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Let K =Dy UT"UD_ be an n-circled two-sided wedge in C™ where the unit polycircle (torus) T" plays
a role of the edge, and domains D1 adjoined to T™ may not contain any full-dimensional cone near T".
In this case we say that the wedge K is in nongeneral position. Consider a question when the closures
of pure n-dimensional analytic sets A+ C Dy x C™ compose a single analytic set in a neighborhood of
the wedge K x C™. If K is in general position then the answer to the question is given by the theorem
of S.I.Pinchuk. In the present article we expand this theorem to the case when the two-circled wedge K
is in nongeneral position, and m = 1.
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Introduction

Besides the Hartogs’ theorem, one of the important phenomenon of an analytic continuation
of holomorphic functions in several variables is the edge of the wedge theorem obtained by
N.N.Bogolubov in 1956 [1,2]. This theorem asserts that if f(z) is a function holomorphic in a
tubular domain 7 = R™ + 4[", whose base T is the two-sided light cone y? > y3 + --- + y2, and
continuous in its closure 7 , then f(2) admits an analytic continuation in C*. In [3] S.I. Pinchuk
generalized the Bogolubov‘s result taking instead of the light cone an arbitrary wedge with
the edge on a generating manifold bounded by smooth hypersurfaces in general position. The
condition on the general position means that both sides of the wedge contain full-dimensional
cones near the points of the edge. In article [4] we studied the problem of holomorphic extension
of functions into a neighborhood of the edge of a two-sided n-circled wedge in nongeneral position.
It dealt with wedges formed by two n-circled domains D adjoined to the unit torus 7" = {|z1| =
-+ =|zp| = 1} while the union K = D, UT™ U D_ may not contain any full-dimensional cone
near the edge T™; in this case we say that the wedge K is it nongeneral position.

The problem of description the removable singularities of analytic sets was considered in
works of H.Alexander, J.Bekker, B.Shiffman, K.Funahashi (one can find the statements,
proofs and references in the book of E.M. Chirka [5]). Following E. M. Chirka [5] we can pose
this problem in a such way: let E be a closed subset of complex manifold X and A is a pure
dimensional analytic subset in X \ E; then a question arises: under what conditions on E
and A the closure A will be an analytic set in X. The most general result was obtained by
E. M. Chirka ([5], Theorem 18.5). He remarked that if £ has a rich complex structure then an
analytic subset in X \ E may approach E with uncontrolled "wobbles". Thus to remove such
singularities we need some additional conditions. On the other hand, if the complex structure of
FE is poor, for example, if F is a smooth manifold that does not contain any maximal complex
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submanifold of the appropriate dimension (the candidate on the boundary of the analytic set)
then one can hope that an analytic subset 4 in X \ E "won’t notice" E, i. e. A will be analytic
in X. This was confirmed by the Shiffman’s result [6] about the extension of analytic sets of
dimension p > 2 through the skeleton of the polycircle. K. Funahashi showed [7] that in C"
the singularities of the type R™™™ x C™ are also removable. The Chirka’s theorem [5] states
that if E is a C'-submanifold in X such that the dimension of the complex tangent plane T¢E
in almost every point ( is smaller than p — 1, and A is a pure p-dimensional analytic subset in
X \ E, then A is an analytic subset in X.

S.I.Pinchuk interpreted in [8] the result [3] (on the extension of holomorphic functions) as
an phenomenon of continuation of analytic sets defined as graphs of holomorphic functions in
a wedge in C"*!. He received in [8] the generalization of the Bogolubov’s theorem for analytic
sets defined in a wedge of general position in C**™. The goal of this article is to expand the
Pinchuk’s result to the case of an n-circled wedge in nongeneral position when n =2, m = 1.

1. Admissible analytic subsets in a wedge and their values
on the edge

Let us introduce necessary notations. Let €2 be a domain in C? = C? x C,, of the type
N=U(K) X w,

where U(K) is a neighborhood of the two-circled wedge of type K = D, UT? UD_ C C? and w
is a bounded domain in C,,. We assume that K contains the "diagonal" A = {|z1| = |22|}. Let
A4 be pure two-dimensional analytic subsets in D1 x w. We will call such subsets admissible if
the following properties hold:

1. The closures of A4 do not cross the piece K x dw of the boundary 9(K x w).
2. Ay N (A x w) has a finite Hausdorff’s 3-measure.
3. For any form ¢ € D*9(Q) there exist limits
I
[
(Tfisxw)ﬁAi

defining currents 9° Ay of bidimension (2,0) on €.

Here T2, = {|z1| = |22| = 1 £ ¢} is a family of tori which lie on the "diagonal" A and exhaust
it. These currents we will call the values of A+ on T? x w. We say that values of A, and A_
coincide on T? x w, if A, = 3°A_ (see Fig. 1).

T? x C
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Remark that the given notion of admissible subsets is inspired by the definition of S. I. Pinchuk
[8], but they are different. The essential point is that we are able to introduce the currents 9° A,
without any restriction condition on the wedge K, like a restriction "of a general position".

Theorem. Assume that the wedge K = D, UT? U D_ contains the "diagonal” A and A+ are
admissible pure two-dimensional analytic sets in D4 X w with the same values on T? X w:

A, = A

Then the closures Ay and A_ compose a single analytic set in a neighborhood of K x w.

2. The proof of the theorem

In view of the property 1 for admissible analytic sets, the projection 7 : A4 — D4 is a proper
mapping and therefore it is a branched covering. Hence the sets A4 are defined by Weierstrass’
polynomials

H(w —w,(2)) = wh +af ()Wt + - +af (2) =0,

H(w —w,(2)) =w +ay (2w e (2) =0

with aji(z) being holomorphic functions in D.
Denote p1(2) := |z1] — |22] and let pa(2) = pa(|21], |22]) be a smooth function in U(K) such
that the image of {p2 = 0} on the Rheinhard diagram lies in D bellow the diagonal A and in

D_ above A (see Fig. 2). Using functions p; and ps we introduce the following domains:
Qri ={(z,w) € Q: £pi(2) >0}, i =1,2, Qi =0Qs1 N 0o,

In domains Q4; we define currents T4; of bidimension (2,2):

|22] . A
|
]
/L—\
//7| P2 =0
+2,/ /i i1
1f=—1—f=p—f=-t-—---
1 1 J=27
[} ,/
5__,!/
1 [21]
Fig. 2
(Tto, ) := jE/ ¢, (p€D**(Q12)), Ty :=0, (1)
QiNAL

and currents Aa, of bidimension (2, 1):

(Aa..g) ==+ / o, 2)

(Axxw)NAx

here Ay = {|z1| = |z2] > 1} and A_ = {]z1| = |22| < 1}. By property 2 the last integrals are
well defined.
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Since A4 are branched coverings over Dy, the points (z,w) € AL are parametrized by z € D4,

therefore we can consider Aa, as currents on A defined on forms in D! (U(K )) Similarly we

consider Ty, as currents on ¥, defined on forms in D?2(£Y,;), where €/, are the images of Q,

1. e.
"i={2€U(K):+pi(z) >0}, i=1,2, =0, N,

Taking into account this remark we rewrite the sum of currents in (2) as
(Aa, ) = slig(l)(/w + /s@),
As Az

where A® = {|z1| = |22| <1—¢}, A% = {|z1| = |22| = 1 +¢}. By property 3 and by assumption

of Theorem we have
(Aa, @) :=Eli_{%(/<p+/so),
As A%

i. e. Aa is a O-closed current. B
For ¢ =1,2,... we define the current 07 = w?Ax. Of course, 07 is J-closed. In a small Stein
neighborhood U(A) it is 0-exact:

0% = 077, where 77 € D' (U(K)).

Here we used the distribution space notation D’ since currents of bidimension (2,2) in U(K) are
generalized functions.

Let 74, := wiTy; — 79. We will show that these currents are O-closed in ;. For ¢ €
D?1((Y,,) one has

<57—12) 90> = <5qui2 - 57_(]7 S0> = /U}qgsp - <Uq7 30> = /d(wq(p) - <Uq? SD>
2L QL

Using the Stokes’ formula we get

<5Tig>s0>=/wq<p— / wle — (0%, ),

A p2:0

where the first integral gives (09, ) and the second one vanishes, because having a compact
support in €., the differential form ¢ = 0 in a neighborhood of {p2 = 0}. Hence, 7%, = 0 in
5. Similarly, 7%, =0 in Q. So, 7%, are holomorphic functions in ;.

Currents 7§ = 7{, — 71, are equal to w?T4», i. e. they act in Q) by formulas

o) = [ [Sw@y]e pep2@)

’ v
Qi

where w,, are the roots of the corresponding Weierstrass’ polynomial, so 7{ are polynomials in
coefficients aff (2).

Note that 7{, and 77, 7{, and 7%, coincide and are equal to —77 in the intersections €', N
O, QL NQ, correspondingly. So they form holomorphic functions in Q/,, UQ" |, Q' UQ’,
correspondingly. By Bochner’s theorem [1] these functions admit an analytic continuation into
the convex hull of the wedge K. So we get that coefficients of Weierstrass’ polynomials are the
same: a}(z) = a, (z). Thereby we constructed a Weierstrass’ polynomial that defines a single

“w
analytic set in a neighborhood of K X w.
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HpO,ZI;O.TI}KeHI/Ie AHAJINTUYIECKNX MHO2KECTB B OKPECTHOCTDb

OCTpud KJINMHa HeOGHIeFO IIOJIO2KEeHU d

EBrenuns B. FOpbesa

Hycmvy K = DL UT™ U D_ n-xpyeosots dsycmoponnuti kaurn 6 C" ¢ ocmpuem na ocmose T™ edunun-
H020 noaukpyaa. Ilpu smom npumvikarougue x ocmosy obaacmu Dy moeym ne codeporcamv ebausu T
HUKAKO20 MOAHOMEPHO20 KoHyca. B amom cayuaem mol 2060pum, wmo K — xaun neobule2o nosortcerus.
Pacemampusaemes 0npoc 0 mom, k0206 4ucmo n-meprote anasumuseckue mroocecmsa Ay C Dy xC™
npodoadicaromes 00 eduH020 GHANUMUYECKO20 MHoKHcecmea 6 okpecmmuocmu kauna K X C™. Ecau K —
KAUH 00WE20 NOAOICEHUS, MO omeem Ha nocmasaennuli sonpoc daem meopema C. U. Nuwwyxa. B
cmamove das caywasa n = 2, m = 1 ama meopema pacnpocmpaHAEMCs Ha KAUH HEOOULE20 TLONOIHCEHUA.

Karouesvie crosa: meopema 06 ocmpue KAUHG, AHAAUTNUYECKUE MHOHCECMBA, NOTNOKU.
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