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We studied the problem of axisymmetric motion of a binary mixture with a cylindrical free boundary
at small Marangoni numbers. Using Laplace transformation properties the exact analytical solution is
obtained. It is shown that a stationary solution is the limiting one with the growth of time if satisfy
certain conditions imposed on the external temperature. Some examples of numerical reconstruction of the
velocity, temperature and concentration fields are considered, which correspond well with the theoretical
results.
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Introduction

It is well known that at low Reynolds numbers the momentum equation can be simplified by
discarding the convective acceleration. Such movement is called creeping. The same simplifica-
tion can be obtained for equations of energy transfer and concentration. One of such problems
considered in the work [1,2], associated with the unsteady motion of a drop (bubble). As the
Reynolds number was taken as the number Marangoni, which is small both due to the radius
of the droplet, and due to the physical parameters. In another task (the motion of fluid in a
cylindrical tube) the small parameter was the product of the number Grashof on the Prandtl
number [3].

In the present work we considered a similar problem. It is associated with unsteady motion
of a binary mixture with a cylindrical free boundary. Here the analogue of the Reynolds number
acts the Marangoni number. This problem is reduced to inverse initial-boundary value problem
for parabolic equations. It is solved in quadratures, and it is proved that at certain conditions, its
solution tends to a stationary regime with a growth time. Numerical treatment of the Laplace
transform obtained quantitative results for a model compound, which confirm the theoretical
conclusions.
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1. Statement of the problem

Let us turn to the problem of motion of a binary mixture. Axisymmetric motion of an incom-
pressible viscous heat-conducting mixture is considered. Denote by u(x,t), p(x,t), respectively,
the velocity vector and the pressure, §(x,t) and c(x,t), respectively, deviations from the aver-
age values of temperature and concentration. Then the system of equations of thermodiffusion
motion in the absence of external forces (g = 0) has the form:

d—u—I—le:yAu, divu =0,

dt p (1)
do dc

— =xA — =dA A

I xAb, 7 dAc + adAd,

where p is the average density, v is the kinematic viscosity, x is the thermal diffusivity, d is the
diffusion coefficient, « is the thermodiffusion coefficient (the coefficient Soret); d/dt = 9/0t+u-V.

After the transition to dimensionless variables (as the scale of length, time, velocity, pressure,
temperature and concentration are taken of values hg, h3/v, a1 Ahg/u, @1 A, Ahg, AhoB1//32)
will receive task:

0u/dt +Mau - Vu+ Vp = Au, (2)
divu = 0, (3)

Pr(00/0t + Mau - V@) = Af, (4)

Sc (0c/0t + Mau - Ve) = Ac — eAc. (5)

Here introduced dimensionless parameters: Ma = aey Ah2/uv is the thermal Marangoni number,
Pr = v/x is Prandtl number, Sc = v/d is Schmidt number, ¢ = —af2/5; is thermodiffusion
parameter; A is temperature gradient, &) is some constant. We assume that the Marangoni
number is many times less than one Ma < 1 (the creeping motion), then in the momentum
equations, heat transfer and concentration convective terms can be discarded. With the set
physical parameters of a liquid, this condition is carried out if sufficiently small value Ah3.
Formally expanding functions u, p, 8, ¢ in series of Ma, to get a first approximation task (2)—(5)
with Ma = 0.

Let u(r, z,t), w(r, z,t) be the projections of the velocity vector on the axis of a cylindrical
coordinate system r and z. Suppose that the free boundary in this system is described by the
equation 7 = h(z,t) (see Fig. 1). Then the conditions will take [3]:

h; +wh, —u =0, (6)

L oo oo

_ p2 — e — -
(1=n)(uy +wy) + 20, (uy — w,) o (h.0,+6,) 20 + (hzer +¢2) 70 | (7)
Pgas — P+ 2pVL_2[’U,T —h(u, +w,)+ hiwz] = 20H, (8)
kLil(er - hzaz) + 7(0 - agas) = Qa (9>
¢r —hyc, + (b, —h,0,)=0, (10)

where L = (14 h?)Y/?; (6, c) is the coefficient of surface tension of the mixture and for most
real liquids, it is well approximated by a linear dependence

o(0,¢) = 0% — a1 (0 — 0°) — ay(c — ), (11)

where &7 > 0 is the temperature coefficient, 5 is the concentration coefficient (typically, seq < 0,
since the surface tension increases with increasing concentration), 09,609, 0 are some constants
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average values; pyqs and 04, are the pressure and the temperature of the ambient gas, which is
considered passive; 7y is the coefficient of interphase heat transfer, k is the thermal conductivity
coeflicient.

In equation (8) H is the average curvature of the free boundary

hh.. —h2 —1

" 2n(1 4+ h2)3%° (12)

r=h(zt) gas
"_~~‘~~.___,l'—T--“~\__—,—’---~\s~__,/‘-~Iﬁl\
: liquid 1
______________ N
Wz

Fig. 1. Current Flow Diagram

Remark 1. In the recording of the Marangoni number is present the parameter &, included in
the dependence of surface tension on temperature and concentration (11) (Fig. 1).

Consider the subgroup generated by four operators 0,,t0, + Ow, 09, O, Op. It is easy to check
that it is allowed by a system of equations of thermodiffusion. Its invariants ¢, r, u, then partially
invariant solutions with respect to this subgroup are of the form [5]:

u=u(rt), w=uw(rzt), p=przt), 0=00rz1t), c=c(rz1). (13)

In this case, from the equation of conservation of mass it follows that w is a linear function of z.
Let
w = zu(r, t). (14)

General view of the invariant manifolds with respect to the considered subgroup {r,z,t} is
r = h(t) with an arbitrary function h(t). Let the dependence o (0, ¢) has the form (11), then
from boundary conditions (7) we get that (6 — 0%) — &a(c — ) is a quadratic function of z.
It is therefore natural to assume that

O(r,z,t) = a(r,t)z® +b(r,t), c(r,z,t) =1(r,t)z* + m(r,t), (15)

Interpretation of the solution of (13)—(15) is as follows. Let an axisymmetric heated long enough
cylinder of a binary mixture of external temperature on the boundary has a maximum of (a < 0)
or minimum (a > 0) at point z = 0. Then in a neighbourhood of this point the external
temperature can be approximated by a parabolic law.

The substitution of the solution (13)—(15) to the system of equations of thermodiffusion and
separation of a variable z leads to the next task in the region t > 0, 0 < r < h(t)

1 U
r = Upp —Upr — =5, 16
us +pr =u +ru . (16)
1
204+, = Z<vrr + - 'Ur)7 (17)
r
U+ 24w =0, (18)
r
1 1
= 5 rr — Uy ), 1
a Pr(a +7'a) (19)
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1 1

bt - ﬁ (brr + ; br + 2CL), (20)
1 1 € 1
ly = 1l L rr —Qr |, 21
! Sc( +7‘ ) Sc(a +’I“a> (21)
1 1 € 1

The boundary conditions at r = h(t) as follows
ht =u, (23>
v, = —2a — 2MI, (24)
Pgas — P+ 20 = We — (a — ) — M(l — ), (25)
ar + Bi(a — agqs) =0, (26)
by + Bi(b — byes) =0, (27)
l, —ea, =0, (28)
m, — b, = 0. (29)

Here introduced dimensionless parameters: Bi = vhg/k is the number of Bio, We = g /a1 Ahg
is the Weber number, M = % = @931 /20132, where Mc = sep AhZ 31 /uv 32 is the concentration
Marangoni number;
In addition, it is necessary to require the boundedness of functions on the cylinder axis when
r=20
lu] < oo, |v] <oo, |p|<oo, |a] <oo, |b]<oo, |l|<oo, |m|< oo, (30)

and specify initial conditions at ¢t =0
u=ug(r), v=vo(r), a=ap(r), b=bo(r), I =lo(r), m =mo(r), h(0) = hg = const > 0. (31)

Note that the functions ug and vy are related by equation (18), vg, ag,lp by condition (25), Iy, ag
by condition (29), a mg, by by condition (30).

Suppose that at the initial moment of time the free surface satisfies the initial condition:
r = h(0) = ho = const > 0, and decompose the function h(¢) in a series of Marangoni. Then the
variable r will vary in the range 0 < r < hg + Mah(t). We introduce dimensionless variables:
' =r/ho, 2 = z/ho, t' = vt/ho?. The kinematic condition (6) in dimensionless variables has
the form (touches for convenience omitted):

Mah; = Mau(1 + Mah(t),t). (32)

Assuming that Ma < 1, from the last equation in Ma — 0 we find that the kinematic condition
at r = 1 gets converted to
hy = u(1,1). (33)

The function w is expressed from the continuity equation (18) in the following way

1 T
u= —f/ rudr. (34)
™ Jo

From equations (16), (17) we express the pressure gradient (p;,p.)

1 u
pr:urr'i_;ur_ﬁ_uta (35)
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Dz = z(w + %vr - Ut)- (36)

Differentiating equation (35) for the variable z, and the equation (36) for the variable r, and
given that a function u is not depends on z, we get the equation of compatibility: p,, = p,, = 0.
Whence it follows that the function v(r,t) is determined from the equation

1
V¢ = Upr + ; Vr + Q(t)v (37)
and the pressure is given by
2
z
p= _EQ(t) + S(Ta t)r (38)

where ¢(t) is arbitrary function, and the derivative in the variable r of a function s(r, t) is precisely
the right side of equation (35).
Suppose that in the equation (34) when r = 1 running

1
/ rodr = 0. (39)
0

It follows that w(1,¢) = 0. Then, returning to the kinematic condition (33), we have: h(t) = 1.
So a free boundary does not change with time and remains constant value. Converse is also true:
if h(t) = 1, then condition (39).
Remark 2. In fact, certain functions ¢(t), i.e. the "gradient pressure" along the axis z, can be
found as follows. Multiply equation (38) on r and integrating on r from zero to 1, reducing it
thereby to a "loaded" equation

0

1 1
1
at J, rvdrf/o (TUT)TdT’+§q(t). (40)

Integral, the left-hand side of the equation equal to zero according to the condition (39). It
follows that

Q(t) = _2vr(17t)7 (41)

where the right part is set as a boundary condition (24).

Therefore, first solve the equation (19) on the function a(r,t) with boundary conditions (26),
(30) and the initial condition (31); next we define the function I(r,t) from the equation (21)
with conditions (28), (30), (31), while function b(r,t), m(r,t) are calculated similarly. Thereby
recovering the temperature and concentration mixture according to formulas (15). Then solve
the problem on determination of the axial components of the velocity vector v(r,t), satisfy the
equation (38) and the boundary conditions (24), (30), (31). As the result is to find the radial
component of u(r, t) of equation (34) with boundary conditions (30), (31), the function ¢(¢) with
(41) and the pressure p from equation (38) and the boundary conditions (8).

2. Stationary solution

For this decision all the unknown functions do not depend on time; let them through u°(r),
(1), p°(r), a®(r), b°(r), 1°(r), m°(r). In addition, ¢(t) = ¢° = const. Write out the correspond-
ing boundary value problem for 0 < r < 1:

u
Upy + = ;) 2= Py (42)
0 0 PO 0

’UTT-F*'UT—?Z——(], (43)
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1
ud + = u® +0° =0, (44)
r
1 0 L o) _
Pr<arr+ra‘r>0a (45)
1 1
— (0% + =02 +24° ) = 46
o (00 + 212200 ) = (46)
1 1
— (% +=12)=0 47
SC(TT+TT) ’ ( )
1 m? +1m0+210 =0 (48)
Sc\"" T ’

General solution of system (42)—(48) when Pr # 0, Sc # 0 are easily found (taken into account
the conditions of constraints of (30)):

0 2 0 2

al .r cal .
ao = a2as’ bo = ga; + bgas + a’_lO]as (05 + Bi_l)’ ZO = Eagas7 mo = _% + C’ (49)
where a® _, b2 . C = const.

gas’ Ygas’
Remark 3. The constant C' remains arbitrary, it is not surprising, as the task for the concen-
tration contains only derivatives. On the other hand, this constant can be determine if ask the

1 0
average concentration in the cross section of z = 0, i.e. [er®(r)dr = 0. From this C' = %.
0

Thus, we have the following representation for m?°

0
m? = Egas <1 - 7'2). (50)

The other functions are as follows

o_ 4 o o_d" (1 0o_¢ (2 1 0 0
u :Er(r -1), v =T\l =5 -5) « :4agas(1—|—M€). (51)

The obtained solutions satisfy the boundary and initial conditions (23)—(31).

3. Determination of the temperature field

For solution of nonstationary problem is used Laplace transform. Believe (assuming the
existence of @, Gy, @ry, Ggas)

a(r,p) = /O " alr e dt (52)

then the problem for a(r,t) is reduced to boundary problem for ordinary differential equations

drr+%dr—Prpd:—Prao(T>, O<"’<17 (53)
ar + Bi(@ — Gges) =0, 7=1, (54)
|a(0,p)| < . (55)
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The General solution of the equation (52) it is easy to write (taken into account the conditions
of constraints (55))

i=Cil, (\/%r)+
+/OTPrya0(y) [10( Prpy>K0<MT) —10<\/PTpr>Ko< Prpy)]dy, (56)

with a constant C7, determined from the boundary conditions:
-1
C = {\/Prpll (VPrp) —|—BiIO<\/Prp)] {Bidgas—i—
1
+ \/Prp/ Pryao(y) [IO( Prpy)K1 <\/Prp) + 14 (\/Prp>K0< Prpy)] dy—
0
1
fBi/ Pryao(y) [Io( Prpy>K0<«/Prp> Io(\/Prp>K0( Prpy)} dy}. (57)

0

The task is to determine the image of b(r,p) exactly coincides with the task (53)-(55) with the
replacement right parts: —Prag(r) for —Prbo(r) — 2a. Thus, this function is given by

b= ol (V/Prpr) - Cl]l(ﬁﬁ?h

+/OTPry(b0(y)+2a0(y)) [Io( PTPQ)KO(MT) _IO(MT)KO( Prpy)}dy (58)

with a constant Cs, determined from the boundary conditions:
Gy = [VPrph (vVPrp ) + Bilo(vVPrp )| {Bibyae + Corlo(vPrpr)+
VP [ Profon(o) + 20000) [l (VTD0) 6 (VPR + 1 (VEED )Ko(VPTDY) -
- Bi/o1 Pry(bo(y) +2a0(y)) [ 1o (VPrpy) Ko(VPrp ) = o (vPrp ) Ko(VPrpy) | dy}.  (59)

where I;, K; are Bessel functions of the first and the third kind of imaginary argument.
It is possible to show, using the explicit formula (56), (57) that

. T ~ _ 0
Jim a(r,t) = limy pa(r,p) = aga,

where a, is stationary solution for the function a(r,t). In the derivation we must assume the
0

existence of the limit tgrgo Agas(t) = ;gr%)p&gas(p) = @y,s- Note that when t — 0 [6]:

2

t
Io(t) ~ 1+ 1 Ko(t) ~ —1Io(t) Int,

t 3 1 ¢t t
L)~ -+ — K{(t)~=+ - Int— —.
1®) 2 16’ 1(t) P

0
gas

From (56), (57) after long calculations we obtain that pa(r,p) — a?,, when p — 0.
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Similarly, it is shown that

: T, _ 0 .20 0 —1
tlggo b(r,t) = zl)l—r% pb(r,p) = —0.5a0,,7% + b) s + agas (0.54+Bi™Y),

where the right side of the equality is a stationary solution for the function b(r,t), assuming the
existence of a limit lim by, (t) = gl)ii% Pbgas(p) = b
Lemma 1. Problem solving for the functions a(r,t), b(r,t) are defined by the inverse Laplace
transformation according to the formulas (56), (58), and with the growth of time, they reach a
stationary regime, if gas(t) = a¥qs, bgas(t) — b0, when t — oo.

gas> gas

4. Determination of the concentration of the mixture

Applying to the initial-boundary problem for the concentration the mixture of Laplace

transform, obtain for the image I(r, p) task

. 1. .
lmﬂ—f—;lr—Scpl:—Sclo(r)—sPrao(T)—ﬁ—sPrpd7 0<r<l, (60)
I, —ea, =0, r=1, (61)
1(0,p)| < 0. (62)

The General solution of the equation (60) with Pr # Sc is represented as follows
I = Calo (v/Sepr) +
+ [u(seintn) + < Prastw) [10 (VBepy) Ko (VBepr) — 1o (VBepr) Ko (v5epy)] dy+
g (O (VPror) |+
+ [ ryad) [ (VErpy) Ko (VPrpr) - 1o (VErpr) Ko (VEEon)] s (63)

with a constant C3, determined from the boundary conditions (61):

o [ 5| (B (P )
+\/%/Oly(Sclo(y)+€Prao(y))[1'o( Spr>K1(\/%>+Il(\/%>KO( SCPy)]dy—
- S;ECPr\/PTp/OlPryao(y) [Io< Prpy)Ko(M) —Io(M)Ko( Prpy)]dy}- (64)

The task is to determine the image of /m(r,p) exactly coincides with the task (60)—(62) with the
replacement right parts: —Sclo(r) — ePrag(r) + ePrpa for —Scmo(r) — ePrbg(r) + ePrpb.
It is possible to show, using explicit formulas (63), (64), that

. s 7 _ 0
tlggo I(r,t) = Il)l_I}I%J pl(r,p) = €ay,s,

where 5a2as is stationary solution for the function I(r,¢). If the conclusion is again necessary to
0

assume the existence of the limit tlggo Agas(t) = ;1_1)1(1) Plgas(P) = Qgqs-
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Similarly, it is shown that tlim m(r,t) = lir% pi(r, p) = mP(r), where m®(r) is stationary solu-
—00 p—
tion for the function m(r,t), assuming the existence of a limit tlim bgas(t) = linb Pbyas(p) = b2
—00 p—

gas*
Thus, the fair

Lemma 2. Problem solving for the functions I(r,t), m(r,t) are determined by the inverse Laplace
transformation according to the formulas (63), (64), and with the growth of time, they reach a

stationary regime, if agqs(t) — a9, bgas(t) = b9, when t — oo.

5. Determination of velocity field

The application of the Laplace transform to the problem for velocity reduces it to a boundary
problem for ordinary differential equations

B b~ Prpi = —uo(r) ~ (), 0<r <1, (65)
/01 rodr =0, r=1, (66)

O =—2a—2MIl, r=1, (67)

5(0,p)| < oo. (68)

The General solution of the equation (65) is written as follows

o= Cato (VPror) + 220 4 [ yua(y) o (VF9) Ko (V) ~ To (VFr) Ko (VFwl dy (69

with a constant Cs, determined from the boundary conditions (67):

Cs = [Vph (Vo) {~2a - 2Mi+
VB [ o) o (VB Ky (V6) + 11 (V6) Ko (15 )] dy} . (70)

where functions a(r, p),l(r,p) are defined by formula (55), (63) when r = 1.
In addition, from the boundary conditions (66), (67) defines a function ¢(p), namely

q(p) = —20,(1,p).

Working similarly to the proof of the convergence of the obtained solutions to stationary
solutions of temperature and concentration of the expressions (69), (70) we can deduce the
equality

lim pi(r, p) = °(r), (71)
p—0
where v9(r) is stationary velocity distribution of (51). In the derivation of (71) we must assume
the existence of the limit tlim agas(t) = af .
—00

Thus, the fair

Lemma 3. The solution of the problem for the function v(r,t) is determined by the inverse
Laplace transformation formula (69), (70), and with increasing time it comes on stationary

regime, if agas(t) — ad,, when t — oo.
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6. Numerical results

The formulas (56), (63), (69) in the image Laplacian were used to numerical finding of the
fields of velocity, temperature and concentration mixture under certain conditions imposed on
the temperature outside agqs(t). This was done by the method of numerical inverse the Laplace
transform [7], which was obtained quantitative results for the model system with the following
parameter values: agas =0.2,¢6 =0.1,M =1000, Bi =2,Pr =0.2,Sc = 0.1, A = 10,w = 10.

In Fig. 2-4 shows the evolution of the dimensionless profiles temperature, concentration and
velocity of the mixture. In Fig. 2a presented the profile of the dimensionless ‘temperature"
a(r,t), provided that ag,s(t) = af,, + exp(—At) sin(wt). The function ayq,(t) has a finite limit
when t — o0, a2a5~ In this case, there is a convergence to stationary temperature distribution.
In Fig. 2b presented the dependence a(r,t), when agqs(t) = sin(wt), i.e. agqs(t) has no limit
when ¢ — 0o. As can be seen from graphics, solution with increase in time does not converge to
a stationary regime. The situation is similar with other functions. The results of the numerical
inverse Laplace transformation confirmed the conclusion that the stationary solution is the limit
when large values of time. Thus, by changing the temperature environment, more precisely the
function agqs(t), can be set various modes of movement of the mixture in the cylinder with a
free boundary.

055 — 1
bsf - T T T —— A 4 oo T T T T T T T K .
—
-
045} ~ _ 1 osf .
2z
04} 4 o4} 1
a
a
/2 4
o3| 1 02
//
03} 1 o} - .
_/—/
‘o-"/_—/
025} 1 oz} T .
. o
N
0_2__\__|_T_I__I__I¥7\77\7I77 04 1 1 1 1 1 1 1 1 1
0 01 02 03404 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 |
7
a) &)

Fig. 2. Temperature profile at different points in time: 1 — 7 =0.21, 2 —7=0.32,3 — 7 = 0.68,
4 —7=00

Conclusion

Studied partially-invariant solution of the axisymmetric motion of a binary mixture with a
cylindrical free the boundary at small Marangoni numbers. The problem is reduced to initial-
boundary value problem for parabolic equations. The images by Laplace obtained the exact
analytical solution. Found the stationary solution of the problem and proved that it is the
limit when ¢ — oo, if you satisfy certain conditions imposed by on the temperature outside.
The examples of numerical reconstruction of fields the velocity, temperature and concentration,
confirming the solution in stationary regime.

This work was supported by a grant from the Russian Foundation for basic research mo. 14-
01-00067.
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Fig. 3. Concentration profile at different points in time: 1 —7=0.21, 2 —7=0.32, 3 — 7= 0.68,
4 —7=00

5 I L L I L L I 1 1 40 L L L L L L L L 1
0 01 0z 03 04 0s 06 07 0g 09 1 0 0.1 0z 03 04 05 06 07 0g 0o 1

r r
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Fig. 4. Velocity profile at different points in time: 1 — 7 =0.21, 2 — 7 =0.32, 3 — 7 = 0.68,
4 —7=00
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JIBn>kenne OMHAPHOI cMecu C HMUJIMHAPUYECKOil CBOOOIHOIM
rpaHuIieii npu MaJblx uucijax MapaHronm

BukTop K. Auapeesn

WucTuryT BeIaucaunTeabHoro monenuposanuss CO PAH
Axanemroponok, 50/44, Kpacrosipck, 660036

MHcTuTyT MaTeMaTuKu U QyHIaAMEHTAIBHONW MH(MOPMATHKY
Cubupckuii dheepasbHbIil YHUBEPCUTET

Csobomnntit, 79, Kpacuosipck, 660041,

Poccus

Haranpsa JI. Cobaukuna

Nucruryr maremaruku u GyHIAMEHTAJILHON HH(MOPMATUKHA
Cubupckuii dheiepabHbIil YHUBEPCUTET

Ceobommsrit, 79, Kpacrosipck, 660041

Poccus

Hccenedyemes 3adana 06 ocecummempuieckom 08uUMCenul OUHAPHOT CMECU ¢ Yuasurdpuveckot c60600H0U
eparuyet npu masvx wucrax Mapaneonu. B usobpastcenuar no Jlanaacy noaywero mowHoe aHaIumu-
yeckoe pewenue. Hatideno cmayuonaproe pewenue 3adawu u 00ka3aH0, 4IMO OHO ABAAETNCA NPEICALHOIM
€ POCTNOM BPEMENU, ECAU BLINOAHENDL ONPEIEAEHHDIE YCAOBUA, HAAG2AEMDBLE HA BHEWHION TMEMNEPATY-
py. Janv npumepv YUCAEHH020 B0CCMAHOBAEHUA NOAET CKOPOCTIU, MEMNEPAMYPDL U KOHUEHMPAUULU,
KOMOPBLE TOPOULO COOMHOCAMCA C MEOPETMUMECKUMY DE3YALMATNAMU.

Karouesvie crosa: 6unapHas cmecsb, c60600nas 2panuya, CmayuonapHoe peuwerue, npeobpasosanue Jla-
naaca, wucao Mapareonu.
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