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Abstract. We consider Zaremba type boundary value problem for the
Laplace operator in the unit circle on the complex plane. Using the
theorem on the exponential representation for solutions to equations
with constant coefficients we indicate a way to find eigenvalues of the
problem and to construct its eigenfunctions.
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1. Introduction

The spectral theory gives powerful tools to investigate operator equations
(see, for instance, [10], [7], [9]). The classical Hilbert space approach helps to
handle both selfadjoint and non-selfadjoint problems in (weighted) Sobolev
type spaces over different types of domains (smooth domains, Lipschitz do-
mains, domains with conical and edges singularities etc.), see, for instance,
[5], [6], [2], [12], [3], [4], [8], [22] and many others. Recently the approach was
adopted to a wide class of non-coercive mixed boundary problems, see [19],
[20].

Apart from the theory, the problem is to find the corresponding eigen-
values and to construct the eigenfunctions. The use of the Fourier method
of separation of variables have lead to nice examples in classical PDE’s (see
for example [23, Suppl. II, P. 1, §2] for the coercive or [19] for non-coercive
problems). However it does not work in many cases even for mixed problems
for the Laplace equation, cf. the example for the Zaremba problem (i.e. a
Robin type boundary problem with the Dirichlet condition on a part S of
the boundary 9D of the domain D in the Euclidean space and the Neumann
condition on the complement of S on 9D, see [25]).

In the present paper, using the theorem on the exponential representa-
tion for solutions to equations with constant coefficients (see [15, Introduc-
tion, p. 19]), we indicate a way to present the eigenfunctions of the (generally,
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non-coercive) Zaremba type problem via an (infinite) sums of the Bessel func-
tions in the unit circle on the complex plane. On this way we produce also
a criterion for identifying the corresponding eigenvalues. We emphasize that
unlike to the Dirichlet problem (or to the Neumann problem) it is impossible
to compute corresponding eigenvectors as finite sums of the Bessel functions.

2. The Zaremba type problem for the unit disk

Let R? be the real plane with the coordinates z = (x1,72) and C be the
complex plane with the complex structure given by

Z=x1+1T2, Z=1T1 —1T2
where i = /—1 is the imaginary unit. Let also
2 2
AP
x{  0x3
be the Laplace operator in R? = C.

Let D be the unit disk in C. We consider complex-valued functions
defined in D and its closure D. Let S be an (relatively) open connected
subset of 9D and let ag, by, b1, ba be non-negative numbers with by 4+ by = 2.

Consider the following (generally, non-coercive, which we explain below)
Zaremba type mixed boundary value problem for the Laplace operator in D.
Given a distribution f in D, find a distribution » in D which satisfies

—Au+apu = f in D,
u = 0 on S, (2.1)
Bu = 0 on 0D\S.

where the boundary operator B is defined as
Bu = bou + blza + bzfg.

Of course, the case S = 9D corresponds to the Dirichlet problem for
the Laplace operator in the disk D.

Zaremba [25] studied similar problem in the space of smooth functions
over a smooth domain D of the Euclidean space R with S # 0, 9D \ S # 0,
and B being the (exterior) normal derivative with respect to 9D, i.e.

B ou ou Ju ou
uf% 7V167:51+V287302+V387$3

(here v = (v1,v2,v3) is the unit normal vector with respect to dD) which

corresponds to by = 0, by = by = 1 in our case of the unit disk on the complex

plane.

To specify the functional space for solutions to (2.1) we use the standard
method of Hermitian forms. Namely, one usually defines a Hermitian form
h(-,-) on a suitable space Hilbert H and reformulates (2.1) in the following
way: given f in the dual H' for the space H, find u € H satisfying

h(u,v) = (f,v) for allv € H (2.2)
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where (-,-) is a pairing between H and H’. Recall that a Hermitian form
h(u,v) is called coercive on a Hilbert space H if

h(u,u) > |Jul|% for all u € H

with a constant ¢ > 0 independent on w. Typically, if the form h(-,-) is not
coercive then a loss of regularity is expected for solutions of the problem
induced by the form. In this case the problem (2.2) is called non-coercive.
However, in many situations one may successfully use non-coercive forms to
study boundary value problems (see, for instance, [11], [19], [20]). We follow
these examples.

With this purpose, let 0 stand for the Cauchy-Riemann operator, cor-
responding to the complex structure, i.e.

-~ 1,0 .0
9= 5 13
The formal adjoint 0* of 0 is the operator
1,0 .0
35 ~13;) =

An easy computation shows that 0*9 just amounts to the —1/4 multiple of
the Laplace operator in the real plane R? with the coordinates x = (21, x2).

As usual, we write L?(D) for the space of all the measurable functions u
in D, such that the integral of |u|? over D is finite. For functions u € C'*(D)
we introduce the norm

n 1/2
ul| g1 (py = (“)'qux—i—/ ul? dz ,
lullar o) (/D;m [ Jup o)

where 0; = %. The completion of the space C'(D) with respect to this
J

norm is the Sobolev space H!(D). It is known that H'(D) is a Hilbert space
with inner product

(u,v)Hl(D):/ Zaju@d:c,
D

for u,v € HY(D).
Consider the Hermitian form

(u,v) 4+ = ao(u, v) 2(p)+2 b1 (Ju, Ov) L2(py+2 ba (Du, V) 2(p)+bo (u, V) 29D\ 5) -

Clearly, the Hermitian form (u,v)y is coherent with the functional

_ 1/
lull+ = (aOHUH%‘Z(D) + 251”8“”%2@) + 2b2||8u||2L2(D) + bOH“||2L2(aD\S))

on HY(D). Let HY(D, S) be the closed subspace in H!(D) consisting of func-
tions vanishing on S. If the functional defines a norm on H'(D,S), we de-
note by H* (D) the completion of H!(D, S) with respect to this norm. Then
H™ (D) is actually a Hilbert space with inner product (u,v) .
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By the definition, each element of the space HT (D) has a well defined
trace on 9D belonging to L?(0D); in particular, by the elliptic regularity the
functions from H (D) belong to H. (D U S) and equal to zero on S.

Let us assume that H (D) is continuously embedded to L?(D). If we
denote by H~ (D) the dual to the space HT(D) and by (-,-) the pairing
induced by the inner product in L?(D) then, using integration by parts and
the fact that

400 = 490 = A,
(z0u, 'U)L2(3D\S) = 2(0u, 8U>L2(D) + 1/2(Au, U)Lz(p),
(Zgu, U)LZ(SD\S) = 2(511, 51})1;2(1;) + 1/2(Au, ’U)Lz(p)

for all u,v € H?(D)NH*(D, S), we see that the Zaremba type mixed bound-
ary value problem for the Laplace operator in D reads as follows.

Problem 2.1. Given f € H™ (D), find w € HT (D) which satisfies
(u,v)4 = (f,v) for allv € HT(D). (2.3)

Then the Riesz Theorem on the general form for continuous linear func-
tionals on Hilbert spaces provides a unique solution v € H* (D) to the Prob-
lem 2.1 for each f € H™ (D) "orthogonal” to the null space of the problem
with respect to the pairing (-, ), see, for instance, [13, Ch. 4] and elsewhere.
According to the Uniqueness Theorem for the Cauchy problem for solutions
to elliptic systems ([18, Theorem 2.8]), the null-space of the problem equals
to zero if S # (). Actually, to look on the eigenfunctions and the eigenvalues
of Problem 2.1, it is convenient to consider the bounded linear continuously
invertible operator L : H" (D) — H~ (D), induced by (2.3).

Example 2.2. If b; > 0 and by > 0, then one easily conclude that the norm
|||+ is equivalent to the standard norm ||- || 1 (py on H'(D, S) and the space
H™ (D) coincides with H' (D, S), see, for instance, [13, Ch. 4]. This means that
the form (+,-)4 is coercive and Problem 2.1 satisfies the Shapiro-Lopatinsky
conditions on 9D \ S and hence its solutions belong to C°*(D\ 8S) N H(D)
for any f € C>°(D). In particular, the Problem 2.1 is Fredholm and its in-
dex equals to zero. Moreover, its spectrum is discrete, the eigenvalues are
non-negative (and even \ > ag) and the corresponding eigenvectors form or-
thogonal bases in the spaces H™ (D), H~ (D) and L?(D) (see, for instance, [13,
Ch. 4] and elsewhere). Actually, these are the eigenvectors of the linear com-
pact self-adjoint operators t*+L=t : H=(D) — H— (D), L~ %*.: H*(D) —
H*(D), and (L™ Y* : L*(D) — L?(D) where ¢« : H"(D) — L?(D) is the
natural embedding and * : L?(D) — H~(D) is the adjoint operator for ¢,
see, for instance, [19, Lemma 3.1].

Example 2.3. If by > 0 and one of the numbers b; > 0, j = 1,2, is positive,
then the norm || - [|; is not weaker than the standard norm || - || z1/2(py on
HY(D,S) and the space H* (D) is continuously embedded to the Sobolev-
Slobodetskii space H'/2(D,S), see [19, Theorem 2.5]. The example con-
structed in [19, Remark 5.1] shows that the embedding is sharp if b; = 0
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and thus the form (-,-)+ is not coercive in this case. On the other hand, if
b; = 0 then Problem 2.1 is a boundary value problem with the so-called O-
Neumann boundary condition. Thus combining [19, Theorem 2.5] and results
of [11] we conclude that its solutions belong to C°>*(D\ dS)N H'/2(D) for any
f € C>(D). Again, the Problem 2.1 is Fredholm, its index equals to zero, its
spectrum is discrete, the eigenvalues are non-negative (and even A > ag) and
the corresponding eigenvectors form orthogonal bases in the spaces H™ (D),
H~(D) and L?(D) (see, for instance, [19, Lemma 3.1]).

Example 2.4. If S = (), ag > 0 and by = b; = 0 then the null space of Problem
2.1 equals to the space of the holomorphic functions of the class L?(D) and
hence in this case the Problem 2.1 is not Fredholm.

In the next sections we will be concentrated on finding the eigenvalues
and the eigenfunctions for Problem 2.1. Since the spectrum of the Dirichlet
problem is well known, we will consider the case where S # 9D only. We will
pay almost no attention to the non-Fredholm case by = by - by = 0.

3. Applying the Fourier method

Consider the mixed problem

—Au+ayu = Au in D,
u = 0 on S, (3.1)
Bu = 0 on 0D\S,

in the space H* (D), i.e.

2b1 (8u, a’U)LZ(D) + 2b2 (Bu, a’l))L2 (D) + bo(u, U)LQ((’)D\S) = ()\ — CLQ)(U, 'U)L(Z(D))
3.2
for all v € HY(D, S).

As we have already noted, we have to study the case ag < A € R only.
Since the Helmholtz operator (—A-+ag—A) is elliptic, we see that the solutions
to (3.1) belongs to C*°(D U S). Moreover, according to Petrovskii Theorem
they are real analytic in D. The results by C. B. Morrey and L. Nirenberg
[14] imply that the solutions also extends analytically in a neighbourhood of
any compact K from the (relative) interior of S on 9D. However the points
of 9S C 9D can be singular for the solutions to (3.1).

Let

e ( 2k+p
— (—=1)P
22 Wiy T = (V). e Cpey,

be the Bessel functions, see, for example, [24, §2.11].

For the coercive case the following proposition is well known, see [23,
Suppl. 11, P. 1, §2].
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Proposition 3.1. Let S = () and b2 + (by - b2)?> # 0. Then the complete system
of solutions to (3.1) in the space HT (D) consists of functions of the form

up(r, ) = gp(r) exp [ipp] = exp [ipplu,(2) = (2/12])P Tp(|2] V' Ap — a0), 17(363%,

where the corresponding eigenvalue Ay, is a root of the function

Gp(N) = (bo — pb2) Tp(V/A — ag) + VA — a0 Tp—1 (VA —a0).  (34)

Proof. We may apply the Fourier method of separation of variables. Actually,
the matter is quite similar to the coercive mixed problem for the Laplace
operator in the ball (see [23, Suppl. II, P. 1, §2]).

To this end, we pass to the polar coordinates

T1 = TCOSp,
To = rsingy,

where ¢ € [0,27] are coordinates on the unit circle 9D in C. The Laplace
operator A in the spherical coordinates takes the form

s= (2 &) 02

On the other hand, in the unit disk we have

0 o = 1 g .0 1 o .0
5_7‘&7 28_2(7187“—'_16@)7 (9 ( ar Z&p) (36)

Tt follows from (3.6) that
by — by . Ou ou
2 "9y Op tr or’
As usual, to solve the homogeneous equation (—A + ag — M)u = 0,

we write u(r, ) = g(r)h(p), obtaining two separate equations for g and h.
Namely,

Bu = bou +

(*(T%)Qﬂaow\)?ﬁ)g = ¢y,
0%h
_67902 = ch,

¢ being an arbitrary constant.

The second equation has non-zero solutions if and only if ¢ is an eigen-
value of (—57 2) These are well known to be ¢ = p?, for p = Z (see, for in-
stance, [23, Suppl. II, P. 1, §2]). The corresponding eigenfunctions of (788—:2)
are the complex exponents

hp () = exp [ipg].
Clearly,

o z‘paD if peZ,,
P z if —p S Z+.
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It follows from (3.6) that

Bu = hy(¢) ((250 + (b 2— ba)p)g(r) " rg'(r)) .

Fix p € Z and consider the following Sturm-Liouville Problem for ordi-
nary differential equation with respect to the variable r, 0 < r < 1 (see, for
instance, [23, Suppl. II, P. 1, §2]),

1 o\2  p?
( B 72(7"5) + ﬁ)gp(r) = (A —ao) gp(r), (3.7)
g;(l)—&-(W)gp(l) =0 and g,(r) is bounded at the point r = 0.

(3.8)
Actually, if A € R then (3.7) is a version of the Bessel equation, and its
(real-valued) solution g(r) can be expressed via the Bessel function 7, while
the space of all the solutions is two-dimensional, see, for instance, [23, Suppl.
II, P. 1, §2]. For example, if A = a¢ then g,(r) = ar? 4+ br~? with arbitrary
constants a and b is the general solution to (3.7). In the general case the
space of solutions to (3.7) contains a one-dimensional subspace of functions
bounded at the point r = 0, cf. [23, Suppl. II, P. 1, §2]. More precisely,

9p(r) = Tp(rv/ A = ao).

For p € Z, fix a non-trivial solution g,(r) to (3.7), (3.8) corresponding
to an eigenvalue \,. It is known that the system {g, }pez form an orthogonal
basis in the space L?([0,1],r) with the weight r. Then the function u, =
gp(r) exp [ipy] satisfies

(—=A+ (ag — Ap)) up =0 on C, (3.9
Buy, =0 on 0D. (3.10)

Indeed, by (3.5), (3.6), (3.7) and the discussion above we conclude that this
equality holds in C \ {0}. We now use the fact that u, is bounded at the
origin to see that (3.9) holds. On the other hand, (3.10) follows from (3.6)
immediately. Then u, is given by (3.3). The corresponding eigenvalue X, is
the root of the function
2bg + (b1 — b
Gy = VA~ ao (VA —ao) + (OB g A

By the famous differential relations (see, for instance, [24, §2.12] or [1, 9.1.27])

Ty(r) = Tpa(r) = 2T (1)

and hence G, is given by (3.4).

As usual, the completeness of the system {u,},cz in the space L?(D)
follows from the Fubini theorem. Indeed, since the system {exp [ipy]},ez
is an orthogonal basis in the space L?([0,27]) and the system {g,(r)}pez
form an orthogonal basis in the space L2([0,1],7), the familiar arguments
show that the system {g,(r) exp [ipp]}pez is an orthogonal basis in the space
L2([0,27] x [0,1]) = L*(D). O
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Remark 3.2. We emphasize that the scheme works even in the cases where
we can not guarantee a compact embedding in HT (D) — L*(D). Indeed,
if S =0, a >0,by = b =0 then the embedding H* (D) — L?*(D) is
continuous. It can not be compact because the space H(D) contains the
space of holomorhic L?(D)-functions. However, using the problem (3.7), (3.8)
for the Bessel equation, we can construct a basis in L?(D), consisting of
eigenfunctions of the corresponding Zaremba problem. Note that if X = ag
then all the holomorphic monomials {27 }pez, are eigenvectors corresponding
to this eigenvalue with infinite multiplicity.

Proposition 3.3. Let the (relative) interiors of the sets S and 9D\ S on 0D
be not empty. If either ag > 0 or by > 0 then solutions to (3.2), belonging to
the space H (D), can not be presented as finite sums of the type

N
u(r, ) =Y ke T, (r/A = ag) (3.11)
k=1

with some numbers N € N, p, € Z and ¢, € C.

Proof. Equation (3.2) implies that the solution u, corresponding to A = ay,
is a solution to elliptic system
b1Ou = bydu =0 in D

If either ag > 0 or by > 0 then u € L?*(D) and hence it has a finite order
of growth near 9D. Since u vanishes on S in the weak sense, the Uniqueness
Theorem for the Cauchy problem for elliptic equations, see, for instance, [18,
Theorem 2.8], implies that « =0 in D.

Fix A > ag. Assume that u is presented in the form (3.11). Then

—Au = Adu in D.
Applying the boundary operator on 9D \ S we obtain

N
e <<2b0 OB g (X a) + VA (VA a0>) ~0.
k=1

Since any finite system {e*#}Y_ is linearly independent on any interval
(o, B) C [0, 27], we see that

<(2bo + (b;* bQ)pk)ka(\//\ —ag) + VA —ao T, (VA — aO)) =0

for all 1 < k < N and hence Bu = 0 on the whole boundary 0D.
Since u should also vanish on S, we see that again the Uniqueness The-

orem for the Cauchy problem for elliptic equations, see, for instance, [18,
Theorem 2.8], implies that « =0 in D. O

This proposition means that, for S # (), S # 9D, we should look for the
eigenfunctions in the form

u(r, ) =Y ke T, (r/A = ag) (3.12)
k=1
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with some numbers p; € Z and ¢, € C or even

+oo
u(r. ) = / €72 (/X — an)dpu(p)

—0o0
with some measure dp on R.

The last formula suggests us to use the theorem on the exponential
representation of solutions to partial differential equations with constant co-
efficients (see [15, Introduction, p. 19]) instead of the method of separation
of variables.

4. Applying the theorem on the exponential representation

From now on we set ay = 0, because a non-zero ag produces a shift of the
spectrum only.

Applying the Fourier transform we see that the characteristic manifold
of the Helmholtz operator (—A — X), A > 0, coincides with the circle

N={yeR:yf +y3 =2} ={CeC:[( =1},

where ( = y1 + 1ys.

By the definition and [19, Theorem 2.5], if b3 + (b - ba)? # 0 then each
element of the space H'(D) has a well defined trace on 9D belonging to
L?(9D). In particular, the solutions to (3.1) in the spaces H* (D) are smooth
functions in the disk D having a finite order of growth near 9D, see [18].

Then the theorem on the exponential representation of solutions to par-
tial differential equations with constant coefficients [15, Introduction and Ch.
VI, 84, theorem 1] suggests us to look for the solution to (3.1) in the following
form

u(x) = / expli(x1y1 + z2y2)] duly), A > 0.
yi+tys=X

where du(y) is a (not uniquely defined, in general) complex measure on N i.e.

dp € C'(N), where C'(N) is the dual to the Banach space C(N) of continuous
functions on /. After a complexification we get a slightly different form:

u(z) = /|<|_1 exp[ﬂ(zf—l— z¢) /2] du(¢), A > 0. (4.1)

Since the solutions (3.1) in the spaces Ht (D) are smooth functions on
the disk D having a finite order of growth near 0D, we conclude that the
traces (or, more precisely, weak boundary values) of Bu are also well defined
in the space of distributions on 9D, see [18, Theorem 2.6]. In particular, since
ujgp\s € L*(0D \ S) we conclude that byz0u + byz0u belongs to L*(9D \ )
for any solution to (3.1) belonging to H* (D).

Since u € L?(S) and Bu € L*(0D\ S) we may look for a measure du(()
such that u presented by (4.1) has traces of u and (weak boundary values of)
Bu vanishing on S and (9D \ S), respectively, as elements of the Lebesgue
spaces L?(S) and L?(0D \ S).
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With this purpose, we assume that
S={z€C:z] =1, a <arg(z) < 2n},

with a number «, 0 < a < 27 (o = 27 corresponds to the case S = @)). Then
the system {z2P™/(27=@)1 _ is an orthogonal basis in L2(S) if 0 < a < 27.
Hence

OD\S={z€C:|z| =1, 0<arg(z) < a}

and the system {2%P™/®}, <7 is an orthogonal basis in L?(9D \ S).
Now a function u of the form (4.1) is a solution to (3.1), belonging to
HT(D), if and only if for all p € Z we have

/ u(Z)Z—QpTr/@Tr—a)% — 0’ (42)

g z
/ (Bu)(z)—2/e % _ ¢, (4.3)

aD\S Z

where
pu(e) = [ (bt Y 4 Y NG+ 20021 )
[¢]=1

(4.4)

Since 4
explz + z] = ZZ]'(m—j)" (4.5)

equalities (4.2) and (4.3) are true for all p € Z if and only if for all p € Z we
have

3 ﬂ)
/S/|<|1mz_:0< 2
oo ;)\ m m Zj72p7r/a2mfjc_j<mfj %
& /ap\s/| 2 < 2 > j;o im—j)! dp(C) —+
(VR g
m /OD\S /|C|1mz—:0< 2 > j;) 3t (m — ) du(C) B +

VX m+1 m Zj—Qpﬁ/agm*j+1<7ij7j+1 dz
[ [ () S e i
oD\S J|¢|=1,, 2 gHm =)t

m Zi=2p/(2m—a) zm—j (i cm—j dz

Y QO =0, (46)

m—+1

=0
(4.7)
Recall that
dz (52*/61)7 p=4q,
2Pz1— = expli exp|i — 4.8
/ﬁléarg(Z)SBz z { Pl q)l]) q PRl £ g, 9
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Hence, using (4.8) we see that (4.2) is true for all p € Z if and only if
for all p € Z we have

+

(ﬁ)m (é%—a)ic?f‘“i du(¢)
m

2 o) (5 + 575!

- (A) 1) () oy ECm ()
/ICI— Z( 2 ) Z Kon,s (P> @) — (4.9)

I m=0 0gi<m jt(m
2j— 2B #m
where
® (p,a) = expli 27 (2j — 2pﬂa —m)] —explia (2j — 2p”a —m)]
m,j \I" - )

. 2pm
2] 2T—a m

Similarly, using (4.7) and (4.8) we see that (4.3) is true for all p € Z if
and only if for all p € Z we have

(M)’”( Qi (T2 dp Ap(Q)

0 - bo/ Py T P —|—
=1 e, \ 2 g -G )
0< B+ B <m

= (VA FI¢m=idu(Q)
bo/{_1 ( 2 ) Z Kg?j(p,a)%-i-

0<j<m J!(m_j)!

_ 1 _ pm
m;1+%62+ 2 «
o< MLy PT<im
1 — m=1,; 0 Q)=
[<I=1 =0 2 0<j<m ! ]!(m_j)!

m+1_ pw a/’ 2 o/’
H4Prezy
1, prw

[e%s) _/\ m—+1 % m_j+1d
bz/q 1 (C) Z K$)+1,j(p»0<><g—m7 (4_10)

052 Jt(m = j)!

_explia(2) — 2L7r —m)]—1

2j — 2ﬂ —-m
The relations (4.9) and (4.10) seem to be rather bulky. However we may

simplify them describing properly the space of measures on 9D. Indeed, it is
well-known that the space of measures on 9D is topologically isomorphic to
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the space C'(9D) dual to the space C(9D) of continuous functions on 9D.
Let us give another description of the dual space.

With this purpose we note that the Banach space C'(9D) can be iden-
tified with the space C|[0, 27] of continuous functions on the segment [0, 27]
with equal values an the ends of the segment:

C0,2n] = {u € C[0,27] : u(0) = u(2m)}.
In particular, the Fourier series
Z(U, ¢ r20m)C?
qE€Z

converges uniformly on 9D (to u) for each u € C(9D) and

Z(U,Cq)m(ap)éq :
EZ

||UHC(<9D) = HaX

Consider the (linear) space of the formal series

¢(0D) d= Z qC dc ,l¢l =

where {d,} is chosen in such a way that the functional

| ez (0,0 2omdy|

[dl|- = sup (4.11)
vEC(8D) ||U||C(8D)
v#0
is finite. If ||d||— = 0 then (having in mind v = 2?) we see that
0< | D2 D n2om a1 Ity | = 2mldy| < ]l =0

qEL
for all p € Z and thus d, = 0 for all p € Z, too. Hence the functional is a
norm on €(9D). It is easy to see that €(9D) is a Banach space with the norm
-1
Now we may define the pairing between the spaces €(9D) and C(9D).
Namely, we set
(,d) =Y (v,¢") 2(0m)dg (4.12)
qEZ
for each v € C(9D) and d € €(9D). According the definition of the space
€(0D) we have
(v, d)] < oo lldl- (4.13)
for all v € C(9D) and d € €(ID).

Lemma 4.1. The dual space C'(9D) is topologically isomorphic to the space
¢(0D).

That is, for every fixed d € €(9D), pairing (4.12) defines a continuous
linear functional f; on C(9D) and, for each f € C'(9D), there is a unique

d € €(0D) with f(v) = fq(v) for all v € C(9D). Moreover, the linear map
d — fq is an isometry.
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Proof. Cf. [17, Lemma 3.3] for the Sobolev spaces. It follows from (4.13) that
for every fixed d € €(9D), the formula

fa(w) := (v,d), v e C(dD),
defines a continuous linear functional f; on C(9D), such that

I fallcropy < lld| -

Moreover, by the very definition of the norm || - ||,

Ifall o |2aez(CDion)ds
dllc/opy = sup

€C(0D) HUHC(aD)
#0

= [ld|| -

It remains to show that any continuous linear functional f on C(9D)
has the form f(v) = (v,dy) for some dy € €(0D). According to the Riesz
theorem, for any f € C’(9D) there is a measure du supported on 9D such
that

fv) = /BD v(¢) du(Q) for all v € C(9D).

As we have noted above, for each v € C(9D) we have
v = Z(U7 Cq)Lz(a'D)Cq7
qEZ
where the Fourier series converges uniformly on 9D. Hence
F@) = (v,¢)12(0p)dg
q€Z
where

d, = 9d .
q /BDC 1(C)

Finally, since the functional f is continuous,

' >qez(V,6T) L2 (om)dg

”fHC’(aD) = Ssup = ||d||—;
vEC(8D) ||'UHC(6D)
v#£0
in particular, the norm ||d||— is finite. O

Thus we arrive at the following statement (cf. (3.12) above).

Lemma 4.2. Any eigenfunction of Problem 2.1 in the disk D, corresponding
to an eigenvalue X\, has the form

u(z) = (/1207 To(12VA) dg(N) (4.14)
q€Z

with some coefficients {dy(\)}qez, satisfying ||d(X)]|—= < co. Moreover, if the
(relative) interiors of the sets S and 9D\ S are not empty, then the number
of non-zero coefficients dq(X) in the sum can not be finite.
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Proof. 1t follows from (4.5) that
d
| explv=Reg+ 20)/2 ¢ =
oD

Jon (7)) B -

7=0

2[V=A (2/12])*
<m§2ez < > (L) (L)

0<(m+q)/2<m

If ¢ > 0 then m > ¢ and we substitute (m —q)/2 =
> (45) ramrram - (|z|ﬁ)2’“” 1
YN 2 (%)' (%)' k>0 2 kKt (k + q)!

0<(m+q)/2<m

(V=1)" Ty(|2IVN).

If ¢ < 0 then m > —q and we substitute (m + ¢)/2 = k:

> () Gy X ()

(m+q)/2€7 k>0
0<(m+q)/2<m

| \
(V=) T-g(|2IVA) = (vV=1) " (=1)17,(12VN) = (V=1)" Ty(|z|VN).
Hence formula (4.14) from Lemma 4.2 holds.
In particular, if |z| = 1, we obtain the Laurent decomposition for the

holomorphic function exp[v/—A(¢~! +¢)/2] in C \ {0}:
explVNCT + 0/ = 30 (VD) T (VA (4.15)
q€Z

(this equality also follows from [1, 9.44 and 9.45]).
Finally, the statement on the finite set of non-zero coefficients d, follows
from Proposition 3.3. (]

Now let us indicate at least two examples where the expressions (4.9)
and (4.10) can be analysed with the use of Lemma 4.1.

Example 4.3. Let S = 0, i.e. o = 2w, ¢f. Proposition 3.1. Then (4.2) is

fulfilled automatically and we need to check (4.3) only. On the other hand,

forallm,j,p€Zy, 25 —p—m # 0 we have

expli2m(2j —p—m)] — 1
2j—p—m

Then (4.3) is true for all p € Z if and only if for all p € Z we have

V=T 2mi ¢ dp(C)
=b
0 O/C|1 0<m+zp<2m ( ) : : i

/C(2)~(p, 27) = =0.

m,j

2 () ()]
mEPeny
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ﬁ) " omi P du(C)
b y—A
' /lC—l ogm—12+p§2m ( ( -

2 meHp)! (%1*1’)!

m—1+p
—3 iy

m>mﬂ 2mi ¢ dp(()
b2 /l\cl_l 0§m-¢;n§2m < 2 (%l‘i’p)' (melfp)'

m+1l+p
—3z  €Z4

Substituting the summation indexes ((m + p)/2 = k in the first sum, (m —
14+ p)/2 =k in the second sum and (m + 1+ p)/2 =k in the third sum), we
see that this is equivalent to the following: for all p € Z

2 k! (k —p)!
(Ipl+p)/2 (k=)
oo 2k—p+2 _
by / (H) ST
| — |
<=1 o T Tp 12 N 2 Rk =pt 13

> VI crap(Q)
by /|< > (2> Tt (4.16)

=1 k= (lp+1]4+p+1) /2

If p < 0 then
0o 2k—p 0o 2k—p
¥ (%) wmeax(%) e
1k —p) Tk —p)
b((oTip)/2 2 k! (k — p)! prs 2 k! (k — p)!

(VD 7 (V) = (V) (C1Pg (VYD) = (VT G (VA). (417)

If p > 0 then after re-indexation n = k — p we obtain

> ()

k=(Ip|+p)/2 Tp)' B

00 Y 2n+p ,

go <C> m = (V=1)" 7 (V). (4.18)
Similarly,

i (m)%—(p—l)—kl ; _ (\/jl)p \f/\j (\[\)/2
k=(lp—1|+p—1)/2 2 K (k—p+1)! p—1 ;
(4.19)
i <m>2k—(p+1)+1 Lﬂ(o _ (\/jl)p ﬁj (\[\)/2
(2 N K(k—p—1) 1 :
(4.20)

Since by + by = 2, using (4.16)-(4.20) and the famous relation (see, for
instance, (1, 9.1.27])

Tp+1(r) + Tp-1(r) = 2pTp(r) /7 (4.21)
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we see that (4.3) is true for all p € Z if and only if for all p € Z we have

(o~ pb) (VN + VAT (V) [ =0 (22)

I¢1=1
Now using Lemma 4.1 and (4.8) we conclude that for a measure du €
€(9D) equality (4.3) is true for all p € Z if and only if for all p € Z we have

[(bo — pba) Tp(VA) + VA T,_1(VA)]d, = 0. (4.23)

Clearly, the infinite system of linear equations (4.23) has a non-zero solution
d € €(9D) if and only if

Gy(N) = (bo — qb2) Tp(VA) + VAT,—1(VA) = 0

for some q € Z. In this case as a solution we may take the measure

¢ d¢
dpq(Q) = W?v

and the corresponding eigenvalues are the roots of the function G4(X\). In
particular, the corresponding eigenfunctions are given as follows

tg(2) = / explVA(C + 20)/2) o &
[¢]=1

2r()att ¢

Zigm=i¢m=itai % B

foui2 ( ) 2 Sl = R €

\/j)m Z(7n+q)/2z(7n q)/2
> (%)

- +
mo \ 2 )7 (75! (752)!
Thus we arrive at the results identical to that of Proposition 3.1.

qEZ

= (/1)1 T4 (|2IVN).

Lemma 4.4. Let S be the lower semicircle and by + (by - b2)% # 0. Then
1. formula (4.2) is true for all p € Z if and only if for all p € Z we have

where
\f)\ 00 \/_7)\ 2k 2k+1 <2k+1—2j+2p
(1) == —
UGN = =5 ;( 9 ) JE::O (2k +1—2j +2p)j! 2k +1 - j)!

is a primitive for the holomorphic in C\ {0}) function
JEDCA) = ¢ tsin (VA +1/0)/2); (4.25)
2. formula (4.3) is true for all p € Z if and only if for all p € Z we have

[ € (51 200 = ) o V3) 4 VA Tapr (V) )+

N[ (RGN + BEDGN) du(¢) =0, (4.26)
<=1
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where

) \/_7)\ 2k 2k C2k+1—2j+2p
2) _ Yy
@’A)_Z( 2 ) ;(Qkﬂﬂjmp)j!(zkfj)!

k=0
is a primitive for the holomorphic in C\ {0}) function

DG A) = ¢rVxeos (VA +1/¢)/2). (4.27)

Proof. If S is the lower semicircle then o = 7. Then A > 0,

m+ pT _m+
2 m—a 2 p

and

K® (p, ) = expli2m (2] — 2p — m)] — exp[iw (2] — 2pw — m)]

m _7 2] _ 2p —-m
0, if m is even,
j—2p—m

Hence, arguing as in Example 4.3 we see that (4.2) is true for all p € Z
if and only if for all p € Z we have

2k—2p

0= ,i (“2‘7) (T /4_1 ¢ dp(¢) -

sl 2k+1 2k+1 iy
2/ (ﬂ) i 1 <2k+1 2]dﬂ(c) _
=15y \ 2 — 2k +1—2j+2p ! (2k +1—j)!

i l(—l)p T J2p(A) /|<|—1 ¢ dp(¢) -

2k 2k+1 —2j
hY 2k+1 2jd
[ ()Y oS e
=15 = 2k+1—-25+2pj! (2k+ 1 — j)!
It follows from (4.28) that (4.2) is true for all p € Z if and only if for all
p € Z we have (4.24). Now consider the function

. = (—DFVA(C +1/¢) /241
s1n<\[\(§+1/§)/2>§( S (él:ug!)/]

holomorphic everywhere except the origin. Using the binomial formula one
easily obtains that

. SR X 2k 2k+1 (2k=2j+2p
¢ sin (ﬁ(C + 1/()/2) - Z (2> go m

is holomorphic everywhere except the origin, too. Since (2k — 25 + 2p) never
equals to (—1), we see that the integral

/ 21 sin (ﬁ(g + 1/<)/2)d< )
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for any simple closed curve v C C\ {0}. Hence (see, for instance, [21, Ch
2, §9, corollary 3] the function f,S”((, A), given by (4.25), admits a primitive
FSY(¢,A) in €\ {0},

On the other hand,

) _explim(2j —2p—m)] -1 _
’Cm,j(pa ﬂ-) - - =

2] —2p—m
0, if m is even,
#ﬂ-zp if m is odd.

Hence (4.3) is true for all p € Z if and only if for all p € Z we have

- i vV—\" op
0= bo Z ()% +p)!< D) ) /ICI—IC dp(¢) +

B+pEly
0< B +p<m

—\" 2 m—2j 4
bo/ ( ) > 2 C_' u((|)+
I<1=1 =0 ogjgmm_ )+ 2p j'(m_J)-
m/
[¢l=1
m—+1

) 2gL
- 2 ~j+1 m—jd
nf[ (%) X TG |
I<I=1 =0 0<j<mm_1_2-7+2p J'(m_])~

+

(H)m“ i 2P dp(()
gt 2 (Z—T4p)(Z+1-p)
Lip<m

m/2€
m—+1 o
by / ﬂ) miCdu(Q)
=1 2 (2 + )l (2L — p)!

= \/_7)\ e 2 ngM—j+1dM(<>

0<j<m
m/2€7

Using results of Example 4.3 and the calculations we have already done in
the first part of the proof, we see that (4.29) reduces to the following: for all
p € Z we have

/<|1 ¢ (W (—=1)P [(bo — 2pb2) Tap(VA) + VA Tap—1 (V)] + 26 SV (¢, ,\)) du(¢) +

+

WAY (ﬂ)% 5 R ot 109

—1—2j i Y
P 2 :02k 1—-2542p j'(2k—j)!

2k 2k

oo [\ 1 C2k_2j+1d,u(§) B
Z( 2 ) sz+1*2j+2p k=g (4.30)

k=0 j=0
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Thus, using (4.30) we see that (4.3) is true for all p € Z if and only if
for all p € Z we have

/<|1 ¢ (W (—=1)P [(bo — 2pb2) Tap(VA) + VA Tap—1 (V)] + 26 SV (¢, ,\)) du(¢) +

VA ¢ (blF (6N + b F(C, /\)> 1(¢) = 0. (4.31)

I¢]=1
Taking into account (4.24), we finally conclude that (4.3) is true for all p € Z
if and only if for all p € Z we have (4.26). It is not difficult to see that

F$?(¢,A) is a primitive for the holomorphic function (4.27) in C\ {0}. O
Clearly, the integrands in formulas (4.24) and (4.26), i.e. the functions
FECA) = m(=1)PTop(VA) = 2FV (G, N), (4.32)
FEGA) = 7 (=17 [(2(bo — pb2) Top(VA) + VA Top 1 (VA (4.33)

VX (2L (CN) + 0 E ()

are primitives in C\ {0} for the holomorphic function (—2 f;”(g ,A)), given
by (4.25) and for the holomorphic function

FECA) = P VA(baC + b1 cos (VA +1/0)/2),

respectively. Now let us simplify (4.24) and (4.26) with the use of Lemmata
4.1, 4.4 and formula (4.8).

Lemma 4.5. The measure dp = du(N\) € €(0D) satisfies (4.2) and (4.3) if
and only if for any p € Z we have

(1 TNy + 23 LA g,y —0,
qEZ

m(=1)7 (2(bo — pba) Top (V) + VA Tap1 (VA) ) day (M) +
bl~72q—2\/X b2j2q\/X
Z( (VA baog(V)

—1 ‘I*ld (N =0. 4
2p4+1—2q 2p+1—2q>( ) 2q 1(AN) =0 (4.35)

q€Z

Proof. Indeed, (4.8) yields
(2m) " CTHPF (G N, ¢ ) 2 (0m) =
d¢

/C—l C2q72p((*1)1’7r ij(\f) - 2F (¢, A)) omic =

A e

j¢l=1 2mic

2k 2k+1 VA (2RHL=2424 g
/g 1k0( ) JZZ:O2m’§(2k+1f2j+2p)j!(2k‘+1—j)!_
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{ 0, P# 4
(~1)P7 Top(VA), p=14.
because 2k + 1 — 25 + 2g # 0. Similarly,

(271')_1 (Cj—Qp]:I()Q)(C7 \), C_Qq)L2(aD) _
/4—1 ¢ (W (—1)? [(2(bo — pba) Tap(VX) + ﬁjzpﬂ(\f)\)]) i +

2mi¢
2q—2p (2) (2) dc _
VA ¢ (B F2 (€GN + b ED () 5o orit =
{ 0, p#4q,
7 (=17 [(2(bo — pb2) Tap(VA) + VA Top-1(VA)], p=1q.

Besides, using (4.8) we obtain

2m) 1P FM (N, ) 2 o) =

[ e (c1rn ga(VA) - 2N
I¢l=1

2miC -

2k 2k+1 VA C2h+1-2j+20-1 g
2T T wrrrmaem -

Sy <ﬂ>2’“ VA 1

2 2p+1—-2q (k+!(k—qg+ 1)

k>0
0<k4q<2k+1

If ¢ > 1 then k > ¢g—1 and, substituting the indexes m = k— ¢+ 1, we obtain

q=1=2p((_q1)p _ d¢ —
[ e (C1rn 2V ~ 2606 0) 5 =

- 2mt2¢—1
B T 7 R ) ) O AR
2p+1-2g =\ 2 (m+2¢—1)!m!  2p+1-2¢

If ¢ <0 then k > —q and, substituting the indexes m = k + ¢, we obtain

/Cl—l C2q71—2p((*1)1’7r Tap(VA) = 2FV (¢, )\)) jSrf( _

2m—2q+1
B T A e
2p+1-2g =\ 2 m! (m+1—2q)!

2(—1)' 1 Jioaq(VA)  2(—1)" qu—l(ﬁ)_

2p+1—2q  2p+1-2q
In particular,

Z (1) Fog_1(VA) (=% .

20pM (¢ \) = —
PPN ST —

(4.36)
qEL

Similarly,
@) THCTPFP(CN), ) 2oy
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/<|1 (2a-2p1 (w(*l)p [(2(bo — pba) Jap(VA) + ﬁj?p—l(ﬁ)]) dc_

2mi¢
d¢
A 2q2p1bF A) + b2 E2 (¢ A =
2V (MEZ N + 0 EDCA) 5 =
2¢—2p—1 (2) (2) d¢
v m:lgq p (ble_l(Q,)\)+b2Fp ((,A)) it

2 2 1 dc _
/|<| 1<q TIEDC )277in

< /oA 2k 2k 1 (2k=2j+ 14201
/|c—12( 2 ) ;2k+1—2j+2p omiC ! (2k — j)!

k=0

2k

V=X 1 1
Z ( 2 ) 2p+1—2q(k+q)(k—q)

k>0
0<k+q<2k

If ¢ <0 then k£ > —q and, substituting the indexes m = k + ¢, we obtain
/ C2q—2p—1 F1§2) (<.7 )\) dC _
I¢l=1

2miC

1 i ,7—A 2m—2q 1
2p+1—-2q =~ 2 m! (m — 2q)!

_ (_1)(1 j—2q(\/x) _ (_1)(1 qu(\/X)

2p+1-29)  (2p+1-2q)°
If ¢ > 1 then k > ¢, and substituting the indexes m = k — ¢, we obtain

[ e RN =

27iC

R AV S S S o VLIV CVAY
2p+1—2q2< 2 > (m+2¢)!'m!  (2p+1—2q).

m=0
In particular,

@ = Y CTal N TR (4.37)

gt 2p+1—2q

Again, by the same arguments, since the non-zero summand correspond
to 25 =2k + 2q — 2,

2g—2p—1 (2) d¢
[ e RN =

< /oA 2k 2k 1 (2h=2i—1424-1g¢
/C_lz< 2 > §2k—1—2j+2p 2mi¢ j (2k — 5)!

k=0

2k

> V=X 1 1
2 ( 2 ) p+1-2¢(k+q—1)(k—q+1)!

k>0
0<k+q—1<2k
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(=17 T2g-2(V)
(2p+1-—2q) '
Finally, (4.2) and (4.3) follow from (4.24) and (4.26) and the form of
the measure du(\) € €(9D). O

It is clear now that the infinite system of linear equations (4.34), (4.35)
is an analogue of the infinite system of linear equations (4.23) obtained in
Example 4.3 for the case S = ().

Set now

Yp,a = 7p7q(/\) = 041(71)(/\)5;(;,23 (A) — 04;22)(/\)@(),13(/\)’
where

o) = oV (\) = 7(=1)Top(VN),
o) = o (\) = m(=1)° (2(b0 — pb2) Top(VA) + VA Tep-1 (VX))
2(-1)" Jog-1(VA)  BE (V)

(1) — g
Poa = Bpa) 2p+1-2¢  2p+1-2¢ (4.38)
(2)
(2) — _ _ (=1)4 _ 0.a (D)
Bra = Bpa) = (b2‘72q(ﬁ) blj?‘ﬁ(ﬁ)) 2p+1-2¢ 2p+1 7(2(]')
4.39

We fix the order of the coefficients d,, ¢ € Z, as follows:
= (d—la d07 dl d2 d—37 d—Q DR d2p—1a d2pa d—2p—1a d—?p s )7 JAAS N.
Then (4.34) and (4.35) correspond to the infinite system of equations

AN)D =0 (4.40)
with an infinite "matrix” A(\):
RO I RACYR: o0 ) N BN C i 0 B NP1 OV
Bia) o B BN 0 BAW
shoy o sy ooy sy 0 sho
sRN 0 sy Py 2 0 BBW)
5%},0@) 0o AL o ﬁij,,lm Zeley 6%3,2@)
5%0@) 0 63331@) 0 st,lm a®l(\) ﬁﬁffw
B0 Sy 0 0 Bho
BN 0 Sy o L0 B

and the set of the coefficients {d,} having the finite norm ||d||-.

First, we note that for any fixed p € Z the numbers a( )()\) and 041(,2)()\)
can not Vamsh simultaneously because of the Siegel theorem on common
zeroes of the Bessel functions (see [24, pp. 484-485]).
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Then (meaning that for each p € Z there is i, = 1 or i, = 2 such that

az(f” )(/\) # 0) we obtain an equivalent infinite system of linear equations

AND =0
where
i i (ig) i
5(%,_8) 1 B((J,.(lj) O '80?21 O 5((),.3) O
a(()'to) aém) aém) agm)
70,0 0 7.1 0 1v,-1 0 7,2 0
g o 5
ali ) 0 Oy 1 i) 0 Qi) 0
1,0 0 71,1 0 m-1 O 1,2 0
B B(?‘r71) 5(7@1) 6(7771) 6(7771)
o —1,0 —1,1 —1,-1 —1,2
AN = oy 0 = 0 G 1 = 0
B Qo ) Qo
Y-10 0 ~v11 0 ~v11 0 32 O
(ig) ,B(i2) (i2) (ig)
2,0 2,1 2,—1 2,2
a((]*z) 0 al(jirz) 0 a(()lé) 0 al(jiz) 1
72,0 0 71 0 -1 0 792 0

Thus we arrive at the following theorem.

Theorem 4.6. Let the (relative) interiors of the sets S and 9D\ S on 9D be
not empty. If b3 + (b1 - ba)? = 0 then a number X > 0 is an eigenvalue of
Zaremba problem (3.2) with ag = 0 if and only if there is a non-zero vector
D = D(\) with the coefficients {dy(\)} having the finite norm ||d(X\)||= such
that its non-zero odd part

D3aa(N) = (d=1(3), di(X) d—3(N), ... dop—1(N), d—2p—1(N), ...), pEN,

satisfies
Aoda(N) Doaa(N) = 0, (4.41)
where
Y000 7010 v0,-1(0) o 0(0)  Y0,-p(A)
Y00 iAo,V Y1.p(A)  71,-p(A)
. Y-10(0) Y=11(A) y=1,-1(A) o =N v=1—p(A)
Aoaa(N) =
’711,0()‘) %,10\) %,—10\) s 'Yp,p(/\) 'Yp,—po‘)

'Y—p,O()‘) ’Y—p,l()‘) 'Y—p,—l()‘) 'Y—p,p(/\) ’Y—p,—po‘)

Besides the corresponding measure du(\) € €(9D) can not have finite number
of the non-zero coefficients dq(X).

On the other hand, as we have seen above, the Siegel theorem on the
common zeroes of the Bessel functions sets some restrictions on the simulta-
neous vanishing of the determinants v, 4(\)
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A disadvantage of Theorem 4.6 is that we need to control the growth of
the coefficients {d4(\)}. However we can improve the situation using Hahn-
Banach Theorem.

As usual, we split any function v € C'(9D) into the sum of the odd and
even parts:

v(C) = Vodd(C) + Veven(C),

where

Vodd(¢) = [v(¢) = v(=¢)]/2, veven(C) = [v(C) + v(=()]/2.

Since Vodd, Veven € C(0D), the corresponding Fourier series converge uni-
formly on 0D:

v(¢) = (1,¢7) 12(om)CP,

pPEZL
Veven () = Z(U7<2p)L2(6D)<2p, Vodd(€) = Z(%Czp*l)m(av)@p*l
PEZ pEL
In particular, the space C(9D) splits on the direct sum

C(0D) = Co4d(0D) @ Coyen(0D)
with the continuous natural projectors.

Corollary 4.7. Let the (relative) interiors of the sets S and 0D\ S on 9D be
not empty. If b2 + (b1 - b2)? = 0 then the following conditions are equivalent:
1) a number X\ > 0 is an eigenvalue of Zaremba problem (3.2) with ag = 0;
2) the system {C*QP}}(,I)(C, A), C72p}}g2)(é, A) }pez, where functions ]7;51)((, A)
and .7-}52)((,)\) are given by (4.32) and (4.33), respectively, is not com-
plete in C(0D);
3) the system
{260 = (0 VNFEDCH) —aPWEDCN)} e

is not complete in Coqq(0D).

Proof. The equivalence of conditions 1) and 2) of the corollary follows from
Hahn-Banach Theorem and formulae (4.24), (4.26).

To prove the equivalence of conditions 2) and 3) we note that any mea-
sure dy € €(9D) splits naturally as

dM = d/fceven + d:U/Odd
with
d,ueven = Z d2p<2p7 d,uodd = Z d2p—1<2p7

PEL PEZL

dptodd = A|Couq(8D)s Afteven = AU Cpyen (9D)-

As we have seen in the proof of Lemma 4.5, for each p € Z there is

(.7;0)( )

Jjp = 1 or j, = 2 such « # 0. Hence the linear span of the system
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{C_Qp]-}gl) (¢, N, C‘Q”.]-}SQ) (¢, A\) }pez coincides with the linear span of the sys-
tem

{CPFPICEN /a0, (0P WFD (N o X WVFPCN) |
Now, following the calculations of Lemma 4.5, we see that
CEPEDCA) = CPag () + Y B¢
qEZ
and therefore

0,(¢2) = 2 (aDFED () = aP FEGN) = D pa(W)¢20.
qEZL
(4.43)
By the very definition the elements of the system (4.42) belong to Coqq(9D).
Hence Theorem 4.6 means that the number X is an eigenvalue of Zaremba
problem (3.2) with ag = 0; if and only if there is non-zero measure dy € €(9D)
with the non-zero odd part duoqq such that

[ (aPONEREN - aP WD) ditoas(©) =0
oD

for all p € Z. Finally, applying Hahn-Banach Theorem we conclude that this
statement is equivalent to the condition 3) of the corollary. (|

According to Theorem 4.6 a number A > 0 is an eigenvalue of Zaremba
problem (3.2) with ag = 0 if and only if there is d € €(9D) such that

S (S wmaNdag1)2 P =0 forall s € C\ {0} (4.44)

pEZL Q€L

On the other hand, the functions ®,(¢, A) are holomorphic in C\ {0}. Hence
their Laurent series converge uniformly with respect to ¢ on any compact
in C\ {0}. Thus, since the sequence {7, ,(A)}4ez consists of the Laurent
coefficients of the function ®,(¢, A) (see (4.43)), we may change the order in
(4.44) and obtain the equivalence of (4.44) and the following equality

3 dogs ( 3 yp,q(A)sz) =0 for all z € C\ {0}. (4.45)

qEZ PEZL

Since

oy (N)B(A) = m(=1)* (szzq<ﬁ>—b172q2(@)m:

(=1)PTzp(vVX)
2(q—1)+1-2p’

(1) (baayg(VR) = b1 a2 (V)

formula (4.37) implies that

DB =

PEL

(=17 (b2 (VA) = b1Tag-2(VA)) 2720V ED) (2, 0) =
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—mf2 2D ED), (2,0,

Similarly, since

Gy (D7 ((2bo = pbe) Fop (V) + VA Ty (VX))

2m(—1)4 quil(ﬁ) B 2p+1-2q
(=17 (200 = (20 = )by + (2(q = 1) + 1 = 20)b2 Top (VA) + VA Top 1 (VD))

20¢—-1)+1-2p ’
formulae (4.36), (4.37) imply that

é%) pa () 2%
2m(—1)4 Taq-1(VX)

22D (20 — (20 = Db FP) (2,0) = VAR, (2,0)).
Finally, we note that, according to (4.15) and the Euler formula,

Z(—l)pj%(ﬁ)z’?p:cos[f(erz 1/2], 2

PEZL

= b2 Y (1)’ Tap(VA) 21—

PEZL

and therefore we obtain a holomorphic function in C\ {0}:

N = 1pg (N2 = 2bym(~1)1 Tag-1 (V) z cos [VA(z + 271) /2)+
e (4.46)

27(=1)7 Tag-1(VA) 22070 (20 = (20 = Do) FZ, (2,0) = VAR (2, 0) )+
m(—1) (51«7211—2(\[\) - b2~72q(\f/\)) 2PV (2,0) =
2o (—1) Jag_1(VA) zcos [VA(z + 271) /2] +
m(—1)1z~2@"1) ( —2VA Tag 1 (V) F (z,A) +

q—1

(2qu71(\5) (2bo — (2¢ — 1)b1) + b1 Jag 2 (VA) — bgqu(ﬁ)) FP (2, )\)).

q
Hence we obtain the following.

Corollary 4.8. Let the (relative) interiors of the sets S and 0D\ S on 0D
be not empty. If b3 + (b1 - ba)? = 0 then a number X\ > 0 is an eigenvalue of
Zaremba problem (3.2) with ag = 0 if and only if there is a non-zero set of
the coefficients {d,, (/\)}pez such that ||d(N)|- < oo,

ngp 1(A)¥,(2,A) =0 for all z € 0D

pEL
for the analytic functions ¥,(z,A) in C\ {0}, given by (4.46), and

("p) ()\)
dap(A Z 21—
“(A)
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