzpynnu, H€a6€/L€6’bL, HEPHUKOBCKUE, ap-

MUHO0BL, 0e0eKUHO06BL, WYHKOBCKUE, PA3PEUWUMDLE, NEPUOJUNECKUE 2PYNNBL, CAADO, OUHAPHO, NPUMUMUG-

‘HO, NOKANADHO CTNMYNEHUAMDILE 2PYNNDL.
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